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Abstract

We study a new interpretation of the Poisson space as a triplet (H, B, P) where H is a

Hilbert space, B is the completion of H and P is the extension to the Borel o—algebra
of B of a cylindrical measure on B. A discrete chaotic decomposition of L?(B, P) is de-
fined, along with multiple stochastic integrals of elements of H°". It turns out that the
directional derivative of functionals in L?(B, P) in the direction of an element of H is
an annihilation operator on the discrete chaotic decomposition. By composition with the
Poisson process, we deduce continuous-time operators of derivation and divergence that
form the number operator on the discrete chaotic decomposition. Those results are applied
to the representation of random variables in the Wiener-Poisson chaotic decomposition.

KEY WORDS: Poisson process, Stochastic calculus of variations, Chaotic decom-
positions.

1 Introduction

The space of square-integrable functionals of the Poisson process is isomorphic to
the Fock space on L?(IR, ), through the Wiener-Poisson decomposition, cf. Nualart-
Vives[8]. It is also known that the annihilation operator on the Wiener-Poisson
chaotic decomposition is a finite difference operator, whose adjoint coincides with the
stochastic integral with respect to the compensated Poisson process on the square-
integrable predictable processes. This finite difference operator, however, lacks a
property which can be important in applications. Namely, it is not a derivation,
and it can not be expressed as a directional derivative. Our aim is to introduce an
interpretation of the Poisson space which is closely connected to the Wiener space
approach, and to define an annihilation operator which is also a directional deriva-
tive. In this way, the methods that were applied on Wiener space work also on
Poisson space, and can yield results in Malliavin calculus, anticipative stochastic
differential equations and for the absolute continuity of the Poisson measure with
respect to nonlinear anticipative transformations. The starting point of this work is
the article [4] by Carlen and Pardoux who introduced a notion of differential calcu-
lus on Poisson space by shifting the jump times of a standard Poisson process, see
also the book by Bouleau and Hirsch, [3] pp. 235-239 for another approach. For
other existing approaches to the stochastic calculus of variations and the Malliavin



calculus on Poisson space, we refer for instance to [1] and [2]. We proceed as fol-
lows. In section 2 we introduce a triplet (H, B, P) where H = [?(IN) is the Hilbert
space of square-summable sequences, B is the completion of H with respect to a
certain norm, and P is the extension to the Borel o—algebra of B of a cylindrical
measure such that the canonical projections (73 )renw from B to IR are independent
exponentially distributed random variables under P, and represent the interjump
times of the Poisson process. We show that there exists a discrete chaotic decom-
position of L?(B, P) in which any element of L?(B, P) can be represented as a sum
of multiple stochastic integrals of kernels in H°" = [*(IN)°", space of symmetric
square-summable functions on IN". For any F' € L?(B, P), we have

F= i [n<fn)

with f, € H", n € IN, and [,(f,) is the discrete multiple stochastic integral of a
symmetric function of discrete variable, defined with the Laguerre polynomials.

In section 3, we deduce from this decomposition an annihilation operator D and its
adjoint ¢, the divergence operator. We show that D is also a directional derivative.
For F' smooth and cylindrical, we have

(DF, h) g (w) = — lim F(w+¢eh) — F(w)

e—0 IS5

he H.

The operators D and § are closable and identified with their closed extensions. In
order to obtain results that would be more closely related to the Poisson process, we
need to define continuous-time analogues of D and 9, this is the object of section 4.
Given F' € Dom(D), (D, F)nen is a discrete-time stochastic process, and we want
to construct from (D, F'),en a continuous-time stochastic process. For w € B fixed,
we look at the composition of DF(w) : IN — IR with the Poisson process trajectory
(N¢(w))ter, , and define for ¢ € R : DF = Dy, F. It turns out that D is the
derivation operator on Poisson space that was defined in [3, 4]. As expected, the
adjoint 0 of D coincides with the stochastic integral with respect to the compensated
Poisson process on the predictable processes in L?(B) ® L?*(IR,). We denote by
V the finite difference operator which is the annihilation operator of the Wiener-
Poisson chaotic decomposition, cf. [8]. The adjoint V* of V coincides with the
compensated Poisson stochastic integral on the predictable processes in L*(B) ®
L*(IR. ). Hence ¢ coincides also with V* on the predictable processes, and this gives
two different expressions for the Clark-Hausmann-Ustiinel formula. However, é does
not coincide with V* for anticipative processes, and D is totally different from V.
Another property of the annihilation operator and its adjoint on the Wiener, cf. [13]
and Wiener-Poisson, cf. [§], decompositions is that their composition is a number
operator. The composition §D did not turn out to be a number operator on the
discrete chaotic decomposition. We find in section 5 that the composition L = §D
is effectively a number operator on the discrete chaotic decomposition of L*(B, P).
The operator L can be used to define spaces of test functions and distributions on
B, and will help characterize the domain of D. Finally, in section 6 we use D and
V to determine the developments in the Wiener-Poisson chaotic decomposition of
the jump times of the Poisson process, and it appears that the combined use of D
and V makes explicit calculations possible.



2 Exponential space

2.1 The triplet (H,B,P)

The aim of this section is to construct a probability measure P on a sequence space
B such that the projections (i.e. the coordinate functionals)

. B—1R

T — T,

where x € B is the sequence = = (2, ),enN, are independent exponentially distributed
random variables. The projection 7,, represents the time between the n-th and n+1-
th jumps of the Poisson process, and it is easy to reconstruct the Poisson process
from the 7/s. We let H = [?(IN). The Hilbert space H will have the role played
by the Cameron-Martin space on Wiener space, and H will be the domain of the
basic isometry I; which corresponds to the stochastic integral in the Wiener and

Wiener-Poisson cases. Consider the norm || - ||z on H defined by
|z llp=sup 1251
keN k + 1

Definition 1 We denote by B the completion of H with respect to the norm || . ||.

Note that if ({x)ren is a sequence of independent exponential random variables on
a probability space (2, P), then

| & |
su <400 P—a.s.
keﬂI\)I k+1
Indeed,
P | & | ) I ﬁ(/(k+1)a <o)
su <a) = im e Tdx
keﬂl\)l k+1 notee 2y /o
k=n L e
> i _ e —ak > 1
- nl—1>I—Poo1 ¢ Ze =1 1 —ea’

k=0
which goes to 1 as a goes to infinity. As a consequence of this remark, we have:

Proposition 1 There is a probability measure P on the Borel o-algebra F of B
such that the coordinate functionals (Ty)kew are exponential independent random
variables.

See [9] for a detailed proof.
We have that P(H) = 0, since

1 k=n
n+1 k=0 nelN

converges to E[rd] as n goes to infinity, from the law of large numbers.
To end this section, we relate (H, B, P) to the Poisson process. We let L*(B) =



L*(B,F,P). From the above construction, the family of projections (7,)nen is a
sequence of independent exponentially distributed random variables. We can easily
reconstruct a Poisson process, starting from this system of random variables. Let

for n > 1 and Ty = 0. The T)s, n > 1, represent the jump times of a Poisson
process. If we let

Nt = Z 1[Tn’+oo[(t), n > 1,
n=1

then (Vy)iem, is a Poisson process on (B, F, P).

2.2 Discrete multiple stochastic integrals

We start by defining the stochastic integral of a function f € [*(IN) as an isometry
from H = [*(IN) to L*(B,F, P). We let

L= [ F A - ).

This also means that I (f) = >22(1 — 7%). fx if f € [*(IN) is the sequence (f3)ren,
cf. also Bouleau-Hirsch[3], p. 239. We could also say that we integrate f with
respect to the process (n — 1},),>0 with independent increments (1 — 7,,),>0 of zero
expectation, which is a martingale. The application I; is clearly an isometry, and
this can be shown in several ways, e.g.

EL(f)*) = > fhBl(1—7).(1—7)] = g:f;f =l f iz -

klEN

Let us now define multiple stochastic integrals of elements of the completed sym-
metric tensor product H* = [*(IN)°". In the Wiener and Wiener-Poisson cases,
this definition is achieved by iterating the stochastic integral, or using Hermite or
Charlier polynomials. We prefer to use polynomials here than to iterate the stochas-
tic integral I;. In the Wiener-Poisson case the iteration of the stochastic integral
is performed on predictable processes, by avoiding the integration on the diagonals
in IR", which are of null Lebesgue measure. But here diagonals in IN" play an
important role, and we must also integrate on them, which means that the discrete
multiple stochastic integrals can not be defined as iterated stochastic integrals of
discrete-time predictable processes. Instead of the Hermite or Charlier polynomials,
we need the Laguerre polynomials (L, ),en, defined as
2k

k=n
Lo(z) =) CS(—l)kg z € IR,;.
k=0 :

The Laguerre polynomials (L, ),en form an orthonormal sequence in L?(IR, 1{$>0}6_xdl’).
The main properties of this sequence are summarized below.

xLp(x) ==+ 1)Lypi(x) + 2n+ 1)Ly(x) —nl,_1(z) n>1 (1)



(i => a"Ly(z) |a|<l,z>0 (2)

1_04 n>0

d k=n—1

i@ == 2 Ll (3)

Definition 2 Let P be the set of functionals of the form Q(7o, ..., Tn—1) where Q is
a real polynomial and n € IN.

We now define a “Wick product” between elements of P. Since P is an algebra
generated by {L,(7;) : k,n € IN}, it is sufficient to define this product between
elements of {L,(7x) : k,n € IN}. The Wick product allows to define the multiple
stochastic integrals in several steps, instead of writing the combinatorial expression
that defines I,(f,). If @ € IN?, we let a! = ay!- - - agl.

Definition 3 The Wick product of two elements F,G € P is denoted by F:G and
1s defined by

(L) La71) £ (L (1) -+ Loy 7)) = L)

ifn=(ny,...,nqg), m=(my,...,mg) and ky # -+ # kq.

Now, the discrete multiple stochastic integral I,,(f,,), f. symmetric in [*(IN") with
a finite support, is directly defined using the Wick product. If fi,...,f, € H, the
symmetric tensor product fio---o fn is defined as

Ln1+M1 (Tkl) T Lnd+md (de)

Jio---o0 Z fo) ® - @ fo(n)
UEEn
where Y, is the set of all permutations of {1,...,n}.

Definition 4 For gy, ..., g, € I>(IN) with finite supports, we let

]n(gl O Ogn) = ]1(91) R Il(gn)
where I1(g;) = > 520 9i(k)L1(k), 1 < i <n.

The application I,, will later be extended to any element of {*(IN)°" by a densfoy
argument. So far, I,(f,) is still an element of P, i.e. a polynomial in the 7;,’s.
Next, we look in more details at explicit formulae for I,,, deduced from the above
definitions.

Proposition 2 Let (e,)new be the canonical basis in [*(IN).
o Forky# ---#kgandny+---+ng=n,

Lu(epto---oep ) =nyl - ng!Ly, (Thy) -+ Ly (Tiy)-

o If f € I*(IN) has a finite support,

L(f") = n! )3 Ji e F Lo (710) - Loy (i)
bi o A kg

n+--+ng=n
Ny, ...,Ng >0



o If f, € ’(IN"), g, € I*(IN™) are symmetric with finite supports,
]n(fn> : Im(gm) = n+m(fn © gm)

The last part of the proposition shows the utility of the Wick product.

Proof. The first part is obvious, and the third part is a consequence of the definition
of I,, by the Wick product. Let us prove the second part. We have f = >272 fi.ex
and the combinatorial expression

n!
f‘m: Z 7n1'."nd'fgll...fgdd_ezgllo...erZd.
N
n—+--+ng=n

Using the first part of the proposition yields the formula. O

The multiple stochastic integrals with respect to the Brownian motion or to the com-
pensated Poisson process are isometries and such multiple integrals of different orders
are orthogonal random variables. We now establish an isometry property for I,, that
presents a small difference with the isometry properties existing in the Wiener and
Wiener-Poisson cases. Define D,, = {(k1, ..., k,) € IN" : 3i # j such that k; = k;},
which represents the diagonals in IN", and let X,, = IN" \ D,. The application I,
satisfies to the following isometry property:

Proposition 3 If f, € I*(IN") and g,, € [*(IN™") are symmetric with finite supports,

< In(fn)a]m(gm) >L2(B): n! < fmgm >l2(X,L) —|—(TL')2 < fnagm >l2(Dn)

if n=m, and
< ]n(fn)7 [m(gm) >L2(B): 0

if n # m.

The supplementary term (n!)? < f,, gm >i2(p,) corresponds to the integration on
the diagonals in IN".

Proof. If n # m, it is clear that the scalar product in L?*(B) is zero, by looking at
the exact expressions for I,,(f,) and I,,(gm), fn and g,, being elementary functions,
using the facts that Laguerre polynomials are orthonormal in L*(IR, 1,>01e”") and
that (7x)ren are independent exponentially distributed random variables. If n = m,
we only treat the case where f, = g, = f°", because the formulae for general f,
and g, can be obtained by use of the polarization identity

1 k=n
n: k=1 <<l

The RHS of the equality that we have to prove is equal to

(< f " >pix,) Anl < N >em,) = (n!)? Z (f,fl)”1 e (f,fd)”d.
b £k

n1+...+nd:n



From the second part of the preceding proposition, this equals the LHS of our equal-

ity. O
The preceding definitions and statements are now extended to the completed sym-
metric tensor product H°" = [>(IN)°", because the {*norm || - ||;2qn») on I>(IN") is

equivalent to f, — m(< Ins fn >2x,) 0! < foo fo >l2(Dn))%: we have

< [ >,y Al < N >,
<n! | f llzmy
< TL'(< fon’ fan >12(Xn) +nl < fon7fon >l2(Dn))'

2.3 The discrete chaotic decomposition of L*(B, F, P)

We define the chaos C), of order n € IN in L?(B) by C,, = {I.(fn) : fn € P(IN)" }.
It contains the polynomials of degree n in the 7;,’s, and is orthogonal to Cy, C1, ..., Cy,_1.

Proposition 4 L?(B) has a chaotic decomposition which is different from the Wiener-
Poisson decomposition:

2(B, F, P) @c

Proof. We know that the chaos (C,,),>0 are orthogonal, from the orthogonality
of multiple stochastic integrals of different orders. We only need to show that P
is dense in L*(B). From [7], p. 540, we have that the polynomials are dense in
L*(IR4, e~"dz), since the function ¢ — ®(¢z) = ;= is analytic in a neighborhood
of 0 Vz € IR, where ® is the characteristic function of the exponential law. Hence,

if F € L*(B) and

E[FP()(T()) t Pn(Tn)} =0

for any polynomials Py, ..., P,, n € IN, then E[F | 19,...7,] = 0, n € IN. Moreover,
(E[F | 70,.-.,Tn])nen is a discrete-time martingale, and from [6], Th.3.20,

lim E[F | 19,...,7a]=F P —a.s.,

n—o0

so that F/' =0 P-a.s., and P is dense in L?(B). O

Remark 1 If we define the Fock space F(H) in the following way, then it is iso-
morphic to L*(B). Let K,, be the tensor product H", endowed with the norm

||| fn |||$z: n! < fnvfn >l2(Xn) —f—?’L'Q < fnafn >l2(Dn)

which is equivalent to || - |2y, and let F(H) = @52y K,,. Taking F = Y202 I,( fn)
in L*(B) = @y, C,, we can associate 02 f, € F(H) to F with || F ||L2(B =
Sl fa |||2—|| o fo 7y, hence F(H) is isometrically isomorphic to L*(B).

3 The derivative and its adjoint

In this section, we define an annihilation operator on the discrete chaotic decomposi-
tion of L?(B), and we show that it coincides with a directional derivative defined by



perturbations of the jump times of the Poisson process. We also give an expression
for its adjoint operator.

We define the directional derivative in the case where the functionals that we derive
are Hilbert space-valued. Let X be a real separable Hilbert space with an orthonor-

mal basis (hs)rew, and let P(X) = { = Qihi 0 Qu,...QuEP, ne ]N}.
Definition 5 We define an operator D : P(X) — L*(B x IN; X) by
F(w+th) — F(w)

(DF(w), h)lQ(IN) = —lim

2
lim h € I“(IN).
This defines an X-valued discrete-time process (DpF)gen. We omit writing X if
X =1R. The difference with the definition of the annihilation operator ¥, which is
defined below lies in the fact that we used here the vector space structure of B to

define the derivation D.
Definition 6 For k € IN, we define an annihilation operator ¥y on P by

wkun(fn))—zoj e bk )

In terms of Fock space, this operator ¥, transforms a n-particle state into a mixed
state with 0,1,2,...,n — 2 or n — 1 particles. The next proposition shows that Dy is
identical to ¥, £ € IN when X = IR.

Proposition 5 If F' € P, then Dy F = W F, i.e.

p=n—1 |
n!
Dy(L,(fn)) = Z —'Ip Ky k) k € IN.
=0 p! \W_/
n—p times
Proof. 1t suffices to prove this equality for any F' of the form
F=1T(eg' o -oe,®) =m!-nglln, (Th,) - - Ly (Thy),

whith n =ny + -+ + ng and ky # - -+ # kg. We have

—

’L=d J=n;
DkF = nllnd'ZLnl(Tkl)Lm<Tk2) nd de (Z Lnl Tk 1{k k})

=1

J=n;

= Z 1{k k} Z n J(ez”fl .0 ez(nz j) .o ezzd)
On the other hand,
U, F = Z —Lp(ept oo ek, k.. k)
= P
i=d p=n—1 1
n’L- O(nif(n—p)) onyg

B 1 [ DY
i=1 p=n—n; (nz (n p)) {ki=k} (ekl © 0 €, o o ey, )
i=d j=mn; ( )

et Z 1{k1—k} Z TL ](62?1 Be) ek) n;—J O-++0 ezgd) D

We now turn to the definition of the adjoint ¢ of D.



Proposition 6 Let U denote the set of elements of u € L*(B) ® I>(IN) such that
ur = Trhr k € IN, where h : IN — P has a finite support in IN. We have that U is
dense in L*(B) @ [*(IN).

Proof. Tt is sufficient to prove this in dimension one, since P is dense in L*(B).

If f(z) = X% ya,L,(z) with 3°° ;a2 < oo, then using the relation xL,(z)
—(n+ 1) L,1(z)+ (2n+ 1)L,y (x) — nl,_1(x) gives

xf(x) = aglo — apLy(z Z n+ Da, Ly (z) + (2n+ )a, Ly (z) — nap,Ly,—1(x).

If [i°xf(z)Li(x)e *de = 0, Vk € IN, then ap = a; for k = 0, and kay—1 — (2k +
Dag + (k+ 1)agy1 = 0 for k > 1. This implies that ar,1 = ax, Vk € IN. Hence
ar =0, Vk € IN, given that (ay)ren is square-summable. O

Proposition 7 We define an operator § : U — L*(B) by

[e.9]

6(u) = = > (uk + Dyuy).

k=0

Then D, § are closable and adjoint operators. We identify D and 6 with their
closed extensions, and denote their domains by Dom(D) and Dom(§). For any
F € Dom(D) and u € Dom(0), we have

E[(DF,u)pm)) = E[F6(u)). (4)

Proof. First we prove relation 4 in the cylindrical case, and then the closability of D
and . Let u € Y and F € P with F = f(7,...,7,) and ux, = gx(70,...,7) k € IN.
Note that gi(zo,...,x,) = 0if xy = 0. We have

k=n o0 00
E[(DF,u)pm) = —Z/ / GO fe~ @) dy o da,,

= Z/ / f(zo, ...y ) Ok (gre™ (zot-+an) Ydxg - - - day,

+/ / (xgy e 0, ooy ) gr (0, ..., 0, . .. ,a:n)e_(””()*"*@*“'”n)d$0 e @ o dx,
k=n
= —/ / (20, s Tn) > (gi(@o, .y T0) —Ohegie(o, ..., Tp))e” @t ) dyy L day,
k=0
= E[Fo(u)].

Now we prove the closability of D and d. Let v € U and F' € P. We have
E§(u)F] = E[(DF,u)p2)

Let (F,)new be a sequence in P that tends to 0 in L?(B), and such that (DF},),en
tends to ® € L*(B) ® I>(IN). We have

| E[(DF, )] — E[(®,0)em] | < E[| (DF, — ,u)eq )y}

<
< || DF, =@ ||e2meem) - || v ll2meem -



Hence lim,, ,o, E[(DF,, U)F(IN)] = E[(®, “)ZQ(IN)]'

Now E[(®,u)pm)] = lim, e E[F,6(u)] = 0 because lim,_, F, 0. Hence
E[(®,u)pmvy] = 0 Vu € U. This implies that & = 0 P.a.s. since U is dense
in L?(B) ® [*(IN). Consequently, D is closable. The closability of § follows since
Dom(D) is dense in L*(B). O

L*(B)

Proposition 8 We have the following bound for || d(u) || 12(p):
E(u)’] < B[] Dullien] wel.

Proof. Let u € U and n € IN such that support(u) C {0,...,n} and up =
k(70 - - -, Tn). We have

=n 2 i=n
[Z —g; + az’gi‘| = Z(_gi + 3¢9i)2 +2 Z (=gi + 0igi) x (—g; + 0;95).
i=0 i=0 0<i<j<n

Note that gx(zo,...,z,) = 0if z;, = 0, and Igx(zo, ..., x,) =0 if 2 = 0 and k # L.

Fixing xq, ..., Ti_1, Tit1, .., T and integrating on z;, we get if x = (zq, ..., z,):
/0 (—gi(x) + Digi(x))?e "idw; = /0 [(@'%‘)2 + (g:(2))* — 291'(95)3191'(@} e "dx;
= / (azg,)Qe_m’dx,
0
On the other hand, integrating on x; and z; for ¢ # j gives:

2 / ©) + 093 () (—g;(x) + D95 ()~ dydl.

= 2 (0i(g:e™))0;(gje™" )du;dx;
IR+

= 2,/]}{2 8jgz-8,-gje_(‘”+mf)dxidxj
+

< [ (@0 + (@ugy?] e+ dd.
R

We obtain the inequality we are looking for by integration with respect to the re-
maining variables and summation. O

4 Extending the derivative from L%(B) ® I*(IN) to
I2(B) & L*(IR.)

We are going to define a continuous-time process (DtF )ter, from the discrete-time
process (DyF)ren. More precisely, we define an injection

i: L*(B)® *(IN) — L*(B) ® L*(IR,)

10



by
i(f) = f(Ni-).

And we study the dual operator of i. Namely, we have
j: I3(B) @ IA(R,) — L3(B) @ (X(IN)

defined by
Tkt
Ji(u) :/ " u(t)dt, k€ 1IN,

Tk

for f € L*(B) ® I*(IN) and u € L?(B) ® L*(IR). Then
jlu) = Z < u,i(ex) >L2(Ry) -Cks
k=0

which means that ¢ and j are dual in the following sense:

< Z(f)?“ >Ry =< f,j(U) >12(IN) P.a.s. (5)

The introduction of ¢ and j allows to think of different pairs of unbounded operators.
Namely, we will consider

e D := ioD and ¢ := doj . Here, §(v) will be the stochastic integral of a
continuous-time predictable process v with respect to the compensated Poisson
process.

) jo[? and doi. In this case, Soi(u) will be identical to the integral of u with
respect to the discrete-time martingale (n — T,,)new if w is a discrete-time
predictable process.

o A, = (joD-) and A} := doi(-ex) = 6(4), k € IN. The sum A, + A} is the
multiplication by the white noise (1 — 7).

4.1 Operators D and §
From (D, F),>o we define a continuous-time process (D;F).er, by
DF =io DF.

This means that if F € P, D,F = Dy,_F. If F = f(79,..., T), we have the following
expression for D, F":

k=n
D == 3% O (oo )i, 1)
k=0

since for | € IN, DiF = —0,f(70, .., Tn) = —Z,ﬁig@kf(m,...,Tn)l{k:l}. We no-
tice that this is similar to the expression of the gradient operator given in Carlen-
Pardoux[4] and Bouleau-Hirsch[3], pp. 235-239. We will show that D is closable

and that the dual operator of D is d o j, so that we let d=26o j. This gives two

11



commutative diagrams.

L?*(B) b L*(B) ® I*(IN) L*(B) ® I*(IN) L*(B)
| i J l
D 5
L*(B) L*(B) ® L*(IRy) L*(B) ® L*(IRy) L*(B)

The injection ¢ can be interpreted as an injection from the tangent space associated
to the discrete-time Fock space into the tangent space associated to the continuous-
time Fock space. Let (F;)iecmr, be the filtration generated by the standard Poisson
process (Ni)ier, , and denote by C°(IR™) the space of C* functions with compact
support in IR".

Definition 7 We denote by V the class of processes v € L*(B) @ L*(IRy) of the
following form:

U<t> = f(t77—07 s 77-71)
where n € IN, f € C2(IR™) with

fly,zo,...,x,) =0
ify>xo+ -+ x,.
Remark 2 The space V is dense in L*(B) ® L*(IR,).

The following proposition states the properties that we expect from D and 5. We
call a simple cylindrical predictable process on (B, (F;)ier, , P) a process v of the
form v(t) = ljseo((t)F with F = f(7o,...,7), F Fymeasurable, f € C(IR™),
n € IN, s > 0.

Proposition 9

1. Ifv €V, then 6(v) € L*(B), with

2. For FeP andu e,
E[(DR Wramy)| = E[Fé(u)].

The operators D and é are closable and 6 is adjoint of D. We identify D (resp.
) with its closed extension and denote by Dy (resp. Dom(d)) the domain of

D (resp. 0).

12



3. Let v be a simple cylindrical predictable process on (B, (Fi)ier, , P). We have
Dw(u)=0 Pas. t>u>0 and trace(Dv) =0 P.a.s.
Consequently, & coincides with the compensated Poisson stochastic integral on
the predictable processes in L?(B) @ L*(IRy).
Proof.

e The proof of the closability of D is the same as for D. To prove relation 6,
we do the calculations for v, = f(t, 7, ..., 7). Since jx(v) = 0 for 7, = 0, and
Jrk(v) =0 for k > n, we have from Prop. 7:

d(v) = doj(v Z —Jk(v) — Dyjr(v)

with jx(v) = 7?’“1 v(t)dt. Now we use the fact that Dy, is a partial derivative
with respect to 7%:
Ty+1

Dyji(v) = =0kjk(v) = —v(Ths1) + /Tk Dyo(t)dt
and we get . i,
5(v) = /0 w(B)d(N; — 1) — /0 Dyu(t)dt.
e Using the duality property between ¢ and j, we have
E[(DF,u)12m,)) = El(i0DF,u) 2w, )

= B[(DF, j(u))e) = E[Fboj(u)] = E[Fi(u)]
for F € P and u € V. Since V is dense in L*(B) ® L*(IR) and Dom(D) is
dense in L2(B), 6 is closable and is the adjoint of D.

e The idea of this proof was found in Carlen-Pardoux[4]. We consider first the
case where v is a cylindrical elementary predictable process v = f(7o, ..., 7n) Ljs,00( (%)
ie. v = Flio((t), F = f(70,....,7s) and f € C°(IR™™"). Since v is predictable,
F'is Fi-measurable. This means that F' does not depend on the future of the
Poisson process after s, or that ' does not depend on the k-th jump time T},
if T, > s, i.e.

aif(TOa"'aTn):O folr TO+"'+T]€>S, ng’
This implies 0; f (7o, ..., 7o) L1, 13,,)(t) =0 t > s i =0,...,n and

=n

DtF Z@f ’7'0,..., )]-]T Tz+1]< )—O tZS

=0

Hence Dyv(u) = 0 V¢ > u. Then we use the fact that D is linear, to extend the
property to the linear combinations of elementary predictable processes. The
compensated Poisson stochastic integral coincides with ¢ on the predictable
square-integrable processes from relation 6 and a density argument. O

We also remark that trace(Dv) can be expressed as:

~ Tk+1
trace(Dv) :/ Dyw(t)dt = Z/
0
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4.2 Operators jo D and doi

The next proposition gives the properties of boiasa stochastic integral operator
with respect to the martingale (n—71,,),>1, and shows that §o is a creation operator

on F(H).
Proposition 10
1. Ifu:IN — P has a finite support in IN, then & oi(u) € L*(B) and

o0

doi(u) = };(1 — Tp).uy, — trace(j o Du).

2. For FF € P and u : IN — P with a finite support in IN, u € Dom(g o1) and
E[(j o DF,u)pzm) = E[Fd oi(u)].

Hence jo D and doi are closable. They are identified with their closed exten-
sions, and 6 o is adjoint of j o D.

3. 004 has the following expression as a creation operator:

Soi(jn(fn-&-l(*v'))): n+1(fn+1) niy (fn—i—l)

where fop € 2(IN)°" @ 12(IN), foi1 is the symmetrization of fuyr in n+1
variables, and f\. | denotes the symmetrization of the contraction fr. | of fat1

defined by X
frkyy e k) = fravr(Bay e By ).

Proof.

e We have d0i(u) = dojoi(u) = — (232,(joi(u))x + Di(joi(u))). But joi is
a random linear operator from [*(IN) to 12( ) with a diagonal matrix, its
eigenvalues being (7 )ren: (joi(u),ex)y = ka“ updt = Tpug. Hence

50i(u) = — <Z TRy — U + Tkauk> = Z(l — Tg).ug — trace(j o Du).
k=0 k=0

e Using again the duality between ¢ and j, we have:
E[(u, joDF)za) = E[(i(u), DF) 12(w,)] = E[d0i(u)F]

where F' € P, and u : IN — P has a finite support in IN. The proof of the
closability of j o D is the same as for D.

e It is sufficient to consider the case where f, 11 = €' o---0 ezzd ® eg, with
ny+---+nqg=n, ki < -+ < kg and either [ € {1,2,,d} or k; ¢ {k’l,...,]{?d}.
Let u = In(fos1(*,k)), k€ IN. Thenifl e {1,2,...,n}:

502’(u) = —ny! - ng Ly (Tiy) -+ Loy (T, ) (T, — 1)
o n;—1
_Tk’lnl! o 'nd!Lm (Tlﬁ) T Lnl (Tk‘l) T Lnd(Tk’d> Z Li(Tk‘l)
1=0

—

= ml-- nd!Lm (Tkl) U Lm (Tkz) nd de Z Tkl Tkl + Lnl (Tkl)

14



—

where “L,,(7y,)” means that this term is excluded of the product. Now,

2

TkliLi(Tkl) = Z—(i—i—l)LiJrl(Tkl)—|—<2?;—|—1)Li(7'kl)—Z'Ll',l(Tkl)

=1
nl+1 ny nl_l

= > —iLi(my) + (20 + 1) Li(ry,) — D (i + 1) Li(73,)
=2 =1 1=0

- _(nl + 1)an+1(7_kl) + (nl + 1)an(7_kl> + 3L1(Tkl) - 2L1(Tkl) -1
We used here the recurrence relation 1. Hence

00i(w) = nyl - (g + D) ng' L, (Thy) - - L1 (Th,) -+ Loy (Th,)

. n
—myny! - ng! Ly, () - - Ly (Thy) = n+1(fn+1)—ngln1!'"nd!Lm(Tkl)“'Lnd(de)‘

By definition of the symmetrized contraction f, ;, we have and f, ; = “egto

-~ oep®. Hence 0 0i(u) = L1 (foi1) — nly( }H). In case ky ¢ {ki,...,ka},

boi(u) = Li(my)m ! nalLny (1) - Ly () = Ins1(fa1) and iy = 0.
Hence we also have ¢ 0i(u) = I11(fot1) —ndy(fL, ). By linear combinations,
density and closedness of 0 o7, we obtain the result for f,, € [*(IN)°" ® [*(IN).O

The domain of 4 o i will be further determined in Prop. 17. The following statement
comes from [4] without modification.

Proposition 11 For F € Dy, and v € Dom(d) such that Fé(v) — [ v(t) D, Fdt €

L*(B) and Fv € L*(B) ® L*(IRy), we have Fv € Dom(d) and

§(Fv) = Fi(v) — /0 = o(t) D, Ft.

Proof. This identity comes from the fact that D is a derivation:

E[GS(Fu)] = E| /0 T(D) G Fugd]
— £ /0 T(Dy(FG) — GDyF)uydi]
— E[GFi(u)] - E[G /0 " wD,Fdt]

— E[(F3(u) - /0 "D Fdt)G).

This is true for F € P, u € V and proves the proposition, since 6, D are closed, P
is dense in L?(B) and V is dense in L?(B) ® L*(IR,). O

4.3 Operators A; and A}

In this section, we will see how D and ¢ can be used to express the multiplication by
the white noise (1 — 7%)x>0, and study their commutation relations. We define the
operators Ay and Aj k€ IN as AfF = doi(Fl.ey) = §(7.F') and A F = (joDF), =
TkaF

15



Proposition 12

1. For F\G € P, E[FAyG| = E[GA;F]. Hence A}, Ay are closable and are
adjoint operators on L*(B).

2. Ag + A is the multiplication by the white noise (1 — T )kew: (Ap + AL F =
(1 —1).F for F e P.

3. We have the following commutation relations between Ay and Aj:

[Ar, AT] = Tele—sy [Ar, Af] = [Af, Af] = 0.

4. Writing a(f)F = (f,AF)g and a*(g)F = (g, A*F) i = 60i(Fg) for f,g € H,
F e P, we have
[a(f),a*(9)] = (i(f).1(9)) 2w
[a(f),alg)] = [a"(f),a"(9)] = O
and a(f) is adjoint of a*(f) on L*(B).

Proof. Let F € P. We have ALF = 60i(Fey,) = (1 — 7,)F — ARF, by Prop 11. We
only need to prove the commutation relation:

[Ap, ATIF = ARATF — AJARF
= A((1=—7)F —1D/F) — ((1 — 1)1 DxF — 11Dy D1 F)
= [Ap, AJF 4+ 1 len F + (1 — 1) (D — Dyp) F
= [Ap, AF + 1l F.

It remains to check that [Ag, A;] = [A}, Af] = 0, but this is evident. O

5 A number operator on the discrete chaotic de-
composition

5.1 Definition

We call number operator on the discrete chaotic decomposition an operator L on
L?*(B, P) which has the set IN for eigenvalues, the eigenspace associated to n € IN
being the n-th chaos C,, = {I,(f,) : f. € H"}. This means that if f, € [*(IN)°",
then

L(IN(fn)) = nIn(fn)

On the Wiener and Wiener-Poisson decompositions, the derivatives D and V are
annihilation operators, and their adjoints are creation operators. For example, we
have on the Wiener-Poisson decomposition, cf. [8]:

Vt<jn+1(fn+1)> = (n + 1)I~n(fn+1(*v t))

and
V*(fn(fn-&-l(*’ t))) = ~n—&-l(fn—i—l)

16



where V* is the adjoint of V. Both V and V* are closed operators and P C
Dom(V). Recall that I,(f,) is here the Wiener-Poisson multiple stochastic integral
of a symmetric function f, € L2(IR,)°", and f,4 is the symmetrization of f,.; in
n + 1 variables. The composition V*V is a number operator on the Wiener-Poisson
chaotic decomposition:

v*vjn+1(fn+1> = (n + 1)fn+1<fn+1)'

As we already noticed, the composition § D is not a number operator on the discrete
chaotic decomposition.

Proposition 13 The operator L = 6D is a number operator on the discrete chaotic
decomposition of L*(B). This means that if f, € I*(IN)°", then I,(f,) € Dom(L)
and

SD(In(fn» = L(I.(fa)) = nl(fn)-

Proof. The proof uses the fact that D and doi are annihilation and creation opera-
tors. Let F' = I,(f,), fn € *(IN)°",

fri,(krla "'7kn—i7l) - fn(kla “'7kn—i7 l7 7l) i Z 17
——

i times

and denote by f:i the symmetrization of f in its n — i + 1 variables. We have

LF=§0ioDF = §0i(Y. ﬁ:Ik(fn(*,l, 1))
= k!

n—1 TL' _ . ek

= > 0 oill(f (s 1)
k=0
n—1 TL' . ~

= > e (575 = RL(S7)
k=0 """

= nIn(fg) = nIn(fn)

Here, § o i operates on the variable [ and we used the result of Prop. 10. O .
The following result uses the number operator L to determine the domain of D,
which is a test function space.

Proposition 14 F = I,(f,) belongs to the domain of D if and only if

o0

I DF |[Gamerem= 2o 7 || 1n(fa) [[Fegs < +oo.
n=0

Proof. We have

| DF [,y = ELf (D))
= E[FLF)= 3 nE[L(fu)lulfn)]

m,n>0

= Zn | Zn(fn) ||%2(B) - o

n>0

We end this section with a remark concerning the number operator L:

17



Proposition 15 We have on P:
L= Z A7 Dy,
k=0
where A}, is defined in section 4.3.
Proof: This follows from the definitions:

LF =0DF = d0i(DyFe) = > AjDyF. O
k=0

k=0

5.2 Commutation and composition relations

In this section we state commutation relations that can be useful to construct dis-
tributions on Poisson space.

Proposition 16 We have the following commutation relations on P:
DAy, =A;Dy+1+ D, kelN.
DyL = LDy + Dy(I + Dy), keIN
Proof. For F = I,,(f,), where f, € [*(IN)°" has a finite support,

= (—mDy — 1D + 2D+ I)F
= (A;Dy+ 1+ Dy)F.

The second equality is proved using Prop. 15 and the above relation:
D.LF = D, ZA}*DZF
1=0

= Y A/DyDF + (I + Dy)DyF
=0
= LDy F+ (I + Dy)DyF. O

We deduce the following isometry property.

Proposition 17 If u: IN — P has a finite support in IN,
E[boi(u)?) = E[l| i(u) [I22ar.)] + Elll 5 0 Du [Ifrom]-

Proof.

Eoi(u)?] = > E[Ajulju]
k,leIN
k,leIN

k#l kelN

18



k,lEIN kEIN
= Z E[TIDZ<TkUk)DkUZ] -+ Z E[Tkui + Tkuka’U,k]
k€N =N
= Z E[TlTkaulDluk] + Z E[Tkui]
k€N keIN
= > E[(yoDuw)(joDup)]+ Y Elnui]. O
kJEIN kEN

The next proposition shows that the “opérateur carré du champ” I' for L has a
classical expression.

Proposition 18 If F' € P depends on (Fy, ..., F,), F = f(Fo,...., Fy), Fo,...,F, €
P, f polynomial in n + 1 variables, we have

1. Chain rule of derivation:

2. The

i=n

DF =% 0,f(Fy, ..., F,) DF;.
i=0

“opérateur carré du champ” I' defined on P X P as:

I'(F,G) = —;(L(FG) — FLG — GLF)

satisfies to I'(F,G) =< DF, DG >2(Ry)-

3. L has the following expression

LF = z%@if(Fo, o, F)LF; — Z 00k f(EFy, ..., F )L (Fy, Fy).
i= 1,k=0

Proof. The first part is obvious from the definitions. From Prop. 11,

This gives

§(Fu) = F3(u) — / S wDFdt.
0

Z @f(FO, ceny Fn)SDFZ— < [)FZ, Dazf(Fo, . Fn) >L2(Ry)

j=ni=n 5 B
@f(FO, ceey Fn)LFZ - Z Zaj@f(Fo, ceey Fn) < DE, DF} >L2(IR+) .

i=0 j=0 i=0

It remains to prove that I'(F, G) =< DF, DG >12(Ry)-
Let us consider F' = f(7y,...,7,) and G = g(70, ..., 7). From the above chain rule,

we have:

L(FG) = FLG+ GLF — Z (8198kf + Bkgalf) < BTZ, DTk >L2(1R+)

k,l1=0
= FLG+GLF —2< DF,DG >3,y . O
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To end this section, we study the existing relation between the discrete m.s.i. and
the Wiener-Poisson m.s.i. We need first to recall the definition of the Wiener-Poisson
m.s.i. as given in [8]. Let w be the random measure defined as

=§%w>

where 0, is the Dirac distribution at t € IR, and (T} )x>1 are the jump times of the
Poisson process. Let A denote the Lebesgue measure on IR. The Wiener-Poisson
m.s.i. of h, € L?(IR)°", space of symmetric square-integrable functions on IR", can
be written as

—n‘// / Aty e ) (@ = N (dt1) - (0 — N)(dLy).  (7)

Note that the integration is not performed on the diagonals of IR, so that I, is ac-
tually an iterated stochastic integral of predictable processes. If f,, is not symmetric,

let B o
In(fn) = In(fn)

where fn is the symmetrization of f, in n variables, defined as

f (th 7 Z f o(l)r---> Jn))
UGEn
and X, is the set of all permutations of {1,2,...,n}. The Wiener-Poisson and

discrete chaotic decompositions allow to define two kinds of exponential vectors.

Proposition 19 Let f € I>(IN) such that || f ||2< 1, and h € L*(IR,). We define

SUED AT
£0) = 3 )

We have the relation

where % is defined to be the sequence (ﬁ—‘“f’c)kem.

Proof. First, note that the exponential €(f) is in L?(B) if || f ||2< 1:
1 on
Fe() ey = 22 s (™) 3
n>0 (n!)

S Z || fzm ||2— 1 || f ||2

n>0

from Prop. 3. If h = z(if) where f € [?(IN) has a finite support in IN and || f ||2< 1,
then ~
é(h) = Z 2(h) = T] (1 + h(Ty))exp <—/ h(t)dt)
k=1 0

1
n
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Hence

(657) = BlG) = (7))

-7 fk
e =7k

k:ol_fk

- T (S0rnm)

k=0 \n=0

o0

from the definition of the generating function of Laguerre polynomials, and

g<l( f >> - i Z (f’ﬁ)onl"'(sz)nanl(Tk’l)"'an(Tkz)

1_
/ =0 k< < Ky

The relation is extended by density to any f € [*(IN) such that || f [o< 1. O

6 Wiener-Poisson decompositions of jump times

We apply here the preceding results to find the decomposition of elements of L?(B) in
the Wiener-Poisson chaotic decomposition. The first point that we need to clarify
is the relationship between V and D. Denote by ?( ) : L*(B) ® L*(IR;) —
L*(B)® L*(IR. ) the predictable projection operator. More precisely, if u € L?(B)®
LX(Ry) with u = Y% I, (uns1) where u, iy € L3H(IR4)*" ® L*(IRy ), we have P(u) =
S o 1n(us, ) where

u$+1(t1> e ,tn, t) = Un+1(t1, e ,tn, t)l{tl 77777 b <t}

We know already that 6 and V* coincide on predictable processes but not on an-
ticipative processes. The following proposition gives the analog relation between D
and V.

Proposition 20 Let F € Dyy N Dom(V). Then (DiF)er, and (ViF)er, have
the same predictable projection:

P(DF) =P (VF). (8)

Proof. We need to show that for any predictable process v € L*(B) ® L*(IR.),
E[("(DF),u)r2(ry)] = E[("(VF), u) 2w )], or

E[([)Fa U)LQ(]R+)] = E[(VF’ u)]

This follows by duality, since 6 and V* coincide on the square-integrable predictable

processes, i.e. R
E[Fé(u)] = E[FV*(u)]. O
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Proposition 21 The predictable projections of VF and DF, ?(V) and?(D), extend
to continuous operators from L?(B) into the space of predictable processes in L*(B)®

L*(IR.).

Proof. We have if F'=3°, L,(fn) € Dom(V) and u = > oneo Ly (tpir) with u, g €
[2(R,)°" ® L2(IR,), n € IN:

o0

| ®(VF),u)2pyer2m,) | < Z(TH— Dl /0 (frr1 G ) Lpucty, Ungr (%, 1)) L2(mmydt |

n=0

< Z nl | fat ||L2(IR1+1)H Un+1 ||L2(:IRT1) v+ 1

n=0

IN

Q_nll fa ||%2(IR1))1/2<Z”! | wnt1 ||i2(]1{i+1))1/2
n=0 n=0
< N F 2wl vlleeermw,) -

The analog statement for D is evident from relation 8, since Dom(V) N Dom(D) is
dense in L*(B). O

The Clark-Hausmann-Ustiinel formula for the representation of a random variable
as a stochastic integral, cf. [5], [12], has now two different expressions on Poisson
space. Let

An:{(tl,...,tn) eR? @ t <--- <tn}.

Theorem 1 If F € L*(B), then
F = E[F] + /0 “ P(DF)()A(N, —t) = E[F] + /0 T NVE) (AN, — t).

Proof. We start by assuming that F' € Dom(V) N Ds;. The relation using the
operator V is proved with the Wiener-Poisson chaotic decomposition, as in the
Wiener case. We write

= B+ [ Taalha )14, ()N,

= EIF+ [ % "(afunls, DS,

n>0

— B[F] +/0°° P(VF) ()N,

The other part is proved using relation 8. The result is then extended to F' € L*(B)
using the above proposition. O

We now recall a formula that allows to compute the Wiener chaotic decomposition
of a random variable on Wiener space, cf. Stroock[11], and is valid also for the
Wiener-Poisson chaotic decomposition, but has no analogue on the discrete chaotic
decomposition.
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Proposition 22 If F € N, Dom(V") then F =372 L L(E[V"F)).

However, this result does not allow to compute Wiener-Poisson chaotic develop-
ments, because the expression of V" F' is too much complicated for n > 2. The next
proposition gives a similar result that makes explicit calculations possible, using V
and D.

Proposition 23 If F € 2, Dom(V"D),

F+ 3 L(s EN"DF))

n>0
where An = {(tl, woln) € R} : 1<+ < tn}.

Proof. First, note that for any ¢ € IR, D,F is well-defined in L?(B) since the
trajectories of DF' are constant between the jump times of the Poisson process. We
start by applying Stroock’s formula to D, F', t € IR

DF = E[D,F] +Z[ E[V"D,F)).

Taking the predictable projection of this process, we obtain

[e.e]

p(f)F)(t):E[f)tF]+an A1 (4,0) E[V"D,F)).

By stochastic integration with respect to d(NV; —t) and use of the Clark formula, we
get

Z ]n+1 V”DF]) a
As an application, the next result gives the decomposition of T, k > 1, in the

Wiener-Poisson chaotic decomposition. The n-th kernel is given by the (n-1)-th
derivative of the distribution function of T}.

Proposition 24 Tj, = k + X2, I,(f*) with

an—l

Rty . t) = —WP(Tk > )15, (t,. .. ty) n>1
1

This result gives also the decomposition of 75, k € IN, which is a (trivial) occupation
time for the Poisson process.
Proof. We start with a lemma.

Lemma 1 From the definition of V as a finite difference operator,

Vt (1[07Tk](u)) = 1{t<u} (1[07Tk_1](u) - 1[07Tk}(u)) P.a.s.
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Proof. We have

Vilpony(w) = Loz (W lisny + Log(w)lin,_ <t<ny
+ 10,111 (w) Ligery_ 13 — Ljo,) (w)
= lueylqn_ <t<ty + Lo (W) i, 1y
_1[0’Tk71](u)1{t<Tk71} - 1[07Tk71](u>1{Tk71<t<Tk}
—lr <uct Lty — Yoo <u<tiy Lo <t<Ty)
= lpuenlin, <<ty — Loy (W) lin, <icny — Yne y<cucnit L, 1)
= ]-{t<u} (1[O,Tk_1}(u) - 1[07Tk](u)) P.a.s. O

Proof of proposition. If n = 1, DTy, = —1p1,(t) and ff(t)) = —E[lpz(t)] =
—P(T, > t1). If n > 1, the above lemma gives V;, Dy T = 1g, <1,y (DiTh—1 —
D,T},) and

tho. . 'Ovtn_1ol~)tnTk = [Vt2 O--+0 th—l o) DtnTk‘fl — Vt2 0---0 th—l (@) DtnTk} 1An<t1, ,tn)
Taking the expectation on both sides, we have:

TR, e tn) = (FET (s s ) = [R (L oo t)) 1R (t1 s L),

On the other hand,

0
_6’7P(Tk >t1) = —(P(Ty—1 > t1) — P(T}, > t1)),
1
hence
anfl an72 8n72

We have two sequences, (—g:TiP(Tk > t1))n>1 and (fF(t1, ..., tn))n>1, defined by the
same recurrence relation, and having the same first term Vk > 1. Those sequences
are identical, and this gives the conclusion. O

Acknowledgement. 1 thank the referee for the corrections and improvements he
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