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Abstract.

We introduce on the Fock space I'(L?(R.)) two operators V© and V® expressing the in-
finitesimal perturbations of random variables by time changes in the Wiener and Poisson
probabilistic interpretations of I'(L?(R,)). These operators have close connections with
stochastic integration, regularity of laws, chaotic expansions and complement the annihi-
lation and creation operators V~ and VT that are related to perturbations by shifts of
trajectories.

Résumé.

Nous introduisons sur l'espace de Fock I'(L?(R.;)) deux opérateurs V© qui V® qui perme-
ttent d’exprimer les perturbations infinitésimales de variables aléatoires par changements
de temps dans les interprétations probabilistes de Wiener et de Poisson de T'(L?(R)). Ces
opérateurs completent les opérateurs d’annihilation et de création V™~ and VT relatifs aux
perturbations par translations de trajectoires, et sont liés a 'intégration stochastique, a
I’absolue continuité des lois de variables aléatoires et aux décompositions chaotiques.
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1 Introduction

Let I'(H) = D,,~, H°" denote the symmetric Fock space over the Hilbert space H,
where H°" consi;ts of the space of symmetric tensors in the tensor product H®",
endowed with the norm || - [|3on= n! || - ||%en, n € N. The annihilation operator
V™ :T(H) —» I'(H) ® H is defined by V™ f" = nf°" Y ® f n € N, while the
creation operator V' : T'(H)®@ H — T'(H) satisfies V' f"®g = f°"og, n € N. Those
operators are extended by polarization, linearity and closability to their respective
domains in I'(H) and I'(H) ® H. In case H = L*(R. ), the two main probabilistic
interpretations of I'(L*(R,)) are the Wiener and Poisson interpretations, which are
constructed by identifying f, € L*(R,)°" with its multiple stochastic integral with
respect to the Wiener or Poisson processes. It is well-known, cf. e.g. [4], [5],

that in these probabilistic interpretations the annihilation operator acts on random



variables by shifts of the Brownian, resp. Poisson trajectories. On the other hand,
on the Poisson space, trajectories can be perturbed by time changes, and this yields
another construction of the stochastic calculus of variations, cf. [2], [6]. The purpose
of this paper is first to determine the action on Fock space of perturbations by time
changes of the Poisson process. It turns out that the corresponding operator can be
written as V® + V~, where V© has a relatively simple description on Fock space.
Since V© is expressed on the Fock space, it is a natural question to ask about its

action on Wiener space. The results obtained are summarized in the table below.

Type of perturbation and properties Wiener case | Poisson case

Shifts of trajectories | Operator on Fock space A\ \YA
Absolute continuity a.c. not a.c.

Time changes Operator on Fock space | VO +1V-V~ | VO + V-
Absolute continuity not a.c. a.c.

In this table some information has been added concerning the absolute continuity of
the considered transformations with respect to the Wiener and Poisson probability
measures. Transformations by deterministic shifts of trajectories are absolutely con-
tinuous with respect to the Wiener measure (from the Cameron-Martin theorem),
but not with respect to the Poisson measure, since the standard Poisson process has
fixed height jumps. On the other hand, the action of deterministic time changes on
trajectories is absolutely continuous with respect to the Poisson measure (from the
Girsanov theorem on Poisson space), but not with respect to the Wiener measure
since a time changed Brownian motion does not have the standard quadratic vari-
ation. Consequently some smoothness has to be imposed on Wiener and Poisson
functionals in order to perturb them by time changes, in particular they need to be
defined everywhere, and on Fock space this corresponds to the assumption that the
considered functionals have finite developments with smooth kernels. The operators
obtained in this way can be extended by closability. The calculus introduced in this
paper differs from the chaotic calculus of [6] which uses the polynomials of Laguerre
instead of Hermite and can not be based on the Fock space.

This paper is organized as follows. In Sect. 2, definitions and preliminary results are
stated. In Sect. 3 we define the operators V© and V® and show that they give a
non-commutative decomposition of the number operator on Fock space. Sect. 4 is
devoted to the Wiener space interpretation of V©. In Sect. 5, we obtain the Poisson
probabilistic interpretation of our calculus from the explicit chaotic expansions of

functionals of the Poisson process jump times. Part of the results of this paper have



been announced in [8]. In the Poisson space case a different approach to this calculus

can be found in [3].

2 Preliminaries and notation

For A € B(R,), let m4 : L*(R;) — L?(R,) denote the projection operator defined
by maf = 1af, f € L*(Ry). Let also ) = moy, Tt = Moo, and fp = mpf,
fo=myf, t € Ry, f € L*(Ry). The exponential vector £(f), f € L*(R4), or Wick
exponential, is defined as )
GEDIE
neN

The vector space generated by exponential vectors £(f) with f € C}(R,) is denoted
by Z. We denote by ® the Fock space T'(L*(R;)) on L?*(R.), and call S the set of
elements of ® which are in a finite number of chaos and whose developments involve
only functions which are C! with compact supports. We let T'(U) : ® — ®, densely
defined on S as

rw) =ue,

n>0
denote the second quantization of any operator U : L?*(R,) — L*(R.) defined on
CHR,). We say that F' € ® is Fs-measurable if T'(74)F = F, A € B(R,), and
let S([a,b]), 0 < a < b, denote the elements of S that are F,-measurable. All
operators considered in this work are densely defined on S|J= and closable. We

denote by < -, - > the scalar product on ®.

Definition 1 The adjoint U* : @R L*(Ry) — ® of an operator U : ® — ®QL*(R.)
is said to be an extension of the stochastic integral if I'(mg)Uy = T'(mg)Vy, 0<s <
t,teR,.

The space of square-integrable adapted processes is defined to be the completion in
® @ L*(R.,) of the set of simple adapted processes of the form

k=n—1
> Flpunp FeES0t]), i=1,...,n, tp <+ <t,, n€N.
k=1

For G € §(]0, a]), we have
< U (1gyG), F > = / Ly (s) < G,UF > ds
0

_ / lui(s) < G,VoF > ds =< V*(1,yG), F >, F€S.
0



Hence U* is an extension of the stochastic integral if and only if U* and V™ coincide
on the square-integrable adapted processes. If the Fock space is identified to the
L2-space of a stochastic process (Y;)ier . with stationary independent increments,
such as the Wiener and Poisson processes considered below, then the above property
means that U* coincides with the stochastic integral with respect to (Y;)ier, on
the square-integrable adapted processes. The following result shows that the Clark
formula can be stated in general using the adjoint of an extension of the stochastic

integral. It can be proved using the same argument as in [6].

Proposition 1 If U* is an extension of the stochastic integral on Fock space, then
the application F — (D(mg)UsF)ser, is continuous from ® to ® @ L*(R.), and any

F € ® can be represented as
F=<F1>+U"(I'(m)U.F).
As a consequence, the formula of [9] can be extended as follows.

Proposition 2 IfU : ® — ®® L*(R, ) is the adjoint of an extension of the stochas-

tic integral and

F e () Dom((V™")"U),

then the chaotic development of F' can be written as

F=<F1>+)Y s(la., <(V)"UF1>), (1)
neN
where Ap1 = {(t1,. .., tas1) € RTT 0ty <o <tnpa}, and s(fn), fo € LA(R4)®™,

denotes the symmetrization of f, in n variables.

3 A non-commutative decomposition of the num-
ber operator

In this section we define the operators V© and V® and remark that their sum gives
the number operator. Some connections between V©, V¥, the number operator and
the non-commutative stochastic calculus have been studied in [8]. Let ;L, h e L*(R,),
denote the function defined as K(t) = f(f h(s)ds, and let f'(t) = Lf(t), t € Ry,

f € CHR,). Let U denote the set of elements of ®® L*(R) of the form /=7 F;,®h,,
with hy,...,h, € C{(R,), and Fy,...,F, € S, n € N.



Definition 2 We define the linear operators VE : & — & @ L*(R,) on S and
V&:d® LA (Ry) — @ onlU by

oN /!
Vet = —nfyo [ and VE(f @ h) = n (fh) o Y,
f,heCl(Ry), neN,te Ry, and by linearity and polarization of these expressions.

We note that for f, € CL(R!) symmetric, V¢ f,, can be defined as the symmetrization

in n variables of

—Zlm[ )i fulty, ... ty).

Proposition 3 Both V©, V¥ are closable, and V¥ : ® @ L*(R,) — ® is adjoint of
VO d b o L2(R,).

Proof. By polarization, we need to prove the following.
(V@fon, gon ® h)CI>®L2(R+) - —n/ (f[/t ¢] fo( N ), go )LQ(R+ onh(t)dt
_ _n2(fo(n—1)7 go(n_l))LQ(RJr)o(” 1 / / f dsdt
— —n2(f°("1),g°(n1))L2(R+)o<n1>/ f/(t)g(t>h(t)dt
0
= (DG e [ HO ) O
0

= <fon,vé9<gon®h) >, fagaheccl(R+)7
hence the relation (VOF, u)ogr2m,) =< F,V¥(u) >, F € S, u € U. The closability
of V© and V@ follows from this relation and from the density of S and .

O

For h € L*(R,), let aj denote the number operator defined by linearity and polar-
1zation as

ay fo" =n(fh)o f ', feC{Ry), n €N,
and let ay, af be defined as
ay fo = (V@f°"7h)Lz(R+), ay =V (freh), neN, fhe L*(Ry).

Proposition 4 The above definitions give a non-commutative decomposition of aj,

into the sum of a gradient operator and its adjoint:
a; = ay +ay, heL*(Ry).

Proof. We have (VO f" h) 2,y + VO(f" @ h) = nf™ Yo (fh) =ajf", neN,
feC(Ry).



O

Proposition 5 The exponential vector £(f), f € L*(R.)NLY(Ry), is in the domain
of VO if [Stf'(t)2dt < co. In this case, VPE(f) = —fyo&(f), and

1 oo
I VOE) Rerzm,)= (g I 12wy +/0 tf,(t)zdt) exp ((f, f)r2my)) -

Proof. We have

| 92 o o= 2 / | fo £ |2 on

— n2(n—1))( Lm/ / F(s)2dsdt
(0 —1)(n —1)! (ffLQ(Pm/ (/ P(s ds) dt

=l 0 [T G- ot [ o

and

Iveeh I3 = S s ( / Ootf'(t)zdtJrnT_l)

n!2
n>1

= (Do + [ 0P esp (4 Do) O
0

4 Wiener space interpretation

Let (W, L*(R..), 1) denote the classical Wiener space, with Brownian motion (B;)ser,, -

Multiple stochastic integrals are defined as

o0 tn
fn(fn) = n!/ / / fulty, ... t)dBy, -+ -dBy,,
0 0

fn € L*(R,)°". These integrals provide an isometric isomorphism between L?(W, )

and P, since

]An(fn)jm(gm)} = 1{n:m}(fnagm)L2(R+)°”a fn € LQ(R-l-)Ony Im € L2(R+)om

This identification will be assumed throughout this section. We are interested here
in the properties of V© in the Wiener interpretation of ®. We recall that V™ is

identified to a derivation operator which satisfies

F (B h(s)ds) — F
(VI h) 2w, = lim ( Hf"g (s)ds) , Fe8, he*(Ry),

cf. e.g. [4], [10] and the references therein.



Lemma 1 On the Wiener space, V® satisfies the relation
VI(FG) = FVYG+GVPF -V, FV,;G, teRy, F,GeS. (2)
Proof. We are using the multiplication formula for the Wiener multiple integrals:

jn(fon>j1(g) = An-&-l(fon © g) + n(f7 g)LZ(R+)jn—1<fon_l)7 f7g € LQ(R-F)v n € N.

We first show that

= —Lpa(gy o f7) = nlpr (f o go f270) = n(n — 1)(f, o1 (fly o f2072)
= —nly(fho £V o g) = nlg, fi) @ ot (FP07) = (f og@)
—n(n — 1)(f, g)L?(m)fn—l(fo(n_Q) © f/) —n(f, 9 )L2 R+)] 1(f° ))
+n(f[t’ g)r2 R+)]n—1(f0(n_1)) +”(9ft>f)L2 (Ry) f (o)
= —nL(ff, 0 £ i(g) — L(f")i(gf) — nf (B)g(t) Ina (F77Y)
= L(g)VPL(f) + L(f)VEL(g) = Vi L)V, L(f"), teRy.

VO (LM 1(0) = VO (T (7 0 9) + nlf, 9) T a (12070))
9)1x
i

Using the fact that on Wiener space V™ is a derivation, we can now work by induc-
tion to show that the formula holds for functionals that are polynomials in Wiener

multiple stochastic integrals. Assume that for some k£ > 1, and t € R,
V() h(9)") = L) 7 (1i(9)")+1(9) VL) =V L) V7 (hi()")

Then

P (L () 1(9)") + L(F) 1 (9) Vi T (g) = Vi Li(9) Vi (Ti(9) In(f
+ LV (B9)) = Vi (1(9)") Vi lu(r™)

19 V2 Ti(9) = Vi Tu(o) (i(9) v L) + L(F™) ¥ (

TP L) + L E (L)) = 9y (L)) Vi k),

teR,. O
For h € L*(Ry), with sup,cg, | h(z) [< 1, let v, (t) =t + fo s)ds, t € R;.

Definition 3 We define a mapping Ty, - W — W, t,e € Ry, as

Ti(w) =wovy', heL’Ry), sup | h(z)]< L. (3)

zeR4



The transformation 7, acts on the trajectory of (Bj)secr, by change of time. Al-
though 7}, is not absolutely continuous with respect to the Wiener measure, the
functional F o7}, is well-defined for F' € S, since elements of S are defined trajectory

by trajectory.

Proposition 6 We have for F' € S, under the Wiener identification of ®:

o 1 1
/ h(t) (Vte + §V;V;) Fdt = —lim—(F o7, — F).
0

e—0 ¢

Proof. We first notice that as a consequence of Lemma 1, the operator V{ + %Vt_ \
is a derivation operator on S, t € R,. Moreover, 7T, is multiplicative, hence we only

need to treat the particular case of F = I;(f). We have
WO oTa-0() = [ 16)dBEaNE) - b
0

= [ statnas.~ [ s
= [ (5 (< [ w9s) — 110) am

After division by ¢ > 0, this converges in L?*(W, ) as € — 0 to

_ _/0 h()(v@+ vv) (f)dt. O

5 Poisson space interpretation

Before dealing with the Poisson interpretation of V©, we will need to compute the
explicit chaotic decomposition of functionals of the Poisson process jump times. Let
T, = Zzzlg*l T;, k > 1, denote the sequence of jump times of a standard Poisson
process (N;)ier, on a probability space (€2, F, P). The Poisson multiple stochastic

integral of h, € L*(R)°", space of symmetric square-integrable functions on R", can

—n'// / s ) ANy, — 1) d(N,, — 1), (4)

As on the Wiener space, we have the isometry

be written as

(jn(fn)a jm(.gm))LQ(B) = ]-{n:m}(fn7gm)L2(R+)°"7 fn € L2(R+)Ona



which provides an isometric isomorphism between L?*(B) and ®. This identification

will be used in the remaining of this paper. From [5], the operator V™~ satisfies
ViF = F(N.+1po) — F(N.), teRy, FeS, (5)

hence

V(FG)=FV G+GV F+V FV G, F,GEeS. (6)

There exists a different approach to the calculus of variations on Poisson space, cf.
[2], [6], which consists in defining a closable operator D : L*(B) — L*(B) ® L*(R..)

by time changes:

~ . FoTy—F
(DF, W), =~ lim 272 =

. heL*(Ry),

where the transformation 7, is defined as in (3), by application of a time change to

the Poisson process trajectories. This is equivalent to

Z@kf Ty, ... To)lpzy, F €S, (7)
for F = f(11,...,T,). The following proposition extends to functionals of jump
times the result of [6] which was only proved for jump times.

Proposition 7 For k > 1, the chaotic development of f(T}) is given as

F(T) = BT+ Y0 L)

n>1

where fF(ty,... t,) =af(f)t1 V- Vit,), ti,...,t, € Ry, and

(N = FO" k) + (f Lpoo@"PE)12®,), tE€RL, n>1.  (8)

For f € C}(R,) we also have
—/ f'(5)0" 'pi(s)ds
¢

Lemma 2 We have for f € CX(R) and n > 1

V;Dsf(Tn) = sttf(Tn,l)—sttf(Tn)—1{s<t}1[Tn717Tn](svt)f’(s\/t), a.s., s,t€Ry,.
Proof. We have
ViDf(T,) = =Lz, () (Lo, (s)f (Tuer) — 1[0Tn( s)f'(T,))
1z () (Lo (8) £/ (1) = Lo,z () (1))
= lest (Lo () f'(Th) — Lo,y (S)f,(Tn—ﬂ,)
F1lpacty (Lo, (0 (1) = Lo () ' (Trmt) — Ly ) (0) f1(2))

P-a.s.



O

Proof of Prop. 7. Since the adjoint of D extends the stochastic integral, cf. [2], [6],
we can apply Prop. 2 with U = D. Let us first assume that f € C}(R,). We have

fE(t) = BIDuf(T})] = =Bz (6) f'(Ti)] = —/t pi(s)f'(s)ds.
Now, from Lemma 2, forn > 2 and 0 <t; < --- <t,,

th e vz;_lf)tnf(Tk) = Vt: T V;l_g(btnf(kal) - Dtnf(Tk));

hence
f:(tla"wtn) = ::%(tla"wtn—%tn)_ ﬁ_l(tla"'7tn—27tn)7

and we can show (8) by induction, for n > 2:

ff(th?tn) = s:ll(tla"'vtn—%tn)_frlf—l(tlw"atn—?vtn)a

- _ h f'(5)0" *pr_1(s)ds + /OO f'(5)0" *pi(s)ds

tn

=~ [ 10 s
tn
The conclusion is obtained by density of the C} functions in L?(R., py(¢)dt), k > 1.
O

We note the relation
d
—a
at "
We now prove that VO 4+ V~ is identified to the operator D under the Poisson
identification of ® and L?(B).

(O = () +an (), teRy, feLRy,pe(t)dt).  (9)

Lemma 3 On the Poisson space, V© satisfies the relation
VP(FG)=FVyG+GVYF -V, FV,;G, teR,, FFGES. (10)

Note that V® and V~ satisfy the same relation on Wiener space, cf. (2).
Proof. We need the following multiplication formula for Poisson multiple stochastic

integrals, known as the Kabanov formula:

L(f™) 1 (9) = L (f 0 g) +0(f, ) Lna (f" ) +0lu((fg) o f*71), frg € LY(Ry).

We first show that

Vi (L)) = L VEL )+ L ()Y L) =V L)V L(f™), te Ry,

10



with f,g € CX(Ry) and (f, f)r2r,) = 1. We have

L(f"VET(9) + Li(9)VE L (f")

= —nli(g)Lu(ff, 0 f"7V) = L(f") i (g})

- <n+1(f[t F Yo g)+ (n—1)L((f9) o fiyo f" ) + Lu((gfy) o 7" Y)
+(fl 2@y L1 () + (= 1)(f, 9) 2wy In—a (fy 0 f°(”‘2))>
—Loya(gy o 1) = nLa((gif) © £770) = n(ghs iz Ina (f7"7Y)

= nfn+1(f[/ o " Vo g) — Lu(gh o f) = n(n — VL(ff o (fg) o f72)
nL((gf) o f2"Y) = nL((fgy,) o £ V)

+nf(£)g(6) L (f07Y) = n(n ~V(f,9) syl (ff 0 £772)
( (s F L0 0 (£0)) + 0, )iz T (120
nf()g(t) Lo (")

= (f( F9) + Ve L9V L(f™),  f.9 € Ci(Ry).

We now make use of (6) to prove the result on & by induction. Assume that (10)
holds for F = I,,(f*") and G = I,(g)* for some k > 1. Then

= Li(9)Vy (L(f")11(9)")
= L(g) (h(9) VL")
)

teR,. O
Proposition 8 Under the Poisson probabilistic interpretation of ®, D = VO 4+ V.

Proof. From Lemma 3, we know that (V® + V7) is a derivation operator. Thus it
is sufficient to show that (V~ + V&) f(Ty) = Df(Ty), k > 1. We have from Prop. 7

(Vi + VO F(Th) = <V;+VG>Z L(f5),

nEN
= L k L= @n—1)n rk
- Zm n—l(fn(7t>) _ijn(ﬁ[t@’-,d 81fn)
n>1 n>1
1- .
= Z ﬁ]n (f'rlf+1<'7t) — na @ ff( l)éhfff) ,
neN

11



where I; : L*(Ry) — L*(R.) denotes the identity operator. Now from (9),

fia(ttn ) = nmp @ 17" V0uf (b )

= o (NG V -V V) = Lgenvoviy (@) + ok () (V- V)
W1 (N)gvevincn = ()G V -V t) Lvevt, >
= af(—f)tVe Vi), n> 1

Now from Prop. 7, af(— fi)(E1 vV -+ V t,) is precisely the n-th chaos term of the
);

expansion of —1jo 7,1 f"(Tk), n € N. Hence V™ + V© = D.
O

Since both VT and é coincide with the Ito integral on adapted processes, it follows
from Prop. 8 that V® vanishes on adapted processes. By duality this implies that

the adapted projection of V© is zero.

Proposition 9 On the Poisson space, we have for f € CLH(R):

Di(f) = - (/too %hﬂs);ﬁ—l}dﬂ@) &(f), teRy.

Proof. We have
(0 = (= [ reas) T+ .
k>1

hence
Dlf) = _exp( / )21] g 1)
= —exp (— /Ooof(S)d5> /tool{f(s# 1}1{!;2 )dN [T+ 77,

k>1

O

As an application of this calculus, we obtain the following absolute continuity crite-

rion for Poisson stochastic integrals.

Proposition 10 Let f € L*(Ry) such that [~ tf'(t)*dt < oo and

lim pu(t)dt = 0. (11)
e Jip=0y
Then the law of fo Jd(N;—t) is absolutely continuous with respect to the Lebesque

measure.

12



This condition is satisfied in particular if {f’ = 0} has finite Lebesgue measure.
Proof. From the proof of Prop. 5, I;(f) € Dom(D). We have

(D) = (Zl[o,n](t)f’(Tk)) = (Zmﬂﬂmw > f'm))

1=k+1

00 oo 2
- Z 1]Tk7Tk+1](t> ( Z f/(Tz)) , teRy,
k=0

i=k+1

hence N N )
D80 o= Yo (3 400)
k=0 i=k+1
If the law of 1:1( f) were not absolutely continuous, then according to the criterion
of [1], (cf. [7] for its Poisson space version), there would exist A € F such that
P(A) >0 and || DI,(f) | z2r,y= 0, everywhere on A. The above calculation implies
then that f'(Tx) =0 on A, k > 1. Hence T,,(A) C {f' =0}, n > 1, and from (11),

lim 1Tn(A) (t)pn(t>dt =0.

n—oo 0

This contradicts the fact that

/ Tl (Opat)dt = P(fw € Q ¢ Ta(w) € Tu(A)}) = P(A) >0, n>1. O
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