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Abstract We present a self-contained account of recent results on moment iden-
tities for Poisson stochastic integrals with random integrands, based on the use of
functional transforms on the Poisson space. This presentation relies on elementary
combinatorics based on the Faà di Bruno formula, partitions and polynomials, which
are used together with multiple stochastic integrals, finite difference operators and
integration by parts.

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
2 Combinatorics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
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1 Introduction

The cumulants (κX
n )n≥1 of a random variable X have been defined in [33] and were

originally called the “semi-invariants” of X due to the property κX+Y
n = κX

n +κY
n ,

n≥ 1, when X and Y are independent random variables. Precisely, given the moment
generating function

E[etX ] =
∞

∑
n=0

tn

n!
E[Xn], (1)

of a random variable X , where t is in a neighborhood of 0, the cumulants of X
are defined to be the coefficients (κX

n )n≥1 appearing in the series expansion of the
logarithmic moment generating function of X , i.e. we have

log(E[etX ]) =
∞

∑
n=1

κ
X
n

tn

n!
, (2)

where t is in a neighborhood of 0. In relation with the Faà di Bruno formula, (1) and
(2) yield the classical identity

E[Xn] =
n

∑
a=0

∑
P1∪···∪Pa={1,...,n}

κ
X
|P1| · · ·κ

X
|Pa|, n ∈ N, (3)

which links the moments (E[Xn])n≥1 of a random variable X with its cumulants
(κX

n )n≥1, cf. e.g. Theorem 1 of [16], and also [15] or § 2.4 and Relation (2.4.4) page
27 of [17].

The summation in (3) runs over the partitions P1, . . . ,Pa of the set {1, . . . ,n}, i.e.
each sequence P1, . . . ,Pa is a family of nonempty and nonoverlapping subsets of
{1, . . . ,n} whose union is {1, . . . ,n}, and |Pi| denotes the cardinal of Pi, cf. § 2.2 of
[21] for a complete review of the notion of set partition. For example when X is
centered Gaussian we have κX

n = 0, n 6= 2, and (3) reads as Wick’s theorem for the
computation of Gaussian moments of X counting the pair partitions of {1, . . . ,n},
cf. [10].

In this survey we derive moment identities for Poisson stochastic integrals with
random integrands, cf. Theorem 1 below, with application to invariance of Poisson
random measures. Our method relies on the tools from combinatorics appearing in
[3], i.e. the Faà di Bruno formula and related Stirling numbers, partitions and poly-
nomials, in relation with Poisson random measures, integration by parts on Poisson
probability spaces and multiple stochastic integrals. Such moment identities have
been recently extended to point processes with Papangelou intensities in [6] for the
moments and in [5] for the factorial moments of such point processes.

The outline of this survey is as follows. Section 2 starts with preliminaries on
combinatorics and the Faà di Bruno formula, providing the needed combinatorial
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background to rederive the classical identity (3). Then in Section 3 we introduce the
Poisson random measures and integration by parts on Poisson probability spaces,
along with the tools of S and U transforms in view of applications to moment
identities. Single and joint moment identities themselves are then detailed in Sec-
tion 4, in relation with set-indexed adaptedness and invariance of Poisson measures.

Our computation of Poisson moments will proceed from the Bismut-Girsanov
approach to the stochastic calculus of variations (Malliavin calculus), via the use of
functional S and U -transforms, cf. Sections 3.3 and 3.4. As an illustration we start
with some informal remarks on that approach in the framework of the Malliavin cal-
culus on the Wiener space. Given (Bt)t∈R+ a standard Brownian motion and F(ω)
is a random functional of the Brownian path Bt(ω) = ω(t), t ∈ R+, we start from
the Girsanov identity

E [Fξ ( f )] = E
[

F
(

ω(·)+
∫ ·

0
f (s)ds

)]
, (4)

where f ∈ L2(R+) and ξ ( f ) = X∞ is the terminal value of the (martingale) solution
of the stochastic differential equation

dXt = f (t)XtdBt , t ∈ R+. (5)

By iterations the solution of (5) can be written as the series

ξ ( f ) = X∞

= 1+
∫

∞

0
f (t)XtdBt

= 1+
∞

∑
n=1

∫
∞

0

∫ tn

0
· · ·
∫ t2

0
f (t1) · · · f (tn)dBt1 · · ·dBtn

= 1+
∞

∑
n=1

1
n!

In( f⊗n),

of multiple stochastic integrals

In( f⊗n) = n!
∫

∞

0

∫ tn

0
· · ·
∫ t2

0
f (t1) · · · f (tn)dBt1 · · ·dBtn , n≥ 1.

We can then rewrite (4) as

E [Fξ ( f )] = E[F ]+
∞

∑
n=1

1
n!
E[FIn( f⊗n)] (6)

= E
[

F
(

ω(·)+
∫ ·

0
f (s)ds

)]
= E[F ]+

∞

∑
n=1

1
n!

∂ n

∂εnE
[

F
(

ω(·)+ ε

∫ ·
0

f (s)ds
)]

ε=0
.
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By successive differentiations this yields the iterated integration by parts formula

E[FIn( f⊗n)] = E[∇n
f F ], (7)

where ∇ f is the gradient operator defined by

∇ f F := lim
ε→0

1
ε

(
F
(

ω(·)+ ε

∫ ·
0

f (s)ds
)
−F(ω(·))

)
.

On the other hand, on the Wiener space the above Girsanov shift acts on the paths
(ω(t))t∈R+ of the underlying Brownian motion (Bt)t∈R+ as

ω(·) 7−→ ω(·)+ ε

∫ ·
0

f (s)ds,

which yields

E[∇n
f F ] = E

[∫
∞

0
· · ·
∫

∞

0
f (s1) · · · f (sn)Ds1 · · ·DsnFds1 · · ·dsn

]
, (8)

where DsF is the Malliavin gradient which satisfies

∇ f F =
∫

∞

0
DsF f (s)ds,

hence by (7) and (8) we obtain the iterated integration by parts identity

E
[
Ik( f⊗k)F

]
= E

[∫
∞

0
· · ·
∫

∞

0
f (s1) · · · f (sk)Ds1 · · ·Dsk Fds1 · · ·dsk

]
, k ≥ 1,

(9)
which will be the basis for our computation of moments. On the Wiener space the
operator D also satisfies the identity

Dt In(g⊗n) = ng(t)In−1(g⊗(n−1)), t ∈ R+, (10)

which can be used to recover (9) as the Stroock [32] formula, cf. Corollary 1 below
for the Poisson case.

However, when carrying over this approach to the probability space of a Poisson
random measure it turns out that there is no differential operator ∇ f that can satisfy
both relations (8) and (10) above. In the sequel we will develop the above approach
on the Poisson space via the use of finite difference operators.
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2 Combinatorics

In this section we provide the necessary combinatorial background for the deriva-
tion of cumulant-type moment identities. We refer the reader to [21] and references
therein, cf. also [22], for additional background on combinatorial probability and
for the relationships between the moments and cumulants of random variables.

2.1 Faà di Bruno formula and Bell polynomials

Faà di Bruno formula

The Faà di Bruno formula plays a fundamental role in the combinatorics of mo-
ments, cumulants, and factorial moments. Namely, instead of the multinomial iden-
tity (

n

∑
l=1

xl

)k

= k! ∑
d1+···+dn=k
d1≥0,...,dn≥0

xd1
1

d1!
· · · x

dn
n

dn!
, (11)

we will use the combinatorial identity(
∞

∑
n=1

xn

)k

=
∞

∑
n=k

∑
d1+···+dk=n
d1≥1,...,dk≥1

xd1 · · ·xdk , (12)

or (
∞

∑
n=1

x1,n

)
· · ·

(
∞

∑
n=1

xk,n

)
=

∞

∑
n=k

∑
d1+···+dk=n
d1≥1,...,dk≥1

x1,d1 · · ·xk,dk . (13)

The above identity (12) is equivalent to the Faà di Bruno formula, i.e. given g(x)
and f (y) two functions given by their series expansions

g(x) =
∞

∑
n=1

bn
xn

n!

with g(0) = 0 and

f (y) =
∞

∑
k=0

ak
yk

k!
,

the series expansion of f (g(x)) is given by

f (g(x)) =
∞

∑
k=0

ak

k!

(
∞

∑
n=1

bn
xn

n!

)k



6 Nicolas Privault

=
∞

∑
k=0

ak

k!

∞

∑
n=k

∑
d1+···+dk=n
d1≥1,...,dk≥1

bd1 · · ·bdk

xd1

d1!
· · · x

dk

dk!

=
∞

∑
n=0

xn
n

∑
k=0

ak

k! ∑
d1+···+dk=n
d1≥1,...,dk≥1

bd1

d1!
· · ·

bdk

dk!
. (14)

In the sequel we will often rewrite (12) using sums over partitions Pn
1 , . . . ,P

n
k of

{1, . . . ,n} into subsets of cardinals |Pn
1 |, . . . , |Pn

k |, as

n!
k! ∑

d1+···+dk=n
d1≥1,...,dk≥1

bd1

d1!
· · ·

bdk

dk!
= ∑

Pn
1∪···∪Pn

k ={1,...,n}
b|Pn

1 | · · ·b|Pn
k |.

Bell polynomials

The Faà di Bruno formula (14) can be rewritten as

f (g(x)) =
∞

∑
n=0

xn

n!

n

∑
k=0

akBn,k(b1, . . . ,bn−k+1), (15)

where Bn,k(b1, . . . ,bn−k+1) is the Bell polynomial of order (n,k) defined by

Bn,k(b1, . . . ,bn−k+1) :=
1
k! ∑

d1+···+dk=n
d1≥1,...,dk≥1

n!
d1! · · ·dk!

bd1 · · ·bdk

= ∑
Pn

1∪···∪Pn
k ={1,...,n}

b|Pn
1 | · · ·b|Pn

k |

= n! ∑
r1+2r2+···+(n−k+1)rn−k+1=n

r1+r2+···+rn−k+1=k
r1≥0,...,rn−k+1≥0

n−k+1

∏
l=1

(
1

rl!

(
bl

l!

)rl
)

=
n!
k! ∑

r1+2r2+···+(n−k+1)rn−k+1=n
r1+r2+···+rn−k+1=k

r1≥0,...,rn−k+1≥0

k!
r1! · · ·rn−k+1!

(
b1

1!

)r1

· · ·
(

bn−k+1

(n− k+1)!

)rn−k+1

,

cf. e.g. Definition 2.4.1 of [21], with Bn,0(b1, . . . ,bn) = 0, n ≥ 1, and B0,0 = 1. In
particular when f (y) = ey we have ak = 1, k ≥ 0, and (15) rewrites as

exp

(
∞

∑
n=1

bn

n!

)
=

∞

∑
n=0

1
n!

An(b1, . . . ,bn). (16)

where
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An(b1, . . . ,bn) =
n

∑
k=0

Bn,k(b1, . . . ,bn−k+1) (17)

=
n

∑
k=0

∑
Pn

1∪···∪Pn
k ={1,...,n}

b|Pn
1 | · · ·b|Pn

k |

= n!
n

∑
k=0

∑
r1+2r2+···+(n−k+1)rn−k+1=n

r1+r2+···+rn−k+1=k
r1≥0,...,rn−k+1≥0

n−k+1

∏
l=1

(
1

rl!

(
bl

l!

)rl
)

= n! ∑
r1+2r2+···+nrn=n

r1≥0,...,rn≥0

n

∏
l=1

(
1

rl!

(
bl

l!

)rl
)

is the (complete) Bell polynomial of degree n. Relation (16) is a common formula-
tion of the Faà di Bruno formula and it will be used in the proof of Proposition 5
below on the U -transform on the Poisson space.

2.2 Stirling inversion

The Stirling numbers will be used for the construction of multiple stochastic inte-
grals and their relations to the Charlier polynomials in Section 3.2. Let

S(n,k) =
{

n
k

}
=

1
k!

k

∑
i=0

(−1)k−i
(

k
i

)
in

=
1
k! ∑

d1+···+dk=n
d1≥1,...,dk≥1

n!
d1! · · ·dk!

(18)

= ∑
Pn

1∪···∪Pn
k ={1,...,n}

1,

denote the Stirling number of the second kind with S(n,0) = 0, n≥ 1, and S(0,0) =
1, cf. page 824 of [1], i.e. S(n,k) is the number of partitions of a set of n objects into
k nonempty subsets, cf. also Relation (3) page 59 of [3], with

Bn,k(x, . . . ,x) = xkS(n,k), 0≤ k ≤ n.

Let also

s(n,k) =
[
n
k

]
=

1
k!

k

∑
i=0

(−1)i
(

k
i

)
(k− i)n

denote the (signed) Stirling number of the first kind, cf. e.g. page 824 of [1], i.e.
(−1)n−ks(n,k) is the number of permutations of n elements which contain exactly k
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permutation cycles.

The following Stirling transform Lemma 1, cf. e.g. Relation (3) page 59 of [3],
also relies on the Faà di Bruno formula applied to

f (t) =
tk

k!
and an = 1{n=k}

and
g(t) = log(1+ t) and bk = 1{n=k}.

Lemma 1. Assume that the function f (t) has the series expansion

f (t) =
∞

∑
n=0

tn

n!
an, t ∈ R.

Then we have

f (et −1) =
∞

∑
k=0

tk

k!
ck, t ∈ R,

with

cn =
n

∑
k=0

akS(n,k),

and the inversion formula

an =
n

∑
k=0

cks(n,k), n ∈ N.

Proof. Applying the Faà di Bruno identity (14) to g(t) = et − 1 and using (18) we
have

f (et −1) =
∞

∑
k=0

ak
(et −1)k

k!
=

∞

∑
k=0

ak

∞

∑
n=k

tn

n!
S(n,k)

=
∞

∑
n=0

tn

n!

n

∑
k=0

akS(n,k) =
∞

∑
n=0

tn

n!
cn, t ∈ R,

with

cn =
n

∑
k=0

akS(n,k).

Conversely we have

f (t) =
∞

∑
k=0

ck

k!
(log(1+ t))k =

∞

∑
k=0

ck

∞

∑
n=k

tn

n!
s(n,k)

=
∞

∑
n=0

tn

n!

n

∑
k=0

cks(n,k) =
∞

∑
n=0

tn

n!
an, t ∈ R,
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with

an =
n

∑
k=0

cks(n,k).

�

As a consequence of Lemma 1, the Stirling transform

an =
n

∑
k=0

cks(n,k), n ∈ N,

can be inverted as

cn =
n

∑
k=0

akS(n,k), n ∈ N,

i.e. we have the inversion formula

n

∑
k=l

S(n,k)s(k, l) = 1{n=l}, n, l ∈ N, (19)

for Stirling numbers, cf. e.g. page 825 of [1]. As particular cases of the Stirling
transform of Lemma 1 we find that

1
k!
(eλ −1)k =

1
k!

(
∞

∑
n=1

λ n

n!

)k

=
1
k!

∞

∑
n=k

λ n

n! ∑
d1+···+dk=n
d1≥1,...,dk≥1

n!
d1! · · ·dk!

=
∞

∑
n=k

λ n

n!
Bn,k(1, . . . ,1) =

∞

∑
n=k

λ n

n!
S(n,k), k ≥ 1. (20)

We also have

1
k!
(log(1+ t))k =

(−1)k

k!

(
∞

∑
n=1

(−1)n

n
tn

)k

= (−1)k
∞

∑
n=k

tn

n!
Bn,k

(
−1,

1
2
,−1

3
, . . . ,

(−1)n−k+1

n− k+1

)
=

(−1)k

k!

∞

∑
n=k

(−1)n tn

n! ∑
d1+···+dk=n
d1≥1,...,dk≥1

n!
d1 · · ·dk

=
∞

∑
n=k

tn

n!
s(n,k), k ≥ 1,

which shows the relation

s(n,k) =
n!
k! ∑

d1+···+dk=n

(−1)n−k

d1 · · ·dk
. (21)
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In particular, taking ck = xk and letting an = x(n) defined by the falling factorial

x(n) := x(x−1) · · ·(x−n+1), k,n≥ 0,

i.e.

f (et −1) = ext =
∞

∑
k=0

tk

k!
xk,

and by Lemma 1 we get

f (t) = (1+ x)t =
∞

∑
n=0

tn

n!
x(n), (22)

which will be used in Lemma 2 below on the Charlier polynomials.

By Stirling inversion we also find the expansion of the falling factorial

x(n) = x(x−1) · · ·(x−n+1) =
n

∑
k=0

s(n,k)xk (23)

and

xn =
n

∑
k=0

S(n,k) x(x−1) · · ·(x− k+1),

cf. e.g. [9] or page 72 of [8].

2.3 Charlier and Touchard polynomials

Charlier polynomials

The Charlier polynomials Cn(x,λ ) or order n∈N with parameter λ > 0 are essential
in the construction of multiple Poisson stochastic integrals in Section 3.2. They can
be defined through their generating function

ψλ (x, t) :=
∞

∑
n=0

λ n

n!
Cn(x, t) = e−λ t(1+λ )x, x, t ∈ R+, (24)

λ ∈ (−1,1), cf. e.g. § 4.3.3 of [30].

Lemma 2. We have

Cn(x,λ ) =
n

∑
k=0

xk
n

∑
l=0

(
n
l

)
(−λ )n−ls(l,k), x,λ ∈ R. (25)

Proof. We check that defining Cn(x, t) by (25) yields
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ψλ (x, t) =
∞

∑
n=0

λ n

n!
Cn(x, t)

=
∞

∑
n=0

λ n

n!

n

∑
k=0

xk
n

∑
l=k

(
n
l

)
(−t)n−ls(l,k)

=
∞

∑
n=0

λ n

n!

n

∑
l=0

(
n
l

)
(−t)n−l

l

∑
k=0

xks(l,k)

=
∞

∑
l=0

x(l)
∞

∑
n=l

λ n

n!
n!

(n− l)!l!
(−t)n−l

=
∞

∑
l=0

x(l)
λ l

l!

∞

∑
n=0

λ n

n!
(−t)n

= e−λ t
∞

∑
l=0

x(l)
λ l

l!

= e−λ t(1+λ )x,

λ , t > 0, x ∈ N, where we applied (22) and (23). �

As a consequence of Lemma 2 and (23), the Charlier polynomial Cn(x,λ ) can be
rewritten in terms of the falling factorial x(n) as

Cn(x,λ ) =
n

∑
l=0

(
n
l

)
(−λ )n−l

l

∑
k=0

xks(l,k) =
n

∑
l=0

(
n
l

)
(−λ )n−lx(l), x,λ ∈ R. (26)

Lemma 3. We have the orthogonality relation

e−λ
∞

∑
k=0

λ k

k!
Cn(k,λ )Cm(k,λ ) = n!λ n1{n=m}. (27)

Proof. We have

eλab = e−λ (1+a+b)
∞

∑
k=0

λ k

k!
(1+a)k(1+b)k

= e−λ
∞

∑
k=0

λ k

k!
ψa(k,λ )ψb(k,λ )

= e−λ
∞

∑
k=0

λ k

k!

∞

∑
n=0

∞

∑
m=0

an

n!
bm

m!
Cn(k,λ )Cm(k,λ ),

which shows that

∞

∑
p=0

λ
p (ab)p

p!
= e−λ

∞

∑
k=0

λ k

k!

∞

∑
n=0

∞

∑
m=0

an

n!
bm

m!
Cn(k,λ )Cm(k,λ )
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= e−λ
∞

∑
n=0

(ab)n

(n!)2

∞

∑
k=0

λ k

k!
(Cn(k,λ ))2,

with
∞

∑
k=0

λ k

k!
Cn(k,λ )Cm(k,λ ) = 0

for n 6= m, and

n!λ n = e−λ
∞

∑
k=0

λ k

k!
(Cn(k,λ ))2,

for n = m. �

Touchard polynomials

The Touchard polynomials can be used to express the moments of a Poisson ran-
dom variable as a function of its intensity parameter. They can be defined by their
generating function

eλ (et−1) =
∞

∑
n=0

tn

n!
Tn(λ ), t ∈ R,

and from (16) or (20) they satisfy

Tn(λ ) : = An(λ , . . . ,λ ) =
n

∑
k=0

Bn,k(λ , . . . ,λ )

=
n

∑
k=1

∑
Pn

1∪···∪Pn
k ={1,...,n}

λ
k =

n

∑
k=0

λ
kS(n,k), (28)

cf. e.g. Proposition 2 of [4] or § 3.1 of [20]. Relation (28) above will be used in the
proof of the combinatorial Lemma 7 below.

2.4 Moments and cumulants of random variables

Given the identity (1) defining the moment generating function of X , we can write

E[etX ] = 1+ tE[X ]+
t2

2
E[X2]+o(t2),

which allows us to rewrite the cumulant generating function (2) as

log(E[etX ]) = log
(

1+ tE[X ]+
t2

2
E[X2]+o(t2)

)
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= tE[X ]+
t2

2
E[X2]− 1

2

(
tE[X ]+

t2

2
E[X2]

)2

+o(t2)

= tE[X ]+
t2

2
E[X2]− t2

2
(E[X ])2 +o(t2)

= tE[X ]+
t2

2
var[X ]+o(t2),

hence κX
1 = E[X ] and κX

2 = var[X ]. More generally, as a consequence of (16), the
moment generating function of X expands using the complete Bell polynomials
An(b1, . . . ,bn) of (17) as

E[etX ] = exp(log(E[etX ]))

= exp

(
∞

∑
n=1

κ
X
n

tn

n!

)

=
∞

∑
n=0

tn

n!
An(κ

X
1 , . . . ,κ

X
n ),

which shows by comparison with (1) that

E[Xn] = An(κ
X
1 ,κ

X
2 , . . . ,κ

X
n )

=
n

∑
k=0

n!
k! ∑

d1+···+dk=n
d1≥1,...,dk≥1

κX
d1

d1!
· · ·

κX
dk

dk!

=
n

∑
k=0

∑
Pn

1∪···∪Pn
k ={1,...,n}

κ
X
|Pn

1 |
· · ·κX

|Pn
k |
, (29)

and allows us to recover (3).

The identity (29) can also be recovered from the Thiele [33] recursion formula

E[Xn] =
n−1

∑
l=0

(n−1)!
l!(n− l−1)!

κ
X
n−lE[X l ] =

n

∑
l=1

(n−1)!
(n− l)!(l−1)!

κ
X
l E[Xn−l ] (30)

between moments and cumulants of random variables, cf. e.g. § 1.3.2 of [22]. In-
deed, assuming at the order n≥ 1 that

E[Xn] =
n

∑
a=0

n!
a! ∑

l1+···+la=n
l1≥1,...,la≥1

κX
l1

l1!
· · ·

κX
la

la!
=

n

∑
a=0

∑
Pn

1∪···∪Pn
a ={1,...,n}

κ
X
|Pn

1 |
· · ·κX

|Pn
a |,

and using (30), we have, at the order n+1,
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E[Xn+1] =
n+1

∑
k=1

(
n

k−1

)
κ

X
k E[Xn+1−k]

=
n+1

∑
k=1

n!
(k−1)!

κ
X
k

n+1−k

∑
a=0

1
a! ∑

l1+···+la=n+1−k
l1≥1,...,la≥1

κX
l1

l1!
· · ·

κX
la

la!

=
n+1

∑
k=1

(
n

k−1

)
κ

X
k

n+1−k

∑
a=0

∑
Pn+1−k

1 ∪···∪Pn+1−k
a ={1,...,n+1−k}

κ
X
|Pn+1−k

1 | · · ·κ
X
|Pn+1−k

a |

=
n

∑
a=0

n+1−a

∑
k=1

(
n

k−1

)
κ

X
k ∑

Pn+1−k
1 ∪···∪Pn+1−k

a ={1,...,n+1−k}
κ

X
|Pn+1−k

1 | · · ·κ
X
|Pn+1−k

a |

=
n

∑
a=0

∑
Pn+1

1 ∪···∪Pn+1
a+1 ={1,...,n+1}

κ
X
|Pn+1

1 | · · ·κ
X
|Pn+1

a+1 |
(31)

=
n+1

∑
a=1

∑
Pn+1

1 ∪···∪Pn+1
a ={1,...,n+1}

κ
X
|Pn+1

1 | · · ·κ
X
|Pn+1

a |

=
n+1

∑
a=0

(n+1)!
a! ∑

l1+···+la=n+1
l1≥1,...,la≥1

κX
l1

l1!
· · ·

κX
la

la!
,

where in (31) the set Pn+1
a+1 of cardinal |Pn+1

a+1 |= k is built by combining {n+1} with
k−1 elements of {1, . . . ,n}.

The cumulant formula (29) can also be inverted to compute the cumulant κX
n

from the moments µX
n of X by the inversion formula

κ
X
n =

n

∑
a=1

(a−1)!(−1)a−1
∑

Pn
1∪···∪Pn

a ={1,...,n}
µ

X
|Pn

1 |
· · ·µX

|Pn
a |, n≥ 1, (32)

where the sum runs over the partitions Pn
1 , . . . ,P

n
a of {1, . . . ,n} with cardinal |Pn

i |
by the Faà di Bruno formula, cf. Theorem 1 of [16], and also [15] or § 2.4 and
Relation (2.4.3) page 27 of [17].

Example - Gaussian cumulants

When X is centered we have κX
1 = 0 and κX

2 = E[X2] = var[X ], and X becomes
Gaussian if and only if κX

n = 0, n≥ 3, i.e. κX
n = 1{n=2}σ

2, n≥ 1, or

(κX
1 ,κ

X
2 ,κ

X
3 ,κ

X
4 , . . .) = (0,σ2,0,0, . . .).

When X is centered Gaussian we have κX
n = 0, n 6= 2, and (29) can be read as Wick’s

theorem for the computation of Gaussian moments of X 'N (0,σ2) by counting
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the pair partitions of {1, . . . ,n}, cf. [10], as

E[Xn] = σ
n

n

∑
k=1

∑
Pn
1 ∪···∪Pn

k ={1,...,n}
|Pn

1 |=2,...,|Pn
k |=2

κ
X
|Pn

1 |
· · ·κX

|Pn
a | =

σn(n−1)!!, n even,

0, n odd,
(33)

where the double factorial

(n−1)!! = ∏
1≤2k≤n

(2k−1) = 2−n/2 n!
(n/2)!

counts the number of pair-partitions of {1, . . . ,n} when n is even.

Example - Poisson cumulants

In the particular case of a Poisson random variable Z 'P(λ ) with intensity λ > 0
we have

E[etZ ] =
∞

∑
n=0

entP(Z = n) = e−λ
∞

∑
n=0

(λet)n

n!
= eλ (et−1), t ∈ R+,

hence κZ
n = λ , n≥ 1, or

(κZ
1 ,κ

Z
2 ,κ

Z
3 ,κ

Z
4 , . . .) = (λ ,λ ,λ ,λ , . . .),

and by (29) we have

Eλ [Z
n] = An(λ , . . . ,λ ) =

n

∑
k=0

Bn,k(λ , . . . ,λ )

=
n

∑
k=1

∑
Pn

1∪···∪Pn
k ={1,...,n}

λ
k =

n

∑
k=0

λ
kS(n,k)

= Tn(λ ),

i.e. the n-th Poisson moment with intensity parameter λ > 0 is given by Tn(λ ) where
Tn is the Touchard polynomial of degree n.

In the case of centered Poisson random variables we note that Z and Z−E[Z]
have same cumulants of order k ≥ 2, hence in case Z−E[Z] is a centered Poisson
random variable with intensity λ > 0 we have

E[(Z−E[Z])n] =
n

∑
a=1

∑
Pn
1 ∪···∪Pn

a ={1,...,n}
|Pn

1 |≥2,...,|Pn
a |≥2

λ
a =

n

∑
k=0

λ
kS2(n,k), n≥ 0,
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where S2(n,k) is the number of ways to partition a set of n objects into k nonempty
subsets of size at least 2, cf. [25].

Example - compound Poisson cumulants

Consider the compound Poisson random variable

β1Zαi + · · ·+βpZαp (34)

with Lévy measure
αiδβ1 + · · ·+αpδβp ,

where β1, . . . ,βp ∈ R are constant parameters and Zα1 , . . . ,Zαp is a sequence of in-
dependent Poisson random variables with respective parameters α1, . . . ,αp ∈ R+.
The moment generating function of (34) is given by

E[et(β1Zαi+···+βpZαp )] = eα1(etβ1−1)+···+αp(etβp−1),

which shows that the cumulant of order k ≥ 1 of (34) is given by

α1β
k
1 + · · ·+αpβ

k
p .

As a consequence of the identity (29) the moment of order n of (34) is given by

E

[(
p

∑
i=1

βiZλαi

)n]
(35)

=
n

∑
m=0

∑
Pn

1∪···∪Pn
m={1,...,n}

(α1β
|Pn

1 |
1 + · · ·+αpβ

|Pn
1 |

p ) · · ·(α1β
|Pn

m|
1 + · · ·+αpβ

|Pn
m|

p )

=
n

∑
m=0

∑
Pn

1∪···∪Pn
m={1,...,n}

p

∑
i1,...,im=1

β
|Pn

1 |
i1

αi1 · · ·β
|Pn

m|
im αim ,

where the above sum runs over all partitions Pn
1 , . . . ,P

n
m of {1, . . . ,n}.

Example - infinitely divisible cumulants

On the other hand, in case X is the infinitely divisible Poisson stochastic integral

X =
∫

∞

0
h(t)dNt

with respect to a standard Poisson process (Nt)t∈R+ with intensity λ > 0 and h ∈⋂
∞
p=1 Lp(R+), the logarithmic generating function
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logE
[

exp
(∫

∞

0
h(t)dNt

)]
= λ

∫
∞

0
(eh(t)−1)dt = λ

∞

∑
n=1

1
n!

∫
∞

0
hn(t)dt =

∞

∑
n=1

κ
X
n

tn

n!
,

shows that the cumulants of
∫

∞

0 h(t)dNt are given by

κ
X
n = λ

∫
∞

0
hn(t)dt, n≥ 1, (36)

and (29) becomes the moment identity

E
[(∫

∞

0
h(t)dNt

)n]
=

n

∑
k=1

λ
k

∑
Pn

1∪···∪Pn
k ={1,...,n}

∫
∞

0
h|P

n
1 |(t)dt · · ·

∫
∞

0
h|P

n
k |(t)dt, (37)

where the sum runs over all partitions Pn
1 , . . . ,P

n
k of {1, . . . ,n}, cf. [2] for the non-

compensated case and [28], Proposition 3.2 for the compensated case.

3 Analysis of Poisson random measures

In this section we introduce the basic definitions and notations relative to Poisson
random measures, and we derive the functional transform identities that will be
useful for the computation of moments in Section 4.

3.1 Poisson point processes

From now on we consider a Poisson point process η on the space Nσ (X) of all
σ -finite measures on a measure space (X,X ) equipped with a σ -finite intensity
measure µ(dx), see [12] and [13] for further details and additional notation. The
random measure η in Nσ (X) will be represented as

η =
η(X)

∑
n=1

δxn ,

where (xn)
η(X)
n=1 is a (random) sequence in X, δx denotes the Dirac measure at x ∈X,

and η(X) ∈ N∪{∞} denote the cardinality of η identified with the sequence (xn)n.

Recall that the probability law Pη of η is the Poisson probability measure with
intensity µ(dx) on X is the only probability measure on Nσ (X) satisfying

i) For any measurable subset A∈X of X such that µ(A)<∞, the number η(A) of
configuration points contained in A is a Poisson random variable with intensity
µ(A), i.e.
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Pη({η ∈ Nσ (X) : η(A) = n}) = e−µ(A) (µ(A))
n

n!
, n ∈ N.

ii) In addition, if A1, . . . ,An are disjoint subsets of X with µ(Ak)< ∞, k = 1, . . . ,n,
the Nn-valued random vector

η 7−→ (η(A1), . . . ,η(An)), η ∈ Nσ (X),

is made of independent random variables for all n≥ 1.

When µ(X)< ∞ the expectation under the Poisson measure Pη can be written as

E[F(η)] = e−µ(X)
∞

∑
n=0

1
n!

∫
Xn

fn(x1, . . . ,xn)µ(dx1) · · ·µ(dxn) (38)

for a random variable F of the form

F(η) =
∞

∑
n=0

1{η(X)=n} fn(x1, . . . ,xn) (39)

where for each n≥ 1, fn is a symmetric integrable function of η = {x1, . . . ,xn}when
η(X) = n, cf. e.g. § 6.1 of [24].

The next lemma is well known.

Lemma 4. Given µ and ν two intensity measures on X, the Poisson random mea-
sure ηµ+ν with intensity µ +ν decomposes into the sum

ηµ+ν ' ηµ ⊕ην , (40)

of a Poisson random measure ηµ with intensity µ(dx) and an independent Poisson
random measure ην with intensity ν(dx).

Proof. Taking F a random variable of the form (39) we have

E[F(ηµ+ν)] = e−µ(X)−ν(X)
∞

∑
n=0

1
n!

∫
Xn

fn({x1, . . . ,xn})
n

∏
k=1

(µ(dxk)+ν(dxk)),

and

∞

∑
n=0

1
n!

∫
Xn

fn({s1, . . . ,sn})
n

∏
k=1

(µ(dsk)+ν(dsk))

=
∞

∑
n=0

1
n!

n

∑
l=0

(
n
l

)∫
Xn

fn({s1, . . . ,sn})µ(ds1) · · ·µ(dsk)ν(dsk+1) · · ·ν(dsn)

=
∞

∑
n=0

n

∑
l=0

1
(n− l)!l!

∫
Xn

fn({s1, . . . ,sl , . . . ,sn})µ(ds1) · · ·µ(dsl)ν(dsl+1) · · ·ν(dsn)

=
∞

∑
m=0

1
m!

∞

∑
l=0

1
l!

∫
Xl+m

fl+m({s1, . . . ,sl , . . . ,sl+m})µ(ds1) · · ·µ(dsl)ν(dsl+1) · · ·ν(dsl+m)



Combinatorics of Poisson stochastic integrals with random integrands 19

= eµ(X)
∞

∑
m=0

1
m!

∫
Xm

E
[
ε
+
smF(ηµ)

]
ν(ds1) · · ·ν(dsm) (41)

= eµ(X)+ν(X)E[F(ηµ ⊕ην)],

where ε+sm is the addition operator defined on any random variable F : Nσ (X)→ R
by

ε
+
smF(η) = F(η +δs1 + · · ·+δsm), η ∈ Nσ (X), s1, . . . ,sm ∈ X, (42)

and
sm := (s1, . . . ,sm) ∈ Xm, m≥ 1.

�

In the course of the proof of Lemma 4 we have shown in (41) that

E[F(ηµ+ν)] = e−µ(X)
∞

∑
m=0

1
m!

∫
Xm

E
[
ε
+
sm F(ην)

]
ν(ds1) · · ·ν(dsm) =E[F(ηµ⊕ην)],

where ε+sk
is defined in (42).

In particular, by applying Lemma 4 above to µ(dx) and ν(dx) = f (x)µ(dx) with
f (x)≥ 0 µ(dx)-a.e. we find that the Poisson random measure η with intensity (1+
f )dµ decomposes into the sum

η(1+ f )dµ ' ηdµ ⊕η f dµ ,

of a Poisson random measure ηdµ with intensity µ(dx) and an independent Poisson
random measure η f dµ with intensity f (x)µ(dx).

In addition we have, using the shortand notation Eµ to denote the Poisson prob-
ability measure with intensity µ ,

E(1+ f )dµ [F ] = e−µ(X)
∞

∑
m=0

1
m!

∫
Xm

Eµ

[
ε
+
smF

]
f (s1) · · · f (sn)µ(ds1) · · ·µ(dsm). (43)

The above identity extends to f ∈ L2(X) with f > −1, and when f (x) ∈ (−1,0),
Relation (43) can be interpreted as a thinning of η(1+ f )dµ .

Mecke identity

The following version of Mecke’s identity [19], cf. also Relation (7) in [12], allows
us to compute the first moment of the first order stochastic integral of a random
integrand. In the sequel we use the expression “measurable process” to denote a
real-valued measurable function from X×Nσ (X) into R.
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Proposition 1. For u : X×Nσ (X)−→ R a measurable process we have

Eµ

[∫
X

u(x,η)η(dx)
]
= Eµ

[∫
X

u(x,η +δx)µ(dx)
]
, (44)

provided

Eµ

[∫
X
|u(x,η +δx)|µ(dx)

]
< ∞.

Proof. The proof is done when µ(X)< ∞. We take u(x,η) written as

u(x,η) =
∞

∑
n=0

1{η(X)=n} fn(x;x1, . . . ,xn),

where (x1, . . . ,xn) 7−→ fn(x;x1, . . . ,xn) is a symmetric integrable function of η =
{x1, . . . ,xn} when η(X) = n, for each n≥ 1. We have

Eµ

[∫
X

u(x,η)η(dx)
]

= e−µ(X)
∞

∑
n=0

1
n!

n

∑
k=1

∫
Xn

fn(xi;x1, . . . ,xn)µ(dx1) · · ·µ(dxn)

=
∞

∑
n=1

e−µ(X)

(n−1)!

∫
Xn

fn(x;x1, . . . ,xi−1,x,xi, . . . ,xn−1)µ(dx)µ(dx1) · · ·µ(dxn−1)

= e−µ(X)
∞

∑
n=0

1
n!

∫
Xn

∫
X

fn+1(x;x,x1, . . . ,xn)µ(dx)µ(dx1) · · ·µ(dxn)

= Eµ

[∫
X

u(x,η +δx)µ(dx)
]
.

�

3.2 Multiple stochastic integrals

In this section we define the multiple Poisson stochastic integral using Charlier poly-
nomials. We denote by “◦” the symmetric tensor product of functions in L2(X), i.e.
given f1, . . . , fd ∈ L2(X) and k1, . . . ,kd ≥ 1,

f ◦k1
1 ◦ · · · ◦ f ◦kd

d

denotes the symmetrization in n = k1 + · · ·+ kd variables of

f⊗k1
1 ⊗·· ·⊗ f⊗kd

d ,

cf. Relation (26) in [12].
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Definition 1. Consider A1, . . . ,Ad mutually disjoint subsets of X with finite µ-
measure and n = k1+ · · ·+kd , where k1, . . . ,kd ≥ 1. The multiple Poisson stochastic
integral of the function

1◦k1
A1
◦ · · · ◦1◦kd

Ad

is defined by

In(1⊗k1
A1
⊗·· ·⊗1⊗kd

Ad
)(η) :=

d

∏
i=1

Cki(η(Ai),µ(Ai)). (45)

Note that by (26), Relation (45) actually coincides with Relation (25) in [12] and
this recovers the fact that

η
(k)(A) := #({(i1, . . . , ik) ∈ {1, . . . ,η(A)}k : il 6= im, 1≤ l 6= m≤ k})

defined in Relation (9) of [12] coincides with the falling factorial (η(A))(k) for
A ∈X such that µ(A)< ∞.

See also [31] and [7] for a more general framework for the expression of multi-
ple stochastic integrals with respect to Lévy processes based on the combinatorics
of the Möbius inversion formula.

From (27) and Definition 1 it can be shown that the multiple Poisson stochastic
integral satisfies the isometry formula

E[In( fn)Im(gm)] = 1{n=m}〈 fn,gm〉L2(Xn), (46)

cf. Lemma 4 in [12], which allows one to extend the definition of In to any symmet-
ric function fn ∈ L2(Xn), cf. also (51) below.

The generating series

∞

∑
n=0

λ n

n!
Cn(η(A),µ(A)) = e−λ µ(A)(1+λ )η(A) = ψλ (η(A),µ(A)),

cf. (24), admits a multivariate extension using multiple stochastic integrals.

Proposition 2. For f ∈ L2(X)∩L1(X) we have

ξ ( f ) :=
∞

∑
k=0

1
n!

In( f⊗n) = exp
(
−
∫
X

f (x)µ(dx)
)

∏
x∈η

(1+ f (x)). (47)

Proof. From (46) and an approximation argument it suffices to consider simple
functions of the form

f =
m

∑
k=1

ak1Ak ,

by the multinomial identity (11) we have
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∞

∑
n=0

1
n!

In

((
m

∑
k=1

ak1Ak

)⊗n)

=
∞

∑
n=0

1
n! ∑

d1+···+dm=n

n!
d1! · · ·dm!

ad1
1 · · ·a

dm
m In

(
1⊗d1

A1
◦ · · · ◦1⊗dm

Am

)
=

∞

∑
n=0

1
n! ∑

d1+···+dm=n

n!
d1! · · ·dm!

ad1
1 · · ·a

dm
m

m

∏
i=1

Cdi(η(Ai),µ(Ai))

=
m

∏
i=1

∞

∑
n=0

an
i

n!
Cn(η(Ai),µ(Ai))

=
m

∏
i=1

(
e−aiµ(Ai)(1+ai)

η(Ai)
)

= exp

(
−

m

∑
i=1

aiµ(Ai)

)
m

∏
i=1

(1+ai)
η(Ai)

= exp

(
m

∑
i=1

ai(η(Ai)−µ(Ai))

)
m

∏
i=1

((1+ai)
η(Ai)e−aiη(Ai)).

�

The relation between ξ ( f ) in (47) and the exponential functional in Lemma 5 of
[12] is given by

exp
(∫

X
(e f (x)−1)µ(dx)

)
ξ (e f −1) = exp

(∫
X

f (x)η(dx)
)
,

provided e f −1 ∈ L1(X)∩L2(X).

3.3 S -transform

Given f ∈ L1(X,µ)∩L2(X,µ) with f (x) > −1 µ(dx)-a.e. we define the measure
Q f by its Girsanov density

dQ f

dPη

= ξ ( f ) = exp
(
−
∫
X

f (x)µ(dx)
)

∏
x∈X

(1+ f (x)), (48)

where Pη is the Poisson probability measure with intensity µ(dx). From (38), for F
a bounded random variable we have the relation

Eµ [Fξ ( f )] = Eµ

[
F exp

(
−
∫
X

f (x)µ(dx)
)

∏
x∈η

(1+ f (x))

]
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= exp
(
−
∫
X
(1+ f (x))µ(dx)

)
∞

∑
n=0

1
n!

∫
Xn

F({s1, . . . ,sn})
n

∏
k=1

(1+ f (sk))µ(ds1) · · ·µ(dsn)

= E[F(η(1+ f )dµ)],

which shows the following proposition.

Proposition 3. Under the probability Q f defined by (48), the random measure η is
Poisson with intensity (1+ f )dµ , i.e.

Eµ [Fξ ( f )] = E(1+ f )dµ [F ]

for all sufficiently integrable random variables F.

The S -transform (or Segal-Bargmann transform, see [14] for references) on the
Poisson space is defined on bounded random variables F by

f 7−→S F( f ) :=E f dµ [F ] =Eµ [Fξ ( f )]=Eµ

[
F exp

(
−
∫
X

f (x)µ(dx)
)

∏
x∈η

(1+ f (x))

]
,

for f bounded and vanishing outside a set of finite σ -measure in X and Lemma 4
and Proposition 3 show that

S F( f ) = E[F(ηdµ ⊕η f dµ)] (49)

= e−
∫
X f dµEµ [F ]+ e−

∫
X f dµ

∞

∑
k=1

1
k!

∫
Xk

f (s1) · · · f (sk)Eµ

[
ε
+
sk

F
]

µ(ds1) · · ·µ(dsk),

where η f dµ is a Poisson random measure with intensity f dµ independent of ηdµ ,
by Lemma 4. In the next proposition we use the finite difference operator

Dx := ε
+
x − I, x ∈ X,

i.e.
DxF(η) = F(η +δx)−F(η),

and apply a binomial transformation to get rid of the exponential term in (49). In the
next proposition we let

Dk
sk
= Ds1 · · ·Dsk , s1, . . . ,sk ∈ X,

and
ε
+
sk
= ε

+
s1
· · ·ε+sk

, s1, . . . ,sk ∈ X,

as in (42), where
sk = (s1, . . . ,sk) ∈ Xk, k ≥ 1.

Proposition 4. For any bounded random variable F and f bounded and vanishing
outside a set of finite µ-measure in X we have
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S F( f ) = Eµ [F(η)ξ ( f )] =
∞

∑
k=0

1
k!

∫
Xk

f (s1) · · · f (sk)Eµ

[
Dk
sk

F
]

µ(ds1) · · ·µ(dsk).

(50)

Proof. We apply a binomial transformation to the expansion (49). We have

S F( f )

= e−
∫
X f dµ

∞

∑
k=0

1
k!

∫
Xk

f (s1) · · · f (sk)Eµ

[
ε
+
sk

F
]

µ(ds1) · · ·µ(dsk)

=
∞

∑
n=0

(−1)n

n!

(∫
X

f dµ

)n ∞

∑
k=0

1
k!

∫
Xk

f (s1) · · · f (sk)Eµ

[
ε
+
sk

F
]

µ(ds1) · · ·µ(dsk)

=
∞

∑
m=0

m

∑
k=0

(−1)m−k

(m− k)!

(∫
X

f dµ

)m−k 1
k!

∫
Xk

f (s1) · · · f (sk)Eµ

[
ε
+
sk

F
]

µ(ds1) · · ·µ(dsk)

=
∞

∑
m=0

1
m!

m

∑
k=0

(
m
k

)
(−1)m−k

∫
Xm

f (s1) · · · f (sm)Eµ

[
ε
+
sk

F
]

µ(ds1) · · ·µ(dsm)

=
∞

∑
m=0

1
m!

∫
Xm

f (s1) · · · f (sm)Eµ

[
Dm
smF

]
µ(ds1) · · ·µ(dsm).

�

By identification of terms in the expansions (47) and (50) we obtain the following
result, which is equivalent by (46) and duality to the Stroock [32] formula, cf. also
Theorem 2 in [12].

Corollary 1. Given F a bounded random variable, for all n≥ 1 and f bounded and
vanishing outside a set of finite µ-measure in X we have

Eµ

[
In( f⊗n)F

]
=
∫
Xn

f (s1) · · · f (sn)Eµ

[
Dn
snF
]

µ(ds1) · · ·µ(dsn). (51)

Proof. We note that (47) yields

S F( f ) = E f dµ [F ] = Eµ [Fξ ( f )] =
∞

∑
n=0

1
n!
Eµ [FIn( f⊗n)],

and by Proposition 4 we have

S F( f ) = E f dµ [F ] =
∞

∑
n=0

1
n!

∫
Xn

f (s1) · · · f (sn)Eµ

[
Dn
snF
]

µ(ds1) · · ·µ(dsn),

and identify the respective terms of orders n≥ 1 in order to show (51). �

When k = 1 we have the integration by parts formula

Eµ [I1( f )F ] = Eµ

[∫
X

f (s)DsFµ(ds)
]
.
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Note that with the pathwise extension Ik((F f )⊗k) = FkIk( f⊗k) of the multiple
stochastic integral, (51) can be rewritten as the identity

Eµ [Ik((F f )⊗k)] = Eµ

[∫
Xk

f (s1) · · · f (sk)Ds1 · · ·Dsk(F
k)µ(ds1) · · ·µ(dsk)

]
,

cf. also Proposition 4.1 of [26].

3.4 U -transform

The Laplace transform on the Poisson space (also called U -transform, cf. e.g. § 2
of [11]), is defined using the exponential functional of Lemma 5 of [12] by

f 7−→U F( f ) := Eµ

[
Fe

∫
X f dη

]
= e

∫
X(e

f−1)dµEµ [Fξ (e f −1)],

for f bounded and vanishing outside a set of finite µ-measure in X , and will be
useful for the derivation of general moment identities in Section 4.

Proposition 5. Let F a bounded random variable. We have

U F( f )=
∞

∑
n=0

1
n!

n

∑
k=0

∑
Pn

1∪···∪Pn
k ={1,...,n}

∫
Xk

f |P
n
1 |(s1) · · · f |P

n
k |(sk)Eµ

[
ε
+
sk

F
]

µ(ds1) · · ·µ(dsk),

(52)
f ∈ L2(X,µ).

Proof. Using the Faà di Bruno identity (13) or (16) we have

∞

∑
n=0

1
n!
Eµ

[
F
(∫

X
f dη

)n]
= Eµ

[
Fe

∫
X f dη

]
= e

∫
X(e

f−1)dµEµ

[
Fξ (e f −1)

]
= e

∫
X(e

f−1)dµ
∞

∑
k=0

1
k!

∫
Xk
(e f (s1)−1) · · ·(e f (sk)−1)Eµ

[
Dk
sk

F
]

µ(ds1) · · ·µ(dsk) (53)

=
∞

∑
n=0

1
n!

n

∑
k=0

(
n
k

)∫
Xn
(e f (s1)−1) · · ·(e f (sn)−1)Eµ

[
Dk
sk

F
]

µ(ds1) · · ·µ(dsn)

=
∞

∑
k=0

1
k!

∫
Xk
(e f (s1)−1) · · ·(e f (sn)−1)Eµ

[
ε
+
sk

F
]

µ(ds1) · · ·µ(dsk)

=
∞

∑
k=0

1
k!

∫
Xk

(
∞

∑
n=1

f n(s1)

n!

)
· · ·

(
∞

∑
n=1

f n(sk)

n!

)
Eµ

[
ε
+
sk

F
]

µ(ds1) · · ·µ(dsk)

=
∞

∑
k=0

1
k!

∞

∑
n=1

∑
d1+···+dk=n
d1 ,...,dk≥1

∫
Xk

f d1(s1)

d1!
· · · f dk(sk)

dk!
Eµ

[
ε
+
sk

F
]

µ(ds1) · · ·µ(dsk)
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=
∞

∑
n=0

1
n!

n

∑
k=0

1
k! ∑

d1+···+dk=n
d1 ,...,dk≥1

n!
d1! · · ·dk!

∫
Xk

f d1(s1) · · · f dk(sk)Eµ

[
ε
+
sk

F
]

µ(ds1) · · ·µ(dsk),

where we applied the Faà di Bruno identity (13). �

In particular, by (53) we have

Eµ

[
Im(gm)e

∫
X f dη

]
(54)

=
1

m!

∫
Xm

(e f (s1)−1) · · ·(e f (sm)−1)Eµ

[
D+
sm Im(gm)

]
µ(ds1) · · ·µ(dsm)

=
∫
Xm

(e f (s1)−1) · · ·(e f (sm)−1)gm(s1, . . . ,sm)µ(ds1) · · ·µ(dsm),

cf. Proposition 3.2 of [11].

4 Moment identities and invariance

The following cumulant-type moment identities have been extended to the Poisson
stochastic integrals of random integrands in [28] through the use of the Skorohod
integral on the Poisson space, cf. [23], [27]. These identities and their consequences
on invariance have been recently extended to point processes with Papangelou in-
tensities in [6], via simpler proofs based on an induction argument.

4.1 Moment identities for random integrands

The moments of Poisson stochastic integrals of deterministic integrands have been
derived in [2] by direct iterated differentiation of the Lévy-Khintchine formula or
moment generating function

Eµ

[
exp
(∫

X
f (x)η(dx)

)]
= exp

(∫
X
(e f (x)−1)µ(dx)

)
,

for f bounded and vanishing outside a set of finite µ-measure in X . We can also
note that

Eµ

[
exp
(∫

X
f (x)η(dx)

)]
= exp

(∫
X
(e f (x)−1)µ(dx)

)
=

∞

∑
n=0

1
n!

(∫
X
(e f (x)−1)µ(dx)

)n

=
∞

∑
n=0

1
n!

∫
Xn
(e f (x1)−1) · · ·(e f (xn)−1)µ(dx1) · · ·µ(dxn)
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=
∞

∑
n=0

1
n!

∫
Xn
(e f (x1)−1) · · ·(e f (xn)−1)µ(dx1) · · ·µ(dxn)

=
∞

∑
n=0

1
n!

∫
Xn

(
∞

∑
k=1

f k(x1)

k!

)
· · ·

(
∞

∑
k=1

f k(xn)

k!

)
µ(dx1) · · ·µ(dxn)

=
∞

∑
n=0

1
n!

∞

∑
k=1

∑
d1+···+dn=k
d1 ,...,dn≥1

∫
Xn

f d1(x1)

d1!
· · · f dn(xk)

dn!
µ(dx1) · · ·µ(dxk)

=
∞

∑
k=0

1
k!

k

∑
n=0

1
n! ∑

d1+···+dn=k
d1 ,...,dn≥1

k!
d1! · · ·dn!

∫
Xn

f d1(x1) · · · f dn(xn)µ(dx1) · · ·µ(dxn),

where we applied the Faà di Bruno identity (13), and shows that

Eµ

[(∫
X

f (x)η(dx)
)n]

= ∑
Pn

1 ,...,P
n
a

∫
Xa

f |P
n
1 |(s1)µ(ds1) · · ·

∫
Xa

f |P
n
a |(sa)µ(dsa), (55)

which recovers in particular (37).

The next Lemma 5 is a moment formula for deterministic Poisson stochastic inte-
grals applies in particular under a change of measure given by a density F .

Lemma 5. Let n ≥ 1, f ∈
⋂n

p=1 Lp(X,µ), and consider F a bounded random vari-
able. We have

Eµ

[
F
(∫

X
f dη

)n]
=

n

∑
k=1

∑
Pn

1∪···∪Pn
k ={1,...,n}

∫
Xk

f |P
n
1 |(s1) · · · f |P

n
k |(sk)E

[
ε
+
s1
· · ·ε+sk

F
]

µ(ds1) · · ·µ(dsk).

Proof. We apply Proposition 5 on the U -transform, which reads

Eµ

[
F exp

(∫
X

f dη

)]
=

∞

∑
n=0

1
n!
Eµ

[
F
(∫

X
f dη

)n]

=
∞

∑
n=0

1
n!

n

∑
k=1

1
k! ∑

d1+···+dk=n
d1 ,...,dk≥1

n!
d1! · · ·dk!

∫
Xk

f d1(s1) · · · f dk(sk)E
[
ε
+
s1
· · ·ε+sk

F
]

µ(ds1) · · ·µ(dsk).

�

Lemma 5 with F = 1 recovers the identity (37), and associated with the complete
Bell polynomials An(b1, . . . ,bn) as in (29) it can be used to compute the moments of
stochastic integrals of deterministic integrands with respect to Lévy processes, cf.
[18] for the case of subordinators.

Relation (54) yields
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E[FZn] =
n

∑
k=0

S(n,k)
∫

Ak
E
[
ε
+
s1
· · ·ε+sk

F
]

µ(ds1) · · ·µ(dsk), n ∈ N, (56)

and when f is a deterministic function, Relation (53) shows that

Eµ

[(∫
X

f (x)η(dx)
)n]

= ∑
Pn

1 ,...,P
n
a

∫
Xa

f |P
n
1 |(s1)µ(ds1) · · ·

∫
Xa

f |P
n
a |(sa)µ(dsa),

which recovers (55).

Based on the following version of (56)

Eµ [Fη(A)n] =
n

∑
k=0

S(n,k)E
[∫

Xk
ε
+
s1
· · ·ε+sk

F1A(s1) · · ·1A(sk)µ(ds1) · · ·µ(dsk)

]
(57)

and an induction argument we obtain the following Lemma 6, which can be seen as
an elementary joint moment identity obtained by iteration of Lemma 57.

Lemma 6. For A1, . . . ,Ap mutually disjoint bounded measurable subsets of X and
F1, . . . ,Fp bounded random variables we have

Eµ [(F1η(A1))
n1 · · ·(Fpη(Ap))

np ]

=
n1

∑
k1=0
· · ·

np

∑
kp=0

S(n1,k1) · · ·S(np,kp)

×Eµ

[∫
Xk1+···+kp

ε
+
x1
· · ·ε+xk1+···+kp

(Fn1
1 · · ·F

np
p (1

A
k1
1
⊗·· ·⊗1

A
kp
p
)(x1, . . . ,xk1+···+kp)

µ(dx1) · · ·µ(dxk1+···+kp)
]
.

Lemma 6 allows us to recover the following moment identity, which can also be used
for the computation of moments under a probability with density F with respect to
Pη .

Theorem 1. Given F a random variable and u : X×Nσ (X) −→ R a measurable
process we have

Eµ

[
F
(∫

X
u(x,η)η(dx)

)n]
(58)

= ∑
Pn

1∪···∪Pn
k ={1,...,n}

Eµ

[∫
Xk

ε
+
s1
· · ·ε+sk

(Fu
|Pn

1 |
s1 · · ·u

|Pn
k |

sk )µ(ds1) · · ·µ(dsk)

]
,

provided all terms in the above summations are Pη ⊗µ⊗k- integrable, k = 1, . . . ,n.

Proof. We use the argument of Proposition 4.2 in [5] in order to extend Lemma 6 to
(58). We start with u : X×Nσ (X) −→ R a simple measurable process of the form
u(x,η) = ∑

p
i=1 Fi(η)1Ai(x) with disjoint sets A1, . . . ,Ap. Using Lemma 6 we have
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Eµ

[(
p

∑
i=1

Fi

∫
X

1Ai(x) η(dx)

)n]
= Eµ

[(
p

∑
i=1

Fiη(Ai)

)n]

= ∑
n1+···+np=n
n1 ,...,np≥0

n!
n1! · · ·np!

Eµ

[
(F1η(A1))

n1 · · ·(Fpη(Ap))
np
]

= ∑
n1+···+np=n
n1 ,...,np≥0

n!
n1! · · ·np!

n1

∑
k1=0
· · ·

np

∑
kp=0

S(n1,k1) · · ·S(np,kp)

Eµ

[∫
Xk1+···+kp

ε
+
x1
· · ·ε+xk1+···+kp

(
Fn1

1 · · ·F
np
p 1

A
k1
1
⊗·· ·⊗1

A
kp
p
(x1, . . . ,xk1+···+kp)

)
µ(dx1) · · ·µ(dxk1+···+kp)

]
=

n

∑
m=0

∑
n1+···+np=n
n1 ,...,np≥0

n!
n1! · · ·np! ∑

k1+···+kp=m
1≤k1≤n1 ,...,1≤kp≤np

S(n1,k1) · · ·S(np,kp)

Eµ

[∫
Xm

ε
+
x1
· · ·ε+xm

(
Fn1

1 · · ·F
np
p 1

A
k1
1
⊗·· ·⊗1

A
kp
p
(x1, . . . ,xm)

)
µ(dx1) · · ·µ(dxm)

]
=

n

∑
m=0

∑
n1+···+np=n
n1 ,...,np≥0

n!
n1! · · ·np! ∑

I1∪···∪Ip={1,··· ,m}
|I1 |≤n1 ,...,|Ip |≤np

S(n1, |I1|) · · ·S(np, |Ip|)
|I1|! · · · |Ip|!

m!

Eµ

[∫
Xm

ε
+
x1
· · ·ε+xm

(
Fn1

1 · · ·F
np
p ∏

j∈I1

1A1(x j) · · ·∏
j∈Ip

1Ap(x j)

)
µ(dx1) · · ·µ(dxm)

]
(59)

=
n

∑
m=0

∑
Pn

1∪···∪Pn
m={1,...,n}

p

∑
i1,...,im=1

Eµ

[∫
Xm

ε
+
x1
· · ·ε+xm

(
F
|Pn

1 |
i1

1Ai1
(x1) · · ·F

|Pn
m|

im 1Aim
(xm)

)
µ(dx1) · · ·µ(dxm)

]
, (60)

where in (59) we made changes of variables in the integral and, in (60), we used the
combinatorial identity of Lemma 7 below with αi, j = 1Ai(x j), 1≤ i≤ p,1≤ j ≤m,
and βi = Fi. The proof is concluded by using the disjunction of the Ai’s in (62), as
follows:

Eµ

[(
p

∑
i=1

Fi

∫
X

1Ai(x) η(dx)

)n]

=
n

∑
m=0

∑
Pn

1∪···∪Pn
m={1,...,n}

Eµ

[∫
Xm

ε
+
x1
· · ·ε+xm

(
p

∑
i=1

(
F
|Pn

1 |
i 1Ai(x1)

)
· · ·

p

∑
i=1

(
F |P

n
m|

i 1Ai(xm)
))

µ(dx1) · · ·µ(dxm)
]

(61)
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=
n

∑
m=0

∑
Pn

1∪···∪Pn
m={1,...,n}

Eµ

∫
Xm

ε
+
x1
· · ·ε+xm

( p

∑
i=1

Fi1Ai(x1)

)|Pn
1 |

· · ·

(
p

∑
i=1

Fi1Ai(xm)

)|Pn
m|


µ(dx1) · · ·µ(dxm)
]
. (62)

The general case is obtained by approximating u(x,η) with simple processes. �

The next lemma has been used above in the proof of Theorem 1, cf. Lemma 4.3 of
[5], and its proof is given for completeness.

Lemma 7. Let m,n, p ∈ N, (αi, j)1≤i≤p,1≤ j≤m and β1, . . . ,βp ∈ R. We have

∑
n1+···+np=n
n1 ,...,np≥0

n!
n1! · · ·np! ∑

I1∪···∪Ip={1,...,m}
|I1 |≤n1 ,...,|Ip |≤np

S(n1, |I1|) · · ·S(np, |Ip|)×

×
|I1|! · · · |Ip|!

m!
β

n1
1

(
∏
j∈I1

α1, j

)
· · ·β np

p

(
∏
j∈Ip

αp, j

)
= ∑

Pn
1∪···∪Pn

m={1,...,n}

p

∑
i1,...,im=1

β
|Pn

1 |
i1

αi1,1 · · ·β
|Pn

m|
im αim,m. (63)

Proof. Observe that (18) ensures

S(n, |I|)β n
(
∏
j∈I

α j

)
= ∑⋃

a∈I Pa={1,...,n}
∏
j∈I

(
α jβ

|Pj |
)

for all α j, j ∈ I, β ∈ R, n ∈ N. We have

∑
n1+···+np=n
n1 ,...,np≥0

n!
n1! · · ·np! ∑

I1∪···∪Ip={1,...,m}
|I1 |≤n1 ,...,|Ip |≤np

S(n1, |I1|) · · ·S(np, [Ip|)

|I1|! · · · |Ip|!
m!

β
n1
1

(
∏
j∈I1

α1, j

)
· · ·β np

p

(
∏
j∈Ip

αp, j

)
= ∑

n1+···+np=n
n1 ,...,np≥0

n!
n1! · · ·np! ∑

I1∪···∪Ip={1,...,m}
|I1 |≤n1 ,...,|Ip |≤np

|I1|! · · · |Ip|!
m! ∑⋃

a∈I1
P1

a ={1,...,n1}
∏
j1∈I1

(
α1, j1β

|P1
j1
|

1

) · · ·
 ∑⋃

a∈Ip Pp
a ={1,...,np}

∏
jp∈Jp

(
αp, jpβ

|Pp
jp |

p
)

= ∑
n1+···+np=n
n1 ,...,np≥0

n!
n1! · · ·np! ∑

I1∪···∪Ip={1,...,m}
|I1 |≤n1 ,...,|Ip |≤np

∑⋃
a∈I1

P1
a ={1,...,n1}

· · · ∑⋃
a∈Ip Pp

a ={1,...,np}

|I1|! · · · |Ip|!
m!

p

∏
l=1

∏
jl∈Il

(
αl, jl β

|Pl
jl
|

l

)
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= ∑
n1+···+np=n
n1 ,...,np≥0

n!
n1! · · ·np! ∑

I1∪···∪Ip={1,...,m}
|I1 |≤n1 ,...,|Ip |≤np

∑⋃
a∈I1

P1
a ={1,...,n1}

· · · ∑⋃
a∈Ip Pp

a ={1,...,np}

|I1|! · · · |Ip|!
m!

p

∏
l=1

∏
jl∈Il

αl, jl

p

∏
l=1

∏
jl∈Il

β
|Pl

jl
|

l

= ∑
n1+···+np=n
n1 ,...,np≥0

n!
n1! · · ·np! ∑

k1+···+kp=m
1≤k1≤n1 ,...,1≤kp≤np

p

∑
i1,...,im=1

∑
P1

1∪···∪P1
k1
={1,...,n1}

· · · ∑
Pp

k1+···+kp−1+1∪···∪Pp
k1+···+kp

={1,...,np}

m

∏
j=1

(
αi j , jβ

|Pi1
j |+···+|P

im
j |

i j

)
= ∑

P1∪···∪Pm={1,...,n}

p

∑
i1,...,im=1

β
|P1|
i1

αi1,1 · · ·β
|Pm|
im αim,m,

by a reindexing of the summations and the fact that the reunions of the parti-
tions P j

1 , . . . ,P
j
|I j |, 1 ≤ j ≤ p, of disjoint p subsets of {1, . . . ,m} run the partition

of {1, . . . ,m} when we take into account the choice of the p subsets and the possible
length k j, 1≤ j ≤ p, of the partitions. �

As noted in [5], the combinatorial identity of Lemma 7 also admits a probabilis-
tic proof. Namely given Zλα1 , . . . ,Zλαp independent Poisson random variables with
parameters λα1, . . . ,λαp we have

n

∑
m=0

λ
m

∑
n1+···+np=n
n1 ,...,np≥0

n!
n1! · · ·np! ∑

k1+···+kp=m
k1≤n1 ,...,kp≤np

S(n1,k1) · · ·S(np,kp)β
n1
1 α

k1
1 · · ·β

np
p α

kp
p

= ∑
n1+···+np=n
n1 ,...,np≥0

n!
n1! · · ·np!

n1

∑
k1=0

S(n1,k1)(λα1)
k1 · · ·

np

∑
kp=0

S(np,kp)(λαp)
kpβ

n1
1 · · ·β

np
p

= ∑
n1+···+np=n
n1 ,...,np≥0

n!
n1! · · ·np!

E[Zn1
λα1
· · ·Znp

λαp
]β n1

1 · · ·β
np
p

= E

[(
p

∑
i=1

βiZλαi

)n]

=
n

∑
m=0

λ
m

∑
Pn

1∪···∪Pn
m={1,...,n}

p

∑
i1,...,im=1

β
|Pn

1 |
i1

αi1 · · ·β
|Pn

m|
im αim , (64)

since the moment of order ni of Zλαi is given by (28) as

E
[
Zni

λαi

]
=

ni

∑
k=0

S(ni,k)(λαi)
k.
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The above relation (64) being true for all λ , this implies (63). Next we specialize
the above results to processes of the form u = 1A where A(η) is a random set.

Proposition 6. For any bounded variable F and random set A(η) we have

Eµ [F (η(A))n] =
n

∑
k=0

S(n,k)Eµ

[∫
Xk

ε
+
s1
· · ·ε+sk

(F1A(η)(s1) · · ·1A(η)(sk))µ(ds1) · · ·µ(dsk)

]
.

Proof. We have

Eµ [F (η(A))n] = Eµ

[
F
(∫

X
1A(η)(x)η(dx)

)n]
= ∑

Pn
1∪···∪Pn

k ={1,...,n}
Eµ

[∫
Xk

ε
+
s1
· · ·ε+sk

(F1A(η)(s1) · · ·1A(η)(sk))µ(ds1) · · ·µ(dsk)

]

=
n

∑
k=0

S(n,k)Eµ

[∫
Xk

ε
+
s1
· · ·ε+sk

(F1A(η)(s1) · · ·1A(η)(sk))µ(ds1) · · ·µ(dsk)

]
.

�

We also have

Eµ [F (η(A))n]

=
n

∑
k=0

S(n,k) ∑
Θ⊂{1,...,k}

Eµ

[∫
Xk

DΘ (F1A(η)(s1) · · ·1A(η)(sk))µ(ds1) · · ·µ(dsk)

]

=
n

∑
k=0

S(n,k)
k

∑
l=0

(
k
l

)
Eµ

[∫
Xk

Ds1 · · ·Dsl (F1A(η)(s1) · · ·1A(η)(sk))µ(ds1) · · ·µ(dsk)

]
.

When µ(A(η)) is deterministic this yields

Eµ [(η(A))n] = Eµ

[(∫
X

1A(η)(x)η(dx)
)n]

=
n

∑
k=0

S(n,k)Eµ

[∫
Xk

ε
+
s1
· · ·ε+sk

(1A(η)(s1) · · ·1A(η)(sk))µ(ds1) · · ·µ(dsk)

]
=

n

∑
k=0

S(n,k) ∑
Θ⊂{1,...,k}

Eµ

[∫
Xk

DΘ (1A(η)(s1) · · ·1A(η)(sk))µ(ds1) · · ·µ(dsk)

]

=
n

∑
k=0

S(n,k)
k

∑
l=0

(
k
l

)
Eµ

[∫
Xk

Ds1 · · ·Dsl (1A(η)(s1) · · ·1A(η)(sk))µ(ds1) · · ·µ(dsl)

]
=

n

∑
k=0

S(n,k)
k

∑
l=0

(
k
l

)
Eµ

[
(µ(A))k−l

∫
Xk

Ds1 · · ·Dsl (1A(η)(s1) · · ·1A(η)(sl))µ(ds1) · · ·µ(dsl)

]
.
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4.2 Joint moment identities

In this section we derive a joint moment identity for Poisson stochastic integrals with
random integrands, which has been applied to mixing of interacting transformations
in [29].

Proposition 7. Let u : X×Nσ (X)−→ R be a measurable process and let n = n1 +
· · ·+np, p≥ 1. We have

Eµ

[(∫
X

u1(x,η)η(dx)
)n1

· · ·
(∫

X
up(x,η)η(dx)

)np]
(65)

=
n

∑
k=1

∑
Pn

1∪···∪Pn
k ={1,...,n}

Eµ

[∫
Xk

ε
+
x1,...,xk

(
k

∏
j=1

p

∏
i=1

u
ln
i, j

i (x j,η)

)
µ(dx1) · · ·µ(dxk)

]
,

where the sum runs over all partitions Pn
1 , . . . ,P

n
k of {1, . . . ,n} and the power ln

i, j is
the cardinal

ln
i, j := |Pn

j ∩ (n1 + · · ·+ni−1,n1 + · · ·+ni]|, i = 1, . . . ,k, j = 1, . . . , p,

for any n≥ 1 such that all terms in the right hand side of (65) are integrable.

Proof. We will show the modified identity

Eµ

[
F
(∫

X
u1(x,η)η(dx)

)n1

· · ·
(∫

X
up(x,η)η(dx)

)np]
(66)

=
n

∑
k=1

∑
Pn

1∪···∪Pn
k ={1,...,n}

Eµ

[∫
Xk

ε
+
x1,...,xk

(
F

k

∏
j=1

p

∏
i=1

u
ln
i, j

i (x j,η)

)
µ(dx1) · · ·µ(dxk)

]
,

for F a sufficiently integrable random variable, where n = n1 + · · ·+np. For p = 1
the identity is Theorem 1. Next we assume that the identity holds at the rank p≥ 1.
Replacing F with F (

∫
X up+1(x,η)η(dx))np+1 in (66) we get

Eµ

[
F
(∫

X
u1(x,η)η(dx)

)n1

· · ·
(∫

X
up+1(x,η)η(dx)

)np+1
]

=
n

∑
k=1

∑
Pn

1∪···∪Pn
k ={1,...,n}

∫
Xk

µ(dx1) · · ·µ(dxk)

Eµ

[
ε
+
x1,...,xk

(
F
(∫

X
up+1(x,η)η(dx)

)np+1 k

∏
j=1

p

∏
i=1

u
ln
i, j

i (x j,η)

)]

=
n

∑
k=1

∑
Pn

1∪···∪Pn
k ={1,...,n}

∫
Xk

Eµ

[(∫
X

ε
+
x1,...,xk

up+1(x,η)η(dx)+
k

∑
i=1

ε
+
x1,...,xk

up+1(xi,η)

)np+1

ε
+
x1,...,xk

(
F

k

∏
j=1

p

∏
i=1

u
ln
i, j

i (x j,η)

)]
µ(dx1) · · ·µ(dxk)
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=
n

∑
k=1

∑
Pn

1∪···∪Pn
k ={1,...,n}

∑
a0+···+ak=np+1

np+1!
a0! · · ·ak!

∫
Xk

Eµ

[(∫
X

ε
+
x1,...,xk

up+1(x,η)η(dx)
)a0

ε
+
x1,...,xk

(
F

k

∏
j=1

(
u

a j
p+1(x j,η)

p

∏
i=1

u
ln
i, j

i (x j,η)

))]
µ(dx1) · · ·µ(dxk)

=
n

∑
k=1

∑
Pn

1∪···∪Pn
k ={1,...,n}

∑
a0+···+ak=np+1

np+1!
a0! · · ·ak!

a0

∑
j=1

∫
Xk+a0

Eµ

[
∑

Q
a0
j ∪···∪Q

a0
j ={1,...,a0}

ε
+
x1,...,xk+a0

(
F

k+a0

∏
q=k+1

u|Q
a0
q |

p+1 (xq,η)
k

∏
j=1

(
u

a j
p+1(x j,η)

p

∏
i=1

u
ln
i, j

i (x j,η)

))]
µ(dx1) · · ·µ(dxk+a0)

=
n+np+1

∑
k=1

∑
P

n+np+1
1 ∪···∪P

n+np+1
k ={1,...,n+np+1}

Eµ

[∫
Xk

ε
+
x1,...,xk

(
F

k

∏
l=1

p+1

∏
i=1

u
l
n+np+1
i, j

i (xl ,η)

)
µ(dx1) · · ·µ(dxk)

]
,

where the summation over the partitions P
n+np+1
1 , . . . ,P

n+np+1
k of {1, . . . ,n+np+1},

is obtained by combining the partitions of {1, . . . ,n} with the partitions Qa0
j , . . . ,Q

a0
j

of {1, . . . ,a0} and a1, . . . ,ak elements of {1, . . . ,np+1} which are counted according
to np+1!/(a0! · · ·ak!), with

l
n+np+1
p+1, j = ln

i, j +a j, 1≤ j ≤ k, l
n+np+1
p+1, j = ln

i, j + |Qa0
q |, k+1≤ j ≤ k+a0, .

�

Note that when n= 1, (65) coincides with the classical Mecke [19] identity of Propo-
sition 1.

When n1 = · · ·= np = 1 and p = n, the result of Proposition 7 reads

Eµ

[∫
X

u1(x,η)η(dx) · · ·
∫
X

un(x,η)η(dx)
]

=
n

∑
k=1

∑
Pn

1∪···∪Pn
k ={1,...,n}

Eµ

∫
Xk

ε
+
x1,...,xk

 k

∏
j=1

n

∏
i∈Pn

j

ui(x j,η)

µ(dx1) · · ·µ(dxk)

 ,
where the sum runs over all partitions Pn

1 , . . . ,P
n
k of {1, . . . ,n}, which coincides with

the Poisson version of Theorem 3.1 of [6].
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4.3 Invariance and cyclic condition

Using the relation ε+x = Dx + I, the result

Eµ

[(∫
X

u(x,η)η(dx)
)n]

=
n

∑
k=1

∑
Pn

1∪···∪Pn
k ={1,...,n}

Eµ

[∫
Xk

ε
+
s1
· · ·ε+sk

(u
|Pn

1 |
s1 · · ·u

|Pn
k |

sk )µ(ds1) · · ·µ(dsk)

]
of Theorem 1 can be rewritten as

Eµ

[(∫
X

u(x,η)η(dx)
)n]

= ∑
Pn

1∪···∪Pn
k ={1,...,n}

k

∑
l=0

(
k
l

)
Eµ

[∫
Xk

Ds1 · · ·Dsl (u
|Pn

1 |
s1 · · ·u

|Pn
k |

sk )µ(ds1) · · ·µ(dsk)

]

= ∑
Pn

1∪···∪Pn
k ={1,...,n}

k

∑
l=0

(
k
l

)

×Eµ

[∫
Xl

Ds1 · · ·Dsl

(
u
|Pn

1 |
s1 · · ·u

|Pn
l |

sl

∫
X

u
|Pn

1 |
sl+1 µ(dsl+1) · · ·

∫
X

u
|Pn

k |
sk µ(dsk)

)
µ(ds1) · · ·µ(dsl)

]
.

Next is an immediate corollary of Theorem 1.

Corollary 2. Suppose that

a) we have

Ds1 · · ·Dsk(us1 · · ·usk) = 0, s1, . . . ,sk ∈ X, k = 1, . . . ,n, (67)

b)
∫
X uk

s µ(ds) is deterministic for all k = 1, . . . ,n.

Then
∫
X

u(x,η)η(dx) has cumulants
∫
X

uk(x,η)µ(dx), k = 1, . . . ,n.

Proof. We have

Eµ

[(∫
X

u(x,η)η(dx)
)n]

= ∑
Pn

1∪···∪Pn
k ={1,...,n}

k−1

∑
l=0

(
k
l

)
Eµ

[∫
Xk

Ds1 · · ·Dsl (u
|Pn

1 |
s1 · · ·u

|Pn
k |

sk )µ(ds1) · · ·µ(dsk)

]

= ∑
Pn

1∪···∪Pn
k ={1,...,n}

k−1

∑
l=0

(
k
l

)
Eµ

[∫
Xk−1

Ds1 · · ·Dsl

(
u
|Pn

1 |
s1 · · ·u

|Pn
k−1|

sk−1

∫
X

u
|Pn

k |
s µ(ds)

)
µ(ds1) · · ·µ(dsk−1)

]
,
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hence by a decreasing induction on k we can show that the formula

Eµ

[(∫
X

u(x,η)η(dx)
)n]

=
n

∑
k=0

∑
Pn

1∪···∪Pn
k ={1,...,n}

∫
Xk

u
|Pn

1 |
s1 · · ·u

|Pn
k |

sk µ(ds1) · · ·µ(dsk)

=
n

∑
k=0

∑
Pn

1∪···∪Pn
k ={1,...,n}

∫
X

u
|Pn

1 |
s1 µ(ds1) · · ·

∫
X

u
|Pn

k |
sk µ(dsk)

holds for the moment of order n and for the moments of lower orders 1, . . . ,n−1.
�

Note that from the relation

DΘ (u(x1,η) · · ·u(xk,η)) = ∑
Θ1∪···∪Θk=Θ

DΘ1u(x1,η) · · ·DΘk u(xk,η), (68)

where the above sum runs over all (possibly empty) subsets Θ1, . . . ,Θk of Θ , in
particular when Θ = {1, . . . ,k} we get

Ds1 · · ·Dsk(u(x1,η) · · ·u(xk,η)) = DΘ (u(x1,η) · · ·u(xk,η))

= ∑
Θ1∪···∪Θk={1,...,k}

DΘ1u(x1,η) · · ·DΘk u(xk,η),

where the sum runs over the (possibly empty) subsets Θ1, . . . ,Θk of {1, . . . ,k}. This
shows that we can replace (67) with the condition

DΘ1u(x1,η) · · ·DΘk u(xk,η) = 0, (69)

for all x1, . . . ,xk ∈X and all (non empty) subsets Θ1, . . . ,Θk ⊂{x1, . . . ,xn}, such that
Θ1∪·· ·∪Θn = {1, . . . ,n}, k = 1,2, . . . ,n. See Proposition 3.3 of [5] for examples of
random mappings that satisfy Condition (69).
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