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Abstract

Markovian bridges driven by Lévy processes are constructed from the data
of an initial and a final distribution, as particular cases of a family of time
reversible diffusions with jumps. The processes obtained in this way are es-
sentially the only (not necessarily continuous) Markovian Bernstein processes.
These processes are also characterized using the theory of stochastic control for
jump processes. Our construction is motivated by Euclidean quantum mechan-
ics in momentum representation, but the resulting class of processes is much
bigger than the one needed for this purpose. A large collection of examples is
included.
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1 Introduction

Euclidean quantum mechanics yields a probabilistic approach to Schrodinger equa-
tions, which relies on the construction of time reversible stochastic processes. A
probabilistic counterpart of a quantum system with symmetric (more precisely, self-

adjoint) Hamiltonian H is provided by considering positive solutions of two heat
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equations which are adjoint with respect to the time parameter:

on; 0
~h(q) = Hj(q) and h—P(q) = Hnlq),  t€lre], geR’,  (L1)

where [r,v] is a fixed interval, and by postulating that the density of the law at
time ¢ of the system is given by the product n:(q)n;(q), instead of the product of
the solution of the Schrodinger equation with its complex conjugate. This approach
allows moreover to construct time reversible diffusion processes which precisely have
the law n;(¢)n; (¢)dq at time ¢, see [29], [7], [2] when the Hamiltonian is a self-adjoint
Schrodinger operator of the form H = —%A + V(q) and V is a scalar potential in
Kato’s class. We refer the reader to [6] for a detailed survey of the relations between
this method, and in particular the Feynman path integral approach to quantum me-
chanics, when the processes have continuous trajectories.

In this paper we generalize this construction in the case where the above Schrodinger
operator is replaced by a pseudo-differential operator. Our motivations are of two
types: the first one is the study of the probabilistic counterpart of quantum mechan-
ics in the momentum representation and its relation with the one of the position
representation, the link between these representations being given by the Fourier
transform which maps position operators to momentum operators, and scalar poten-
tials to a pseudo-differential operators. This illustrates the more general aim of this
program of construction of quantum-like reversible measures. They provide (through
their Hilbert space analytical models) fresh structural relations between stochastic
processes generally regarded as unrelated. Our second motivation is to treat relativis-
tic Hamiltonians along the line of [15], but in a fully time reversible framework.
Lévy bridges have been studied and constructed by several authors, see e.g. [12]
and Section VIIL.3 in [4]. However, an absolute continuity condition with respect
to Lebesgue measure is generally imposed on the law of the process, thus excluding
simple Poisson bridges and many other more complex processes. Our construction
of reversible diffusions with jumps provides, in particular, a general construction of
Markovian bridges with given initial and final distributions 7, and m,. For this we
use a result of Beurling [5] which, under the assumption of existence of densities with

respect to a fixed reference measure, asserts the existence of initial and final con-



ditions 7, and 7} for (1.1) such that =, = n,n* and 7, = n,n. This allows us to
construct forward and backward Lévy processes with Dirac measures as initial, resp.
final, laws. In this case we extend existing results on the martingale representation
of time-reversed processes, cf. e.g. [19]. We also show how time reversible processes
can be constructed from non-symmetric Lévy processes and generators.

We use the term “bridge” in the wide sense, i.e. a process which is determined from
its initial and final laws (which are not necessarily Dirac measures) will be called a
bridge. Bridges and more generally diffusions with jumps, reversible on [r,v], are
constructed via the forward and backward Markov semi-groups

1u(l)
p(t, k,u,dl) = h(t,k,u,dl),
( ) ") ( )

and

pi(s,dj,t, k) = ——<h'(s,dj,t, k),
( ) 77t<k) ( )

for s <t <win [r,v], j, k,1 € RY where p(t, k,u,dl) and p*(s,dj,t, k) are the kernels
associated to exp(—(u — t)H) and exp(—(t — s)H'). In the time homogeneous case
(i.e. when 1, n* depend trivially on time) this construction of Markov semi-groups
in relation to time reversal seems to go back to [14] (see also [10] where it is applied
to conditioned processes), but does not seem to have been the object of systematic
studies when 7, and 7; are given as the solutions of “heat equations” for general H.
This also provides a construction of Bernstein process [3] in the jump case, i.e. we

construct stochastic processes (z)ic[r,0) that satisfy the relation
P(zy € dk | PsVFy) =Pz €dk | 25,24), 1T<s<t<u<w,

where (P;)icjr]; 1€5P. (Ft)tefro], denotes the increasing, resp. decreasing, filtration
generated by (2¢)icprv). When their paths are continuous, as we said such processes
have been constructed in the framework of Euclidean quantum mechanics. We also
show that the general processes constructed in this paper are essentially the only
Markovian Bernstein processes.

We proceed as follows. After recalling some notation on Lévy processes and their

generators in Section 2, the main results of the paper are presented in Section 3. The



construction of Bernstein processes with jumps is given in Section 5. In Section 6,
we compute the generators of Markovian bridges and derive the associated stochastic
differential equations driven by Lévy processes. The uniqueness of Markovian Bern-
stein processes with jumps is discussed in Section 7. A variational characterization is
obtained in Section 8, and the associated almost-sure equations of motion encoding
all the dynamical properties of these processes are stated in Section 9. In particular,
the construction provides time reversible jump diffusions whose law is given in terms
of positive solutions of “heat equations” associated to the Schrodinger operator in the

momentum representation.

2 Notation - Lévy processes and generators

We refer to the survey [17] and to the references therein for the notions recalled in
this section. Let V : R* — C such that V/(0) > 0 and exp (—tV(g)) is continuous in
q and positive definite. The function V' admits the Lévy-Khintchine representation

1 - 1 —1{h .
Vig) = 7 (a +i(c, hg) + §<ﬁq, hq)p — /d(e hav) — 1 4 2<ﬁq,y>1{|ny<1})V(dy)) 7
R

where a,r € RY, B is a positive definite d x d matrix, {q,¢)s = (Bq,q), v is a Lévy
measure on R?\ {0} satisfying [,4(|y[*A1)v(dy) < oo, and A is a fixed strictly positive
parameter which will be, later on, identified with Planck’s constant. In the following
we assume that a = 0, i.e. V(0) = 0. Then the Lévy process is conservative (i.e. it

has an infinite life time). We will write

1

Vig) = ile,q) + 5{a, ahns — /d(e“"’y> — 1+i(g, y) L yi<1y)va(dy),
R

where v, is A~! times the image measure of v by y — hy. Let & denote the Lévy

process with characteristic exponent V' (g), i.e. such that
E [e‘i(&m] = e‘tv(q), q € RY, te R,

or

E [exp (—%(&:,fﬁ)} = exp (—% <i<c, q) + %(q,qﬁ:



- /Rd(e“"’y> -1+ i<q,y>1{hy|s1}>’/(d3/)>) )

q € R t € R, ie. the physically meaningful potential is 2V (¢/h). The process
(&t )iepry) admits the (forward) Lévy-Ito decomposition with respect to the filtration
(Pt)te[r,v] :

t t
G =W, + / / y(ul(dy, ds) — va(dy)ds) + / / y(dy, ds) + ct.
0 J{ly|<1} 0 J{ly|>1}

where W, is a Brownian motion with covariance matrix AB, and u(dy,ds) is the
Poisson random measure
pldy,ds) = > dag,(dy, ds)
ALs#0
with compensator E[u(dy,ds)] = vu(dy)ds. Let u; denote the law of &, and let
pe(dk) = p—y(—dk) when t < 0. The (forward) generator of (& )cf is the following

pseudo-differential operator
—VI(V) (k) (2.1)
= (VI + 50 f () + [ (FE+9) = ) = (0 VIO e oala)

Rd
where App = hdivBV. We shall also need the reversed Lévy process (& )icpon =

(=&v—t)tefo,n) Whose backward generator is

V(V)I() = V(-V)7 () 2.2)
= (€ V) ~ 380 f() = [ (Fl=1) = F0)+ (o VSO eaaley)

Note that when V(V) is not symmetric (i.e. V is not real-valued), the reversal of
(&)tepo,v) is both in space and time, whereas in the symmetric (e.g. Brownian) case a
time reversal suffices.

In view of our applications to mathematical physics we consider a perturbation of the

generator of (&) by a potential U : R¢ — R, continuous and bounded below:

Definition 2.1 Let H = U + V(V), i.e. for u € S(R?):
() = UK~ (e VFE) — 5 M f ()

B /Rd(ﬂk +y) = f(k) = (. VF(E) Lgi<yvn(dy), k€ R



The operator V (V) is obtained from the potential V' by considering (Euclidean) mo-
mentum V as a variable. The potential U is symmetrically deduced from a differential
operator, e.g. the quadratic potential AU (k/h) = k?/2 in momentum representation
correspond to the Laplacian A in position representation. The adjoint H' of H with
respect to dk is given by H' = U + V(V) with V(¢q) = V(—q), i.e.

1

H'f(k) = Uk)f(k) + (e, VF(R)) = 5Ans f (k)

- [ =) = 10 + (. VSE) Lgen)nldy). kR

where vj,(—dy) denotes the image measure of v, under y — —y. If ¢ = 0, the operator
H is symmetric when V' is real-valued, that is when v is symmetric with respect to
Y= —y.

Let Ti,, t < u, resp. T7

st

s < t, denote the positive operator defined through the

Feynman-Kac formula

Tiuf (k) = B | f(6)eF VN | & = k| = B flk+gp)e™ 67 70H00| -t <,
respectively

T (k) = B [f(€)e V& | & = k| = B[k + g )e hTU0DT] s <

Since —V (V) is the generator of (& )sejo. and V (V) = V(=V) is the generator of the

reversed Lévy process (5:)56[0,75] = (—ft—s)se[at], we have

9, 9,
5 Tiw=—TiuH, and %T;t =17, H,
for Ty, = exp(—(u—t)H) and T;t = exp(—(t —s)HT), i.e. these semi-groups are time

homogeneous since V' and U are independent of time.
We denote by hi(s,dj,t, k) and h(t,k,u,dl), 0 < s <t <u, j,k,1 € R? the “integral
kernels” of exp(—(t — s)H') and exp(—(u — t)H), defined by

eXp<_(t - S)HT)f(k) = R f(])hT(Sv dja L k)v

and
exp(—(u—t)H)f(k) = F(Oh(t, k,u,dl).
Rd
Examples



1) Deterministic process.
Here, U does not necessarily vanish. Then B = 0 and v; = 0 but ¢ # 0. So
V(q) = icq and

Hf(k)=—cV[f(k), H'f(k)=cV[(k),
with integral kernels
W (s, dj, 1, k) = O—e(ps(dj)e ™ VO Fer=0dr
h(t, y, dl) = Sy o(up (dl)e™ Ji Ulkrelr=tDdr,

2) Poisson process (U = 0).
The kinetic term U vanishes, as well as B, and ¢ = 1. Moreover v, = 47, so

V(g) = —(e7™ — 1) and we have
CHFK) = fOi+1) = FR), —HF() = F(k — 1) — f(k).

The associated integral kernels reduce to

o t)P
h(t, k, u,dl) Ze u=t) ) Srgp(dl),

“B

and

3) Lévy case (U = 0).

In this case, e~ (w=H 41q e*(tfs)HT

are respectively given by the convolutions

with the law p; of the Lévy process

[ A it db) = )5 <,
Rd
and

/ N (AR (t, dk,u, 1) = 0y * ey (dk),  t <.

If moreover n*(dj) = ni(7)A(dj) and n,(dl) = n,(1)A(dl), are absolutely contin-

uous with respect to A, then
eI (N (dk) = Gt (s, dj, t, k)N (dk
775 .] ) j7 )
Rd

7



_ /R (s 4ot dR) = 0 (AR, s <,
and
e~ WOy (k) = /R mu(h(t, k,u, dD)A(dk)
— /Rd Nu(dDRY(t, dk,u, 1) = 1y % p—u(K)NE),  t <,

hence

eI (k) =t gy (K), s <t

and

_(u_t)Hnu(k) = Nu * /J't—u(k>a i< u,

where the convolution of functions is with respect to A(dk). The formulas for

h(t,k,u,dl) and h'(s,dj,t, k) are given in Relations (2.3) and (2.4) below.

4) General case (U # 0).
We have, by definition

/ Btk u,dI) f(1) = 08 f(E)
Rd
= B [f(e)e VT | & = k] = B[ f(6us 4 R)e 000
- / E [f(gu_t+k)e—fo“_tU<’“+f*>dTIsu_tzl] s (dD)
Rd
= [ Jle+DE | BTV e 1] (@)
Rd

— ) f(l)E |:6_f0u*t U(k+&-)dr | gu—t -] — k’:| Nu—t(k + dl),
R

where pi,_¢(k + dl) denotes the image measure of p,_; under [ — k + [. Conse-

quently we obtain
h(t, k,u,dl) = a(u —t,1 — k) p,_(k + dl), (2.3)

with
alu—t1—k)=E[e o Uktedr e 7l



Similarly we have

/ hi(s,dj,t, k) f(j) = "1 (k)
Rd
= B|f(e)e Ve | g = 4 = B [f(k ~ & )e F10t-anr]
= / [f(k; gt S) U(k—&t—s—r)dT ‘6 » _]] iy g(d])
Rd
= [ fk=DE [e*fé-s = | &y = ] ()
Rd
= f(]) [ fo U(k—¢&7) d7—|£ s_]_k] ,Ut_s(k?‘l—dj),
Rd

Hence

hi(s,dj,t, k) =al(t — s,k — ) _s(k + dj), (2.4)

where

al(t = sk =) = B [e7h V0 g = k]
We end this section with a lemma that will be useful in Section 3.2.

Lemma 2.2 We have, for all k € RY;

k— k
/Rd yuyh(dy) = T ¢+ hBV log (k) + /Rd yl{‘mgl}yh(dy),

e (k)
and
fi—o(k + 1) k /
Pl V9, (dy) = ——~— — ¢ — hBV log 1y, (k 1 dy).
/Rdy o (B) vi(dy) = —— —¢ Vlog pi—o (k) + Y {lyl<1y7n(dy)

Proof. We have for k, g € R%:
—i / ke *4y,(k)dk = Ve V@ = —tVV (g)e V@
Rd
= —t/ e~ *ay, (k)dk (zc + hBq + z/ y(e ¥ — 1{|y§1})1/h(dy))

= —zt/ / “Ray, (K — y)dkvy(dy)
R? JR
_i(ic + hBg) / e~ ()l + it () / lgen(dy)

= —zt/ / (ke — y)dkuh(dy)—@ct/ ey, (k)dk
R? R4 R?

9



+it / de—ikqhBVut(k)dk+itut<k) / Yy va(dy)-
R R

For the second relation we have p;_,(k) = py—¢(—k) and

[V log o o] (—k) = —V log j,o(—k) = —hBV log i, (k),

hence
pe—o(k +y) / to—t(—k —y)
————ui(d = ———up(d
g = [ )
k
= - — ¢+ hB[Vlog py—J(—k) + / YLy <yva(dy)
v _t Rd
k
= - — ¢ — hBVlog piy— (k) +/ yliyi<yvn(dy).
v _t Rd

O

3 Construction of Markovian bridges - main re-
sults

Among the objectives of this paper is the proof of Prop. 3.1 below. Assume that

hi(s,dj, t, k) = hi(s,j,t,k)\(dj) and h(t,k,u,dl) = h(t,k,u,l)\(dl) are absolutely

continuous with respect to A,
H and HT are mutually adjoint under ), i.e. hf(s,j,t, k) = h(s,j,t, k),
hi(s,j,t, k) = h(s,j,t, k) is continuous in (j, k) and strictly positive for all 0 < s < t.

Let z;- denotes the left limit of z at t € [r,v]. The following proposition holds under
the assumptions A and B of Section 3.2, before Prop. 3.5.

Proposition 3.1 Let 7,.(dk) and 7,(dk) be two given probability measures on R,
which are assumed to be absolutely continuous with a.e. strictly positive densities with
respect to a fized reference measure X. There exists a R*-valued process (2¢)teprn) with
initial distribution m,(dk) and final distribution m,(dk), driven by (&)icpro), 4.€. such
that (zt)te[m] solves in the weak sense the stochastic integro-differential equation

dzy = cdt—i—dVVtﬂL/

e (“(dy’ dt) - wlﬂygl}f/ﬁ(dy)dt) (3.1)

77t(Zr)
10



2= +Y) — (2~
N / ) (”t( =t y) =z )) L yi<nya(dy)dt + BBV log (2, )dt,
R4 Ut(zt—)

and the law of z; at time t is ny(k)n; (k)\(dk), where
W is a Brownian motion with covariance hB3,

the canonical point process p(dy,dt) has compensator %Vh(dy)dt,
-

N = 6_(U_t)HT]U7 r S t S v,

= e I <t <o,

and 1}, n, are two positive initial and final conditions which are determined from m,

and T,.

Moreover the process (2 ):c|r in question is a Bernstein process, i.e.
P(z € dk | PsV Fy) = Pz € dk | 25, 24),
and the joint law P(z, € A, z, € B), for A, B two borelians of R, is of the form
P(z. € A, z, € B) = / ne(i)h(r, i, v, m)n,(m)A(di)A(dm).
AxB

Conversely we will also prove a uniqueness result, i.e. if (2)ic),. is a Markovian
Bernstein process with Bernstein kernel h(s, j,t,dk,u,l) = P(z;, € dk | zs = j, 2y = 1)
such that

h(s,j,t,dk,u,l)h(s,j,u,dl) = h(s,j,t,dk)h(t, k,u,dl),

or

h(s,j,t,dk,u,)h' (s, dj,u,1) = h'(s,dj,t, k) (t,dk,u,l),

s <t<wu, jk R’ then there exists positive density functions n*(i) and n,(m)
such that
P(s € A 2 €B) = / 0 V(s i, v, m)ny (M)A (di)A(dm),
AxB
cf. Th. 7.1. These results will be precisely stated in different forms and under weaker
assumptions in the following section. Proofs will be provided afterwards in several

steps, which consist of more refined statements.

11



3.1 Existence of Markovian bridges

In the following result, h(t, k, u, dl) and h'(s, dj, , k) need not be absolutely continuous

with respect to a fixed reference measure \.

Theorem 3.2 Let \ be a fived reference measure such that H and H' are adjoint
with respect to A, and let nk,n, : RY — R, be two \-a.e. strictly positive initial and

final conditions such that for some t € [r,v] (and therefore for any such t),

[ i wm @ =1,

where
) = M) = [ it ),
Rd
and
(k) = e_(”_t)an(k) = / ny(m)h(t, k,v,dm), r<t<ow.
Rd

Then there exists a R*-valued process (zt)te[m} whose density at time t with respect
to X is pi(k) = nf(k)n(k), which is forward and backward Markovian, with forward

transition kernel

Nu(l)
p(t, k,u,dl) = h(t,k,u,dl), 3.2
) 32)
and backward transition kernel
pi(s,dj,t, k) = —Lh'(s,dj,t, k). 3.3
(5.1, K) = s (s, .1, (33)

In particular, the initial and final laws of (2¢)iepw are m(di) = 1, (i)nk(i)A(di) and
o (dm) = 1, (m)n; (m)A(dm).

The above functions n; (k) and n,(k) satisfy the partial integro-differential equations

o/
ot

(k) = Hin(k) and %(l{;) = Hn(k), t e [rv. (3.4)

The proof of Th. 3.2 follows from Prop. 5.1 and Prop. 5.2 below. Once Th. 3.2 is

proved, Prop. 3.1 follows from Prop. 3.5 and Th. 3.3 below which states that given
two probability measures 7,.(di) = m,.(i)\(di) and 7,(dm) = m,(m)A(dm), absolutely

continuous with respect to A, it is possible to determine two positive initial and final

12



functions n*, 7, : R — R, from the data of the initial and final laws m,, m, of the

process, such that

*

T (1) = mp()me (i), m(m) = ny(m)m;(m),

where
nr(i):/ ny(m)h(r,i,v,dm),
Rd
and

7t (m) = / 0 (i) (r, i, v, m),
Rd

provided h(s, k,t,dj) and h'(s,dj,t, k) are absolutely continuous with respect to \:
h(s, k,t,dj) = h(s,k,t, j)A(d)), (3.5)

hi(s,dj,t, k) = Bl (s, j, ¢, k)A(dj), (3.6)

with h(s,k,t,j) = hi(s,k,t,j) since H is adjoint of H' with respect to A\. More
precisely we have the following result, cf. Th. 1 of [5], Th. 3.2 of [20], and Th. 3.4 of
[29]:

Theorem 3.3 Let 7, and m, be two probability measures. Assume that h(s,j, k,t) is
a continuous in (j,k) and strictly positive function. Then there exist two measures
n:(di) and n,(dm) such that
(i) = (i) [ B, v mn(dm),
Rd
and

o (dm) = n,(dm) /Rd h(r,i,v,m)n;(di).

We present several families of processes satisfying the above hypothesis, starting with
the simplest examples. Note that in the first example, the mutual adjointness of H
and H'T with respect to the (Lebesgue) measure ) is satisfied without requiring the
absolute continuity of h(t, k,u,dl) and h'(s,dj,t, k) with respect to A. Also we will
present some examples where the initial and final laws can not be arbitrarily chosen,

when the hypothesis of Th. 3.3 are not fulfilled. This list of examples includes the

13



classical Brownian bridges. However the aim of this paper is not to focus on the
Brownian case which has already been the object of several studies, cf. [20], [2], [29],
[7].
Examples

1. Deterministic process.

The adjoint relation between H and H is satisfied in the deterministic case for

A the Lebesgue measure, i.e.

hT(s, dj,t, k) =e” N U(HC(T_t))dTék_c(t_s)(dj), r<s<t<o,
tu

h(t, kyu,dl) = e Je Uhter=)drg, 0 p(dl), r<t<u<wv.

Therefore, for any r < s <t <u < v,
ny (k) = m}(k — cft — s))e™ Jr Vikretr=ar (3.7)
ne(k) = nu(k + c(u — t))e Jo Ulkter=0)dr. (3.8)

Applying (3.7) and (3.8) successively in ¢ = s and ¢ = u we obtain several
expressions for the density of z; at time ¢ with respect to the Lebesgue measure
Al

iy (k)m(k) = (k= e(t = )i (k — e(t — u))e I Veltmmdr
= n5(k—c(t = s))ns(k = c(t — s))
= (k= c(t —u))nu(k — c(t —u)),
Note that here h(s,k,t,dl) is not absolutely continuous with respect to the

Lebesgue measure A(dl) and that it is clearly not possible to choose indepen-

dently the initial and final laws.

2. Poisson bridge starting from a € N at time r and ending at b € N at time v.
The standard Poisson bridge provides another example where the initial and final
laws cannot be chosen arbitrarily, this time because h(t, k, u, ) is not everywhere

strictly positive. Take U = 0, a reference measure

+oo
A=Y b

n=—oo

14



c=1, vy =941, and

u— 1)k

h(t, k,u, dl) o~ (u—t) (<[ o Lioy (B)A(dl),
. g (= 8)F .

hi(s, dj,t, k) =e @ )ﬁl[o,k](]))‘(dﬁ

The simple Poisson bridge with z, = a and z, = b is constructed from the

boundary conditions

ny = C(r,v,a,b)1qy, = Ly,

where C(r,v,a,b) is a normalization constant. Then

k) = ijmmnMJw>

. Lt =)k N
= C(r,v,a,b)e” )Al{a}(z)ﬁl[gﬁk](z))\(dz)
g (=T k—a
= C(r,v,a,b)e” )—((k;—)a)! Lig>a)

- C(r7 /U7 a’ b)h<r7 a? t? k) = C(r7 v’ a7 b)ut_r(k: - a)’

nt(k) = /an(m)h(t’kvvadm)
—(v—t (U — t)mik
= e /R Lipy (m)ml{m—kzoﬂ(dm)
e(”t)%l[o,b](k>
= h(t> kv, b) = ,uv—t(b - k)>

with the convention 0° = 1. The resulting density at time ¢ with respect to A
is, therefore,

S =) =1k
k—a)l (b—k)

Uf(k)ﬁt(k) = 1[a7b](k>c(rv v, a, b)er_

(b—a)!
(v—r)(b=a)

o) = 1 () (20) ()T r<is
e \RIMERE) = Ha) k—a) \v—r v—r TR

15

Taking the normalization constant C(r, v, a,b) equal to e"~" we obtain




which is the expected binomial law on {a, ..., b}, with parameter (¢t —r)/(v—r).

Note that here, h(t, k,u, 1) = e~ =081 () is not (A@ A)(dl, dk)-strictly

positive, and the initial and final laws cannot be chosen arbitrarily, e.g. one

cannot have b < a. Also this setting is not directly relevant to physics in the

momentum representation since U = 0.

. Brownian bridge.
The Brownian bridge starting at a € R and ending at b € R is constructed by
taking U = 0, p(k) = ﬁe‘ém/(h’”, and
1 1 2 1 1 2
f(h) = e h—a /=) py oL =Rk (o).
n; () ) (k) 7=
. Lévy bridges from a € R? to b € R%.
Take U = 0, and assume that p,(dk) has a density with respect to a fixed
reference measure A, i.e. ui(dk) = p(k)A(dk). Then

U:(@ = :utfr(k - CI,), nt(k> = ,uvft(b - k) = /th,v(k - b)

The resulting density at time ¢ with respect to A is

n:(k)nt(k) = ,uth(k - a),uvft(b - k)

This example includes the Poisson and Brownian bridges seen above. Note that
the absolute continuity of 7,(dk) with respect to A at the origin t = r = 0 is
satisfied for the Poisson bridge but not for the Brownian bridge.

. Forward and backward Brownian motions (U = 0).

Let U =0, v, =0,c=0, B=1withd =1 and A\ the Lebesgue measure.

Taking ng(di) = do(di), n,(m) = 1, we have

\/;_ﬂteékQ/(ht)dk?

hence (2¢)icfro] = (Wit is a (forward) Brownian motion.

If n,(dm) = §o(dm) and n*(i) = 1, we have
1

Nz =D

n; (dk) = 0y * pu—r(dk) = pu(dk) = m(k) =1, r<t<uw,

ne(dk) = ny % p—o(dk) = py—p(dk) = —2R /= gE (k) = 1,

16



0 <r <t <w,hence (2)tcf, is the backward Brownian motion (W} );cpr) with

final condition W = 0.

. Forward and backward Poisson processes (U = 0 and the absolute continuity of
i (dk) with respect to a fixed reference measure is not required.)

Let U =0,B=0,c=0withd =1, and let A\ = Y7 §,. In the forward

n=—oo

Poisson case we have vy (dy) = d;. If n}(di) = 1{01(i)A(di) and n,(m) = 1, then
ni (dk) = 07 pu—r (dk) = pe(dk) and

t—r)F
n; (k) = 6_(t_r)( o ) Ligsop, m(k)=1, r<t<w,

in this case (2¢)ieprv) = (Ni)iefo,0) is the (forward) standard Poisson process.
The backward Poisson process (IN;)icpr With final condition N = 0 is con-
structed with v(dy) = 0_1, n,(dm) = 1go3(m)A(dm) and n; (i) = 1, i.e. n(dk) =
Ny * fy—p(dk) = py—p(dk) and

v—1t)7F
ne(k) = 6_(1]_’5)%1{%0}: n(k)=1, r<t<w.

. Forward and backward Lévy processes (U = 0).

This example includes the forward and backward Wiener and Poisson processes

as particular cases. Taking n(di) = u,(di) and n,(m) = 1, we have
e (dk) =y % pe—r (db) = po(dk),  m(k) =1, <t <w,

hence (2¢)iefr,0) is the (forward) Lévy process (§)iero): 26 = &, 7 <t < 0.

If n,(dm) = po(dm) and nf(i) = 1, we have
ne(dk) = ny % pe—o(dk) = pe—o(dk), ni(k) =1, r<t<w,

hence (z¢)icr,0) is a backward Lévy process. This is an example of process with
initial law p,_,(dk) and final condition z, = 0, resp. initial law p,.(dk) and final
law g, (dk).

. Processes with densities with respect to the Lebesgue measure.
Here, U does not necessarily vanish. From (2.3) and (2.4), the absolute con-

tinuity conditions (3.5) and (3.6) are satisfied if the law of &, ¢ > 0, has a

17



density with respect to the Lebesgue measure, e.g. in the case of stable pro-
cesses (namely such that V(q) = ¢|q|® for some a € (0,2] and ¢ > 0), and for
Lévy processes with Brownian component (B # 0). Moreover H is adjoint of

H' with respect to A when \ is the Lebesgue measure.

9. General case (U # 0).
The condition U # 0 is necessary in the context of Euclidean quantum mechan-
ics. If A is a given measure (not necessarily the Lebesgue measure), we may

work under the absolute continuity hypothesis
h(t,k,u,dl) = h(t, k,u,)\(dl),  A(dk) — a.e., (3.9)

hi(s,dj,t, k) = hi(s,§,t, k)A(dj), \dk) — a.e. (3.10)
which imply that H and H' are also adjoint with respect to X if h(s,j,t, k) =
hi(t, k, s, j):

h(s,j.t, dk)A(dj) = h(s,j,t,k)A(dk)A(d))
= h'(s,j,t, k)Mdk)M(dj) = BT (s, dj, t, k)A(dk).
In view of (2.3) and (2.4), the conditions (3.9) and (3.10) are satisfied in partic-
ular if p;_s(j + dk) has a density with respect to A(dk), A\(dj)-a.e. This relation

will hold e.g. if X is absolutely continuous under the translation j — j + k,

A(dj)-a.e., and p;_g is absolutely continuous with respect to A:
pri—s(dk) = pu—s(k)A(dE).
This hypothesis is satisfied, in particular, for the Poisson bridge, cf. Example 2

above, with ie—y(k) = e~ gy and A = Y47 .

3.2 Stochastic differential equations and generators

In this section we present the description of Markovian bridges of Th. 3.2 in terms
of forward and backward stochastic integro-differential equations driven by (&)cprv)-
Let for f € S(R?) and g : R? +]0, ool:

Lof(R) = (VI + 50umf(h)
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[ 0) = 109 = V50 e D)

g(k)
+ /R d g(k +gy()k)— g(k) (y, V() 1y <iyvn(dy) + (V1og g(k), V f(k))ns,

and

L) = (€. VI 09) = 500 (F)

= [ = 0) = £+ V50 ) 2 )
[ I 9 ) e ) — (Togg(8), T s

The following result is a consequence of Prop. 6.2, which will be proved in Section 6.

Proposition 3.4 The process (zt)te[m,] constructed in Th. 3.2 has the forward in-
finitesimal generator, for f € S(RY):

Lof(R) = (e V) + 5D f(R)

t(k +y)

[ ) = 0 = V20 )2 )
[ DI 9 ) 1 enntay) + (7 o (1), V(1)

and the backward infinitesimal generator

*

L5 FR) = (e, V) = 5D f ()
= [ (0= 0) = £+ 9 £ 1) ()

+ /Rd e _ni*/zkrg BE 1), £ (1) cayady) — (7 ogn (R), V(K)o

The knowledge of the generators of (z):c[,.) provides the forward and backward rep-

resentations of (zt)te[m,] as weak solutions of stochastic integro-differential equations.

We assume that (cf. p. 434 of [18]):
A) the functions

(t, k) = [pa(1 A Jy/? )m k+y Lun(dy),

19



k+y)—ne(k
(t.8) = fpicny v 550" ()

(t,k) — Vlogm(k),
resp.
(t, k) = [ra(1A]y]? )"t Vn(dy)

k
(8, k) = f{‘y@}y% n(dy),

(¢, k) = Vlognj (k),
are bounded on compacts of R, x R,

The next proposition is a representation result that follows from Prop. 3.4 and Th. 13.58,
Th. 14.80 of [18], p. 438 and p. 481, using the results on martingale problems for

discontinuous processes of [21], [22], [26].

Proposition 3.5 The process (2t)ic[r s solution, in the weak sense and with respect

to the forward filtration (Py)icfr0), of

+
dzy = cdt+dW, +/ y <,u(dy, dt) — M1{|y<1}1/h<dy)dt)
R4 M (2e-)
Zi— +y) — (2
# [ G e+ 1BV ogn oo,
R4 M (ze-)

under a probability P for which W, is a (forward) Brownian motion with covariance

hB, and p(dy,ds) is the canonical point process with compensator % w(dy)dt. In
t

terms of backward differentials we have as well, with respect to the decreasing filtration

(F2)telrol»

dizy = cdt+d W, + /d Yy (u*(dy, dt) — wl{wg}l/h(dy)dt)

R n; (ze+)
N / ) (ze+ —*y) — iz (i< va(dy)dt — RBV log i} (24 )dt,
R4 Tt (Zﬁ)

where W} denotes a backward Brownian motion with covariance hB, and p.(dy, dt)

15 the backward Poisson random measure with compensator %Vh(dy)dt
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This also provides the (P;):c|rs-decomposition
2z = zZpt+c(t—r)+ M,
¢
S ZS
/ / (77 y) 1{|y§1}) Vh(dy)ds+h/ BV log ns(z,-)ds,
R4 7]5 Zs— r
where (My)icp0) 15 & (Py)ieprv-martingale, and the (F)icf,.j-decomposition
zy = —c(v—t)+ M;

/ / (775 et ) 1{|y<1}) vi(dy)ds — ﬁ/ BV log1);(z,+)ds,
R4 778 ZS+ t

where (M} )icp) is a (backward) (F;)sejr»-martingale.

Examples and particular cases of Prop. 3.5.

1. Deterministic process.

In this case (2 )|y satisfy the ordinary differential equation
dzy = d& = cdt,
both in forward and backward cases, hence
n=z+ct—r)=z+clv—1t), r<t<o,

with random initial condition z, and final condition z,. The influence of U lies

in the initial and final laws, not in the dynamics.

2. Poisson bridge starting at a € IN at time r and ending at b € IN at time v.
If U =0, the forward (i.e. (Pi)ieprv-) stochastic equation (3.1) satisfied by the

Poisson bridge is written
dz = dN;', 2z, =a,

where (N/ )te[r0] 1s & point process starting from 0 at time r, with compensator

nt(ztf%—l)dt_ b—a—NL @t

d(NY) = ne(24-) v—t
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This means (see e.g. Th. 7.4. p. 93 of [16] and references therein) that (z;)ic,q
can be constructed by a time change on a standard Poisson process (N ())cr,, ,
i.e. the sequence of jump times (7}')1<k<m—i Of (2¢)ierw] = (@ + N/ )iepr0) can be

obtained by induction from the jump times (7})x>1 of (N(¢))er, , as

T h—a—(i—1
Tk:Z/ ==y 1<r<ba

The backward equation satisfied by (2):ejry] is
d.z = d, N, 2z, =Db,

where (NZ’*)tE[T,v] = (=N,"_\)iepr0) is & point process starting from 0 at time v,

with backward compensator

dt.
nf(ze+) r—t

. Brownian bridge.

We have (k) = \/;—me’%w/ (") " hence the forward and backward stochastic

differential equations satisfied by (2 ).} are

Zt—b

dzy = dW, — 75dt, Z, = a,

v —

and
Zt —

dz = d. W} + 2 Cit, 2 =0

. Lévy bridges.
Take U = 0, and assume that u(dk) = p(k)A(dk) has a density with respect to
a fixed reference measure A\. The forward stochastic integro-differential equation

satisfied by (2¢)sejr) 18

_olzem +y—0>
dz; = cdt +dW, +/ Yy (u(dy,dt) _ (2 +y )1{|y|§1}1/h(dy)dt)
R? pii—v(Z- — b)
fe—o(2e- +y = b) = pr—o(2- — D)
1 dy)dt
+/Rdy Li—o(z- — ) {|y|S1}Vﬁ( Y)

—hBV log (2 — b)dt,
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i.e. using the Lemma 2.2:

dzy = dW, +/

Rd

,ut—v(zt* +y— b) ) 2~ —b
dy, dt) — v (dy)dt ) — dt.
y (u( y, dt) N E— n(dy) —

The backward stochastic differential equation satisfied by the same process

(2¢)tepru) 1s:

_r 4y —
b = el Al +/ / (N*<dy’dt> - el 1y =) 1{|y§1}un(dy)dt)
R4 Mt—r(zt+ - CL)
pe—r (2 +y — a) — (2 — a)
1 dy)dt
i /Rd / p—r(2e+ — @) (yi<yvn(dy)

—hBV log iy (ze+ — a)dt,

i.e. by Lemma 2.2:

p—r(2+ +y — @)
fp—r(zp+ — a)

Zt+ — a

dt.

duz = d,W; + /

) yh(dy)dt) +

Y (u*(dy, dt) —

. Forward and backward Brownian motions (U = 0).
The forward Brownian motion (2):co,0] = (W4)icpo,v] satisfies the forward “equa-
tion”

dzt = th, 20 = O,

and the backward (F)icr.j-equation
* 2t
d.z = W, + Lt

where (W; )i is a backward Brownian motion (starting from 0 at time v).
The backward Brownian motion (z)icp = (W) )icp satisfies the forward
equation

2t

dZt = th -

dt,
t

v —

and the backward “equation”

dize = d W), 2z, =0.

. Forward and backward Poisson processes (U = 0).

In the standard Poisson case, p;(k) = e~ (t — r)*/k!, and we can compute
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directly the backward compensator of the standard forward Poisson process
(2t)te0,0] = (Ni)teo,] as

2+ — 1) _ pe(z+ — 1) _ At
dt.

~ni(
)= T T )

The forward compensator of the backward Poisson process (2)icfro) = (N )tcro] =

(—=Ny—t)ieprv) is similarly given as

d<2t> _ ﬁt(zt— + ].) _ ,LL»U_t<—Zt— — 1) _ Zt— dt.

ne(2e-) po—t(—2¢-) v—t

This structure remains in the forward and backward Lévy cases described next.

. Forward Lévy processes (U = 0).
Assuming that p,(dk) = p(k)A(dk) is absolutely continuous with respect to
A(dk) we have

dz; = cdt + dW, +/

Ly (ldy, dt) = Lgy<iyn(dy)dt) 2z = &,
R

ie. 2z =&, r <t <wv. Besides the forward generator —V (V) of (& ).cpry (see

(2.1)) we obtain the backward generator
1
5;;f(k) = (¢, Vf(k)) — §Ath(k)

= [ (0= 9) = £+ 9 20 1) 2

* /Rd - _u?j()k; 18 () 1) gyreay () — (V log k), V£ (E) s,

or by Lemma 2.2 above:

) B 1 Mt(k
Lo f () = —50uf(k) - /R L E=y) = TR+ y, VIR = 2=
ok VF(R))

The backward stochastic differential equation satisfied by (& )i, is:

dyzy = cdt +d,W; +/ y (M*(dy, dt) — Ml{ym}”ﬁ(d‘y)dt)

R Nt(zﬁ)
+/ ylalee Z D )y v (dy)dt — KBV g (2 ),
R4 pe(z+)
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i.e. from Lemma 2.2:

Zt+

Yy <u*(dy, dt) — M(Zﬁ—_y)uh(dy)dt) + Tdt'
d

dezy = d V) +/
' ! Mt(zﬁ)

R

In other terms we have the backward martingale decomposition
v
* Zs
2z = M, +/ —ds, r<t<w,
t S
which allows to recover and extend some results in [19].

. Backward Lévy processes.
Taking 7,(dm) = po(m)A(dm) = uo(dim) and 7(3) = 1, we have y(k) = 1, *
(k) = py—o(k) = pro—t(—Fk), and n; (k) = 1, r <t < v, hence (2;)ejo,0] is the

backward Lévy process given by

dyzy = cdt + d W] + /

» y (ps(dy, dt) — Ly <iyvn(dy)dt)

which has same law as the reversed Lévy process (£})scjo] = (—&v—s)scjo,0- The

forward generator of (z;):c(o,v) 18

L0 f () = (6, V() + 5 D0 (K)
[ ) = 10 = T )

,utfv<k)
" /R et ;y) <2>Mt_”(k) (4, V ) L y<ayva(dy) + (V log o (K), ¥ (8)) s,

or from Lemma 2.2:

Luf () = 58mf®)+ [ (Flh+) = )
,Utfv(k + y) 1
—(y, Vf(kmmlfh(dy) - EU{% V£(k)).

The forward stochastic differential equation satisfied by (z;):cpo,v) is, therefore,

Ht—v (Zt— + y)
fi—o(2-)

Liyi<iyvn(dy)dt + RBV log iy (2~ )dt,

dz = cdt + dW, + / y (u(dy, dt) —
Rd

B ,Utfv<zt—> - Mt—u(zt— + y)
R? Y

o (2e-)

1{|ys1}'/n(dy)dt)
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where W, is a forward Brownian motion with covariance AB, and p(dy, dt)
pt—v(2,— +y)

is the forward Poisson random measure with compensator G ie. by
Zo(zp—
Lemma 2.2:
dz — WV, + / y<u(dy’dt)_wyﬁ(dy)dt) AT 31
R4 fi—v(2-) —1

and we have the forward martingale decomposition

t

zZ

Zt:Mt_/ u dS, T<t<U,
r U—3S8

to compare to [19] (note that here we have z, = 0). The forward compensator

of (2¢)tefo,] is again
Zi—
d{z) = — dt.
& v—1

4 Girsanov theorem

The next proposition shows that the law of the process (2):c[r,.) of Prop. 3.1 is abso-

lutely continuous with respect to the law of the Lévy process (&)icpru)-

Proposition 4.1 Assume that ¢ =0, vy({|y| > 1}) = 0 and either B =0 or v =0,
i.e. we are in the Brownian case or in the jump case. Under the hypothesis of Th. 3.2,
the law Q of (2¢)ieru) 15 absolutely continuous with respect to P, with density given by

dQ . nt(zt) e f: U(zr)dr

= — <t<
dP Pt nr(zr) ) r~itx>v,

i.e. under Q, (2, + & )icfro) has the law of (2)icfr0) under P. Similarly we have

aqQ, ﬁf(zt)e_ft“ U(zr)dr

r<t<w,

ap' ni(20) ,
i.e. (2o — &o—t)iefrn) has the law of (2¢)iepry) under P.

Proof.  Let

L, — 1 (2t) o It UG)dr ¢ e [, v).
- (2r)
Assume that under P, pu(dy, dt) is the random measure with compensator v;(dy)dt in

the Poisson case, with
dz = /d Y (u(dy, dt) — 1{‘y|§}1/h(dy)dt) ,
R
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or that (z)ic[. is a standard Brownian motion in the Brownian case, with dW, =

dzy — hBV log n:(z,- )dt, i.e.
dzy = dW, + hBV log n;(z- )dt.

Let us compute

inz) = ) [ ML) (i, an) - 2 )

ne(z-) Ne(z-)

0
(=) (Vog (), dWhns + Loemu(z)dt -+ ()t

= Ut nte) [ PO (ay, i) iy

+0e(z- ) (V1og mi(2- ), AW np + (V1og ne(2e- ), Ve (2- ) i,

where we used equation 6.1 and the forward infinitesimal generator

Loni(k) = —Hn(k)+U(k)n:(k) + (Viogn:(k), Vne(k))ns
ni(k+y) , e,
# [ (D ) gt + G,

Hence (Ly)ic[r0) satisfies the (forward) stochastic integro-differential equation

Ne(2e-)
+Li— - (Vdogn(z-), dW, + Vogn, (2 )dt)pp, t € [r,v].

it = - [ PEEED I Gy ) - i
lyl<1

Under P we have

L L, = / e YY) = mE) ), a4 RBY log (e ),
L,- ly|<1 ne(2-)

and from the Girsanov theorem,

t 1 t
zt—/ 7 d{Lg, zs) = Wt—Wr—i-h/ BV log ns(zs-)ds

v f t /{ VU ) — dy)s) / t Fd(L2)

= W,Hr/;t /{|y§1}y (u(dy,dS) - %Vﬁ(dw%),
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for t € [r,v], is a (Pr)icfo)-martingale under the probability @ defined by

dQ

—|p, =L r<t<w

dP’Pz ts =t x>0,
hence under @, W, is a Brownian motion (in the Brownian case) and u(dy,ds) has
the compensator wyh(dy) (in the pure jump case), i.e. (2, + &—r)ic[r0) has the

775(25—)
law of (2¢)epr) under P.

The proof in the backward case is similar and relies on the following calculations.

Using the definition of the backward infinitesimal generator,
Lo (k) = H'ni (k) +Uk); (k) +(V logn; (), Vi (k)) s
*\2 ]{7—|— a *
# (P i) eyt + G
R4 t

ne(k)

ony; * * *
= (k) + UGR); (k) + Y log i (k). Vi (k)
)k +y) > on;
+ A 2 I (k) ) va(dy)dt + —L(k),
[, (PR ) ) st + G
we have
dn*(zt) _ n*(zt—)/ U:(Zﬁ - y) - n;(zt+) (,U/ (dy dt) _ n:(thr - y) Vﬁ(dy)dt)
! ! lyl<1 i (2e+) 7 m(zer)
a *
07 (200 ) (V 1o 1 (204 ), AV Y + Ly (1)t — (=)t
= Uz ez )t + 1 (20 / e (1 _*y) — i) (11 (dy, dt) — vu(dy)dt)
ly|<1 i (2e+)
407 (24 )(Vogn; (204 ), AW, ) np + (V1og nf (24+), V1og 0} (2+) ) n-
Hence
d.Ly = Lg - / iz _*y> — <Zt+>(u*(dy,dt) — va(dy)dt)
lyl<1 i (2e+)

+L7. - (Viogn; (z+), dW) + Vlogn; (z+)dt)pp, t € [r,v].

Under P we have

1 * . o *
L) = [ B EEIE) y)ah tog )
L%, ve i)

hence
1

Wt*—l-h/ BVlogn:(zs+)ds~l—/ / y(ps(dy, ds) — vi(dy)ds) —/ —d. (L}, z)
’ o i<y e Lo
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= W //{|y|<1} (M* A, ds) - ns7<7js(+zs:)) (dy)ds),

for t € [r,v], is a backward martingale under the probability @ defined by

dQ

dP‘ =L;, r<t<o.

We also use the (backward, i.e. (F¢)se[ry)-) representations

d*Zt = /d Yy (,U*(dya dt) - 1{|y‘§1}yh(dy)dt)
R

in the Poisson case, and
dizy = d W) — hBV log 0} (z4+)dt

in the Brownian case. 0

Examples for Prop. 4.1.

1. Deterministic process. In this case we have () = P. More precisely, n,(z) =

ne(2r), i (2e) = m5(20), r <t < v, and in fact (2¢)icpo) = (20)iefr-

2. Poisson bridge from a € N to b € N, a < b.

In this case the law of (zt)te[m} is absolutely continuous with respect to P, with

dQ Ut(Zt) . (U _ t)b—zt (b . CL)'
_v — — r 1 a , S t S ,
dPlPt 777"(21“) ¢ (U _ /r)b—a (b . Zt)! [ ,b](zt) r v

hence .
dQ . (b—a
ey,
P~ ¢ (v—r)b-a (o=t

with 2z, = a, i.e. under @), the standard Poisson process (a 4 & —r)icfr,0) has the

law of the Poisson bridge (z;)icf,.). We also have

dQ,  ni(z) o~ (t=0) (t—r)* (b—a)!

d_Pl]:t = n (ZU> Zt! (U — T)(b—a) 1[a,b](zt)7

r<t<w,

hence
dQ i (b—a)!
X ey A P g
T R O (e

with z, = b, i.e. under @, (b — &—¢)ic[r0) has the law of the Poisson bridge.
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3. Brownian bridge.
The law of the Brownian bridge starting from a € R at time r and ending at
b € R is not absolutely continuous with respect to the Wiener measure, since

Mr(dl) = 6a(dl) and Mv(dm) = 6b(dm)

4. Lévy bridges starting at « € R? and ending at b € R?.
Take U = 0, and assume that p,(dk) = p(k)A(dk) has a density with respect

to A\. We have
dQ Mv—t(b - Zt)

- = <t<
dP'"P T b=z P=tet

and
dQ fr—r (2 — a)
— = <t <w.
dp'” po—r(zy — @)’ retsv
5. Forward and backward Brownian motion (U = 0).

We have either () = P or () is not absolutely continuous with respect to P.

6. Forward and backward Poisson processes (U = 0).
In the standard Poisson case, backward Lévy processes give examples of jump
processes with z, = 0 and initial Poisson distribution p,(k)A(dk), k¥ < 0, on —N.
We have j1;_,(k) = e =) (v — )% /(—k)!, t <o, and

dQ _ penlzt) _ o pp (0= (=)
ap'mt Lr—o(2r) - (—z)! (v—r)=

hence

dQ . (=z)!

_v v T—l - .

ap (v—r)"* {z0=0}
It follows from Prop. 4.1, under @ the process (2, + &—)icjry has the law of
(2¢)tepr), Where (&)icpo, 400 15 the canonical Lévy process. Similarly we have, if

(2t)tefrv) 1s a standard Poisson process under P:

Q) mla) el
AP y(z) 2! (v—r)’
hence
dQ oer 2!

D —12:7 207
P~ (o BT

i.e. under @, (zy + & )tcpro] = (20 — Eo—t)tejro) has same the law as the standard

(forward) Poisson process (& )iefr,)-
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7. Forward Lévy processes (U = 0 and p,, p, are absolutely continuous with
respect to A).
Here the probability @ is naturally equal to P, and the process (z;):c[r, has

same law as the forward Lévy process (& )icpro)- If (&) tcpro] = (—&u—t)tery] 15 @

backward Lévy process under P, the density %| 7, 1s given by
dQ, (=)
AP po(z,)
and
@ _ pir(2r)
AP py(z)’

Le. (20 + & e (2o — Eo—t)tepro 1s a forward Lévy process under Q).

8. Backward Lévy processes (U = 0 and u,, p, are absolutely continuous with
respect to A).
The process (2;)ic[r,0] has the same law as the backward Lévy process (& )icpr] =

(=&-—v)tefrp)- The density %h;t is given by

@’ _ /’Lt*’L)(Zt)
dP Pt ,Ur—v(zr)’
and
@ _ /‘LO(Z’U)
AP pr—y(z)

From Prop. 4.1, under @ the process (2, +&—r)ic[r,0] has the law of the canonical

Lévy process (§t>t€ [rv] -

5 Reversible diffusion processes with jumps

In this section we prove Th. 3.2 and some extensions. This provides a construction
of Markovian “bridges” with given initial and final laws since from Th. 3.3, n} and
7, can be chosen so that the products n'n, and 77, equal any positive initial and
final distribution densities fixed in advance. Define the forward and backward Markov
semi-groups for s < r <t < w and j,k,l € R%:

p(t ke, u, dl) = Z:((Igh(t, ke, u, dl), (5.1)
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and

N ) n:(J) 1 .
pr(s,dj, t k) = —><h'(s,dj,t, k). 5.2

The adjointness relation between H and H:
h(s, j,t, dk)A(dj) = hi (s, dj.t, k)A(dk)
shows that the following reversibility condition holds

= 0N (s,dj,t, k)ne(dk)
= p*(sadjat7k)n:<dk)nt(k)

Let us stress that this property generalizes the one understood, since Kolmogorov,
as defining the reversibility of a probability measure (cf., for example, [9]). More

generally we have

ny, (dky)ne, (k)p(ty, ki, ta, dks) - - - p(ta_y, kney, ta, dky)
= np (dk)h(ty, kuy toy dks) - h(ta-i, kn1, tay dkn) 0, (Kn).
= 0 (k)R (t1, dki, ta, ko) - B (b1, dkpy, b, k), (dKy).
= p'(te, ki, ta, dky) - p*(tn, dkp—1, tn, kn)g, (Kn )1, (dKy),

hence the forward Markov process with transition p(s, j, t, dk) and initial law 7} (dj)ns(j)
has the same law n; (dk)n,(k) as the backward Markov process with transition p*(¢, dk, u,[)
and final law 0% (dl)n, (1), s <t < wu.

This argument is made precise in the next two propositions, without assuming that

0 (dk), resp. n,(dk), has a density with respect to A(dk).

Proposition 5.1 Let n*(di) and n, : R* — R, be initial and final conditions such
that for some t € [r,v],

/ e (dk)mu(k) = 1,
Rd

where

n:(dk) = /Rd n:(di)h(rai’t7dk)v nt(k) = /Rd nv(m)h(t’kav7dm) - 6_(v_t)an(k)a
(5.4)
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r <t<w, and let us define

plt, kyu, dl) = Z:((li;h(t, k, u, dl), (5.5)

Then

i) p(t, k,u,dl) is a forward Markov transition kernel,

i) the inhomogeneous Markov process ()i with forward transition kernel p(t, k, u, dl)

and initial distribution ns(7)ni(dj) satisfies
Pz e dk | PsVF,) =Pz edk| zs,24), r<s<t<u<o, (5.6)
i.e. it is a Bernstein (or reciprocal, or “local Markov”) process,
iii) the law at time t of z is p(dk) = n(k)n; (dk), t € [r,v].
If moreover H and H' are adjoint with respect to some fized reference measure \:
h(s,j,t,dk)N(dj) = hi(s,dj,t, k)\(dk), (5.7)
and n(dj) = nt(5)A(dj) is absolutely continuous with respect to A, then

i) for all t < u, n; (dk) is absolutely continuous with respect to A, with density
m; (k) = / i) (s.dj,t k) = eI k), v <s<t,
Rd
v) (2t)ieprw) 95 also a backward Markov process with transition kernel

pr(s,dj, t, k) = %—(j)hT(s,dj,t, k), r<s<t, (5.8)
n; (k)

vi) the law of z at time t is ny(k)n; (k)X (dk).

Proof. The fact (i) that p(s, j,t,dk) is a Markov transition kernel follows from the
definition of n(k) itself:

/p(t,k,u,dl)p(u,l,v,dm) - ”“(m)/ h(t, k,u, dl)h(u, 1, v, dm)
R4 m(/f) R4
nv(m)
= h(t,k,v,dm) = p(t, k,v,dm).
) ( ) =p( )
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The existence of the inhomogenous Markov process (2;)cf,.) follows from e.g. Th. 4.1.1
of [11] applied on the (complete separable) space R%. More precisely, [11] yields the
existence of the space-time homogeneous Markov process (¢, z).e|ry) With transition
semigroup

p((t, k), s, (du,dl)) = p(t, k,u,dl)d,s(du).

Let us show that (5.6) holds for this forward Markov process. We have, for r < t; <

ty <--- <ty <w,

P(Ztl € dkl, cees Ry, € dkn)
= 0y (dky)ne, (k1)p(te, ki, to, dky) - - - p(ta_1, kno1, tn, dky)
= 77:1 (dkl)h(tl, kl, tg, de) s h(tn_l, kn—l, tn, dkn)ﬁtn (k?n)

In particular, using (5.5),

P(zs € dj, z, € dl) = ni(dj)ns(j)p(s, j,u,dl) = ni(dj)h(s, j,u,dl)n,(1),

and

P(zs € dj, z € dk, z, € dl) =n.(dj)h(s,7,t,dk)h(t, k,u,dl)n,(1).
Hence P(z; € dk | zs = j, z, = [) satisfies ¥ (dj)-a.e.:
Pz €dk | zg = j, 2y = Dh(s, j,u,dl) = h(s, j, t,dk)h(t, k,u,dl).
This gives, with s; < s0 < -+ < 5, <t < u; < --- < Uy, and introducing the

Bernstein kernel h(sy,, jn,t, A,u1,l1) = P(zs € A | 25, = Jn, 24, = 1) of Sect. 3,

P(zs, € djry... 25, Edjn, 2e €A, 2y, €dly, ..., 2, € dly,)

— [ @Rt i di) b st 01
h?t, kyug,dly) - h(tm—1, b1, Um, L), (In)

= h(Sn, Jn, t, A ur, L)n; (djn)h(s1, J1s 52, djz) -+ - h(Sp—1, Jn—1, Sns i) R(Sn, Jns ur, dly)
h(uy, by, ug, dla) -+ h(tm—1, lyn—1, U, dl) T, (L)

= h(Sn,Jn,t, A ur, l1)P(zs, € djy, ...y 25, € Ajp, 2y, €Edly, ..., 2y, €dly),

hence
Pz € dk | Ps, V Fuy) = h(sn, 2, t,dk,uy, zy,) = Pz € dk | 25, 2uy)-
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Finally, under the condition (5.7) we have
wat) = [ (st

= [ st NG = [ R st AR

The process (z)ic[r,,] being constructed from the forward kernel (3.2), we show that

its backward kernel is given by (3.3) when (5.7) holds; we have

P(zs € A, z, €dky, ..., z, € dk,)
= / 0 (YW (s, dj,t1, k) - - A (tn_y, dkn_1, tn, dkyn)me, (dy,)
A
= / pr(s,dj,tr, k1) p*(tno1, dbn_1, s, k‘n)ﬂ; (dkn)ny, (k)
A

s, Aty ky)p*(ty, dky, tao, ko) - p*(tn—1, dkn_1, tn, b, )0f, (dky)ne, (Bn)
s, Aty k1) Pz, € dka, ..., 2, € dky,),

*

P(
P
hence (2)secfr is also backward Markovian with transition kernel p*(s, dj, 1, k). O

Relation (5.4) can be written as

_ On; (dk)
ot

= H'n(dk) and %(/{) = Hn,(k), tervl.

The following similar proposition shows that Markovian bridges can also be con-

structed from backward Markov processes. Prop. 5.1 and Prop. 5.2 complete the
proof of Th. 3.2.

Proposition 5.2 Let nf : R* — R, and n,(dm) be initial and final conditions such
that for some t € [r,v],

[ i m(an) =1,

Rd

where

) = [ ik vm). o) = [ @R i) = e ),

(5.9)
r<t<w, and

st ) = 7 D) bi(s, dj, 1, ). (5.10)

Then

35



i) p*(s,dj, t, k) is a backward Markov transition kernel,

i) the inhomogeneous backward Markov process (2;)ic(s,u) With transition kernel p*(s, dj, t, k)

and final distribution n,(dl)n(l) satisfies
P(z € dk | PsV Fy) = Pz € dk | 25, 24), (5.11)
1.e. it 15 a Bernstein process.
iii) the law at time t of z is pi(k) = n(k)n; (dk).
If moreover H and H' are adjoint with respect to a fized reference measure, i.e.
h(t, k,u, d)X\(dk) = hi(t,dk,u, )\(d]), (5.12)
and n,(dl) = n,(D)A(dl) is absolutely continuous with respect to \, then

i) mi(dk) is absolutely continuous with respect to \, with density
(k) = / Nu(DR(t, k,u,dl) = e~ @y, (k), t<u<w,
Rd

v) (2t)tepw) 95 a forward Markov process with transition kernel

p(t, k,u,dl) = h(t,k,u,dl),
( ) (k) ( )

vi) the law at time t of z, is n(k)n; (k)A(dk).

Proof. (similar to the proof of Prop. 5.1, and stated for completeness.) We have

P(Ztl < dk’l, sy Rty S dkn)

= p*(tl, dl{il, t2, ]{32) T p* (tn—h dkn—h tm kn)”zzkn (kn)ntn (dkn>
= Ufl(/fl)m(th dky, ta, ko) WY (t_1, dkn1, tn, Ky, (dky).

In particular,
Pz € djy zy €dl) = p*(s,dj,u, Dy (D)na(dl) = 05 (5)h' (s, dj, u, D (dl),

and

P(zs € dj, 2 € dk, z, € dk) = ni(j)h'(s,dj, t, k) (t, dk,u, 1)n,(dl).
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Hence n,(dl)-a.e.:
P(z € dk | 2o = j, 2y = DRI (s, 5, u,dl) = hi(s,dj,t, k)hI(t, dk,u,l).
This gives:

P(zs, €djry. .. 25, € djny, 2t €A, 2y €dly, ..., 2, €dly)
— [ L GOA (i) st
h?t, dk, up,dly) - A1, A1, Uy L), ()
= W(Sn, gns t, A ug, )0 (G)R (51, djy, s2, 42) -+ - B (81, djn—1, $n, Jin)
RY(8p, dj, wy, )R (wy, dly, wg, 1) - - B (g1, A1, Uy Lo )T, ()

= A (Sp, Jurt, A ur, 1) P(2s, €djy,. .., 25, € djp, 20, €dly, ..., 2y, €dly),
hence (5.11) holds. Finally under (5.12) we have
m(dk) = e O (k) = /R (d R (t, dk, u, 1)
= /Rdn;(Z)hT(t,dk,u,l)A(dZ)

= /nZ(k)h(t,k,u,dl)/\(dk),
Rd

It remains to shows that if (z):c,. is constructed from the backward kernel (3.3),

then its forward kernel is given by (3.2): using again (5.12) we have

Pz, € dky,... 2z, € dk,,z, € C)
_ / 0 (k)W (b1, dby, b, k) - b (s A o Ko (d)
C

= / 7, (ku)ne (dk)p(ty, ki, ta, dky) - - - p(ta_y, kney, to, dkn)p(tn, kn, u, O)
c

= 07 (ko) (dk)p(ty, ki, to, dks) - - p(ta_y, kney, tn, dky, )p(tn, kn,u, C)

= Pz, €dky,... 2, € dky)p(tn, kn,u,C),

hence (2¢)sepr) is Markovian with forward transition kernel p(t,, &y, t, C). O

Relation (5.9) can be written as

one(dk)

on; .
——L(k) = H'n;(k) and By

g = Hn(dk) te[rvl.
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6 Generators

In this section we study the generators of Bernstein diffusions with jumps, solutions of
forward and backward stochastic integro-differential equations, under the assumptions

of Th. 3.2.

Definition 6.1 For f € S(R?) we define the forward generator (cf. Prop. 3.2) by

1

Ly f(k) = (e, VF(k)) + 58 f (k)

+/Rd(f(k+y) — f(k) = (y, VF(E) Ly<13)

ne(k +y) — (k)
" / (k)

and its backward counterpart by

n:(k +y)
n:(k)

(y, V (k) 1y <iyvn(dy) + (V1ogne(k), V f (k) s,

vn(dy)

L f) = (e VI~ 58mf(h)

= [ (=) = 10+ 09501

n; (k)
. /Rd ; (k _ngzk; e (k) (4, VI (k) Ly <yvn(dy) — (Viogn; (k), V f(k))np-

Note that £}, is not the adjoint of £;,, which will be denoted, when needed, by (L,)T.

The proof of Prop. 3.4 follows from the next proposition.

Proposition 6.2 The kernels p(t, k,u,dl) and p*(s,dj,t, k) of Props. 5.1, 5.2, satisfy

the partial integro-differential equations

g—i(t, kyu, dl) = (£,,)1p(t, k,u,dl) (6.1)

(Kolmogorov forward or Fokker-Planck equation), and

op* . . .
g(svdjatv k) = (‘Cn;);r'p(87d]7tv k)

The notation (£,,)!p(t, k, u,dl), resp. (ﬁ%);p(s,dj,t, k), means that L,,, resp. L},
acts on the variable [, resp. k, i.e. Prop. 6.2 states that

9 (e by, dt) = [ Lat itk
Rd

au Rd
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resp.
0 N o g ,
o | HGw i) = [ L p e itk
S Rd Rd

In order to prove Prop. 6.2 we will need the following.

Lemma 6.3 For f g € S(RY), the carré du champ operators [24] associated to —H

and —H' are given respectively by

L(f,9)(k) = U(k)f(k)g(k)+(V f(k), v9<k)>hB+/ (f(k+y)—f (k) (g(k+y)—g(k))va(dy),

Rd

and

TH(f, 9)(k) = Uk) f(kg(k)+(V f(k), Vg(/f)>ma+/ (f(k=y)—f(k))(g(k—y)—g(k))vn(dy).

Rd
Proof. An elementary computation shows that

—H(fg)=—fHg—gHf+T(f,9),

and
~H'(fg) = —fHg — gHf +T'(f,9),
which is the definition of I'(f, g) and T'T(f, g). O

Let the operators D; and D; be defined informally by

Dif = % (% - H> (ne.f)
and

Dif = o (5 ) i)
By an adaptation of the method of [1] one shows that D, and D; are densely defined
operators in L2(R%, ¢ (k)n,(k)A(dk)). They will be called afterwards, the forward and
backward derivatives, respectively.
The following Lemma provides a decomposition of D, and D; which will be useful in

the proof of Prop. 6.2.
Lemma 6.4 We have

Dy=—+L, and Dj=_ +L..

ot
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Proof. 'We have

D) = (5= ) 50+ 208 (5= ) k) + Tl Fa0
of;

= 5 (k) = V(V) (k) + (Vdogm(k), ¥ (k)

m(k +y) — m(k)
n /Rd e (fi(k + 1) — fi(k))vu(dy)
O f

1
E(k) + (¢, Vfi(k)) + éAtht(k)
+/Rd(ft(k +y) = filk) = (y, VAi(E)) Ly1<1y)vn(dy)
ne(k +y) — ni(k)

(fi(k +y) — fe(k))vn(dy)

+(Vlogn:, Vfi(k))ns + /

R¢ (k)
= Uk + (e V) + 5Dk
n(k +y)
+/Rd ( 7e(k) (ilk +y) = fulB)) = (. Vft(k»l{lmsu) va(dy)
+(Vlogn:, Vfi(k))ns
= IR0 (e VA + (o VAR + 5 A ol
[ () = 500 = G A0 ) 2
' /Rd e +773t/(>k; = (W, VJek)) Lgyi<nyvn(dy)
- ()

Concerning D] we have

Difk) = (2 ; H*) fuk) + 1B <2 n H*) we (k) — ——T it £)(R)

ot n; (k) \ ot n; (k)
_ %(k) + V(V)£i(k) — (Vlogn: (k). V £:(k) s
n; (k —y) —n; (k)
_ /Rd ) (felk —y) — fi(k))va(dy)
0 fy 1
= 5 (k) 4+ (e Vilk)) = 5 Dusfi(k)

—/ (fe(k —y) — fi(k) + (y, V fi(k)) 1y <1y vn(dy)

Rd
o [ nik—y) =i (k)
(Viogn;, V fu(k))ns /Rd ; (k)
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O f 1
E(k) (c, Vfi(k)) — §Atht<k)

B / (%W y) = fi(k) + (v, Vft<k>>1{y|§}) v (dy)

—(Vlogn;, V fi(k))ns

Ofr !
= 5 ——(k) + (¢, V fi(k)) — §Atht(k)

- /Rd %(ﬁ(’“ = y) = Juk) + Cy, VI (k) Lgyi<ap)a(dy)

* /Rd it _77?();5 w8y, V fi(B) Ly <iyva(dy) — (Viogn;, V fi(k))ns

0 |
= (a + ﬁn;) fe(k).

Now we can easily prove Prop. 6.2.

Proof We have for any f € S(R?), using the decompositions of Lemma, 6.4:

n(h) ;’u FOp(t, b, di)
-2 / FOmD(e, ) = 2 [0 ) 3]
= [ @20 kot~ [ H @ 0A k)

Rd

- /Rdm) Duf(Dh(t, b, . d)
_ /R )Ly, SR, di)
= k) [ | L0, FDpt. bl
Rd
= k) [ | SO )iple k)
Rd
Concerning the dual statement we have
i a&/f (5. dj. 1,
)
- = / PR (5. t.) = o= [ () ()
_ / FO L (VR (s, dj, , di) + / HY(f)(G)A(s, dj t, k)
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= [ DG st
= [ 0L O it
= i) [ € f s it )
= 1 (k /f o )ip(s, djt k),
and so Prop. 6.2 holds. 0

Proof of Prop. 3.4. Prop. 6.2 shows that f(z,) — [, Ly, f(z4)du, v > 0, is a martingale
for f € S(R%):

Elf(z) - f(z) | Fi / F(20) | Fildu = /tUE[zmﬂzmmdu

and f(z,) — [y Ly, f(2u)du, v > 0, is a local martingale for f € C*(R?). A similar

argument holds in the backward case. ([l

7 Uniqueness of reversible diffusions

In this section we show that the processes constructed in this paper are essentially
the only Markovian reversible diffusions with jumps. As defined in Prop. 5.1 let us

recall that, more generally, a Bernstein process is a process (2;)¢c[r,.) such that
Pz edk | PsVF,) =Plzredk| zs, z0), T7<s<t<u<w, (7.1)

where (Py)tcfr,0, respectively (F)iefr,.), denotes the increasing, resp. decreasing, filtra-
tion generated by (2¢)scjr- Jamison’s construction of Bernstein processes [20] is still
valid in the jump case. It requires the data of a probability measure v on R? x R? and
a Bernstein transition kernel, i.e. a kernel h(s, j, t, dk,u,l) satisfying the counterpart

of the Chapman-Kolmogorov equation:
/h(s,j,t,B,u, Dh(s,j,u,dl,v,m) = / h(s,j,t,dk,v,m)h(t, k,u, A,v,m), (7.2)
A B

for A,B € B(R%). From [20] we know that there exists a unique (generally not

Markovian) Bernstein process (z;)¢cfv) such that
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a) P(z, € B, z,€C)=v(B x (),
b) P(z; € B | z5,24) = h($,25,t, Byu,2,), 1r<s<t<u<o.
The finite dimensional distribution of (2¢).eprv) is given by

P(z, € A, z, € B1,...,2, € By, 2z, €C) (7.3)
= / v(dj, dl)/ h(r,i,ty,dky,v,m) - / h(tn—1,kn_1,tn, dk,,v,m),
AxC Bl n

cf. [20].

Our construction of Markovian Bernstein processes did not follow, however, the above
procedure. Instead, we started from the data of U and V, defining H = U + V (V)
(Def. 2.1), i.e. from the Lévy process (& )iejr), and from boundary conditions 7} and
7, allowing to construct a Markov transition kernels with the solutions of the adjoint
heat equations (3.4). Then we showed that the corresponding Markov process is a
Bernstein process.

Conversely, under the additional hypothesis (7.4), (7.5) on the kernel h(s, j,t, dk,u,1)
of a Bernstein process, it is possible to show that if a Bernstein process is Markovian
then it is the process described in Th. 3.2. This extends Th. 3.1 of [20] and Th. 3.3
of [29] to the case where h(t,dk,u,dl) and h'(s,dj,t, k) are not absolutely continuous

with respect to a reference measure.

Theorem 7.1 Assume that H and H' are adjoint with respect to a measure X. Then

the conditions

h(s,j,t,dk,u,l)h(s,j,u,dl) = h(s,j,t,dk)h(t, k,u,dl), Ndj)— a.e., (7.4)
and

h(s,j,t,dk,u,0)hi(s,dj,u,l) = h'(s,dj, t,k)h(t,dk,u,1), Mdl)— a.e., (7.5)
are equivalent. Moreover,

a) Let (z)icprv denote the Bernstein process with kernel h(s, j, t, dk,u,l) satisfying
(7.4). Then the following are equivalent:
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(i) the process (2t)icyrw 5 forward Markovian and p(t,k,u,dl) is absolutely
continuous with respect to h(t,k,u,dl),
(ii) there exists a measure nf(di) and a positive density function n,(m) such
that
P(z, € A, z,€ B) = / nr(di)h(r, i, v, dm)n,(m).

AxB

b) Assume that h(s, j,t,dk,u,l) satisfies (7.5). Then the following are equivalent:

(i1i) there exists a positive density function nf(i) and a probability measure

ny(dm) such that

P(z. € A, z, € B) = / nr (AT (r, di, v, m)n,(dm).
AxB

(iv) the process (z)icprv @S backward Markovian and p*(s,dj,t, k) is absolutely
continuous with respect to h'(s,dj, t, k).

If mi(di) = ni(i)N(di) and n,(dl) = n,()A(dl) are absolutely continuous with

respect to a fived measure X\, then (i), (ii), (7i1) and (iv) are equivalent.

Proof. Under the adjointness hypothesis of H and H' with respect to A:
hi(s, dj, t, k)N(dk) = h(u, j, t, dk)A(dj),
conditions (7.4) and (7.5) are equivalent since, then,
h(s,j,t,dk,u, (s, j,u,d)X(dj) = h(s,j,t,dk,u, ) (s, dj,u, )X(d]),

and
h(s,j,t, dk)h(t, k,u,d)N(dj) = h'(s,dj,t, K)N(dD)AT(t, dk, u,1).

The implications (i7) = (i), (iv) = (i) follows from Propositions 7.4, 7.5, and (i) =
(17), (i) = (iv) will follow from Propositions 7.2, 7.3. Under the self-adjointness
assumption (5.7), the equivalence (i) < (iii) follows from Propositions 5.1 and 5.2.
which show that the Bernstein process (Zt)te[r,u} is forward Markovian if and only if it

is backward Markovian. O
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Proposition 7.2 Assume that the Bernstein kernel h(s, j,t,dk,u,l) satisfies
h<87j7 t? dk? u7 l)h<87<]7 u? dl) = h(87j7 t? dk)h<t7 k? u7 dl)7 ps(dj) - C'/'6'7 (7'6)

where ps is the law of zs, 1 < s < v. If the Bernstein process (z)icpr s forward
Markovian and p(t, k,v,dm) is absolutely continuous with respect to h(t,k,v,dm),

then there exists a measure n:(di) and a positive density function n,(m) such that

P(z, € di, z, € dm) = n;(di)h(r,i,v,dm)n,(m), r <. (7.7)
Moreover we have
plristydk) = 29y an), (73)
(1)

with
(k) = / no(m)h(t, kyv.dm),  f(dk) = / ne(di)h(ri.t,dk), r<t<o.
RY R4
(7.9)

Proof. Let us assume that (2;)c[r) is Markovian, with transition kernel p(t, k, u, dl).

Let p.(di) denote an initial law of (z):c[rn). We have

P(z, € A, z € B, ZUEO):/
A

pT(di)/Bp(r,z',t,dk;)/Cp(t,k;,v,dm). (7.10)

On the other hand,

P(z, € A, € B, z,€C) :/pr(di)/p(r,i,v,dm)/ h(r,i,t,dk,v,m). (7.11)
A c B

Equating (7.10) and (7.11), we obtain
p(r,i,t,dk)p(t, k,v,dm) = p(r,i,v,dm)h(r,i,t,dk,v,m),

which, using (7.6), gives

p(r,i,t,dk) p(t,k,v,dm)
h(r,i,t,dk) h(t, k,v,dm)’

p(r,i,v,dm) = h(r,i,v,dm) (7.12)

and
v(AxC) = /Apr(dz')/cp(r,i,v,dm)
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. p(r7i7t7 dk) . p(t, k,v,dm)
= (di) S g i, dm) B O
/Axcp ) ity U B 0 ) e )

Let us fix (¢, ko) € Ry x R?, and define

p(t07 kOa v, dm)
h(to, ko, v, dm) ’

ms(m) = c(to, ko) (7.13)

and
1 p(?”,i,to,dk’o)

(t()? kO) h(?", i? th dkO)

where ¢(tg, ko) is a normalization constant equal to n, (ko) after integrating in dm the

ny(di) = - pr(di), (7.14)

relation

Ny (m)h(to, ko, v,dm) = c(to, ko)p(to, ko, v, dm).

From (7.10), (7.12), (7.13) and (7.14) we have

P(z € di, z, € dm) = p,(di)p(r, i, v, dm) = n;(di)h(r,i, v, dm)n,(m),
i.e. (7.7) holds. Finally, from (7.3) and (7.6) we have

P(z € di,z € dk) = /Rd ns(di)h(r, i, v, dm)n,(m)h(r,i,t, dk, v, m)

= / ne(di)h(r,i,t, dk)h(t, k,v,dm)n,(m)
Rd
= n:(dz)h(r7latadk)nt<k)7

and P(z, € di) = ni(di)n,.(i), which proves (7.8). O

In the backward Markovian case we have the following result.

Proposition 7.3 Assume that the Bernstein kernel h(s, j,t,dk,u,l) satisfies
h(s,j.t,dk,u,)hi (s, dj,u, 1) = h'(s,dj, t,k)h(t,dk,u,1), pu(dl) —ae., (7.15)

where p, is the law of z,, r < u < v. If the Bernstein process (2 )icpr 15 backward
Markovian and p*(r,di, t, k) is absolutely continuous with respect to hi(r,di,t, k), then

there exists a positive density function 0 (i) and a measure n,(dm) such that

P(z, € di, z, € dm) = n,(i)h' (r, di,v, m)n’(dm).
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Moreover we have

“(k
p*(t, dk,v,m) = ’7;5( Vi ¢, dis v, m), (7.16)

with

ne(dk) :/ no(dm)ht(t,dk,v,m), n} (k) :/ n (@A (r,di,t, k), r<t<w.
R R
Proof. (similar to the proof of Prop. 7.2, and stated for completeness.) Let us assume
that (2¢)cpr has the backward Markov transition kernel p*(¢, dk,u,l). Let p, denote
the final law of (2¢)cpr0) at time v. We have

p*(r,di, t, k)/

P(z. € A, z € B, ZDGO):/
B

i P (t dk, v, m) /C pu(dm).  (7.17)

On the other hand,

P(z, € A, z € B, ZUEC):/
A

h(r,i,t,dk,v,m)/

Cp*(r,di,v,m)/pr(dm) (7.18)

Equating (7.17) and (7.18), we obtain
p*(r,di,t, k)p*(t,dk,v,m) = p*(r,di,v,m)h(r,i,t,dk,v,m),

which from (7.15) gives

p*(r,di, t, k) p*(t,dk,v,m)
ht(r,di,t, k) ht(t,dk,v,m)’

p*(r,di,v,m) = hi(r,di,v,m)
and

v(AxC) = /p*(r,di,v,m)/cpv(dm)

which leads to
p* (Tv dl, tOv kO)

7.19
hT(T, dl‘,to,ko)j ( )

ny (i) = c(to, ko)

and
1 p*(tOJdk(]aU?m)
tOv kO) h‘T(tO’ dk07 v, m)

where c(to, ko) is equal to 7} (ko). This shows (7.16). Moreover we have

%(dm) = C( pv(dm),

Pl € dizo € dm) = [ pu(dm)p (1, div,m) = (b i v, ) dm),
Rd
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Finally we have
P(z € dk,z, €dm) = / nr () (r, di, v, m)n,(dm)h(r, i, t,dk, v, m)
Rd

= /n::(z)hT(r,dz',t,k)hf(t,dk,v,m)m(dm)
Rd
= nj(k‘)hT(t, dk, v, m)n,(dm),

and P(z, € dm) = n}(m)n,(dm). O

The following is a converse to Prop. 7.2.

Proposition 7.4 Assume that there erxists a measure n}(di) and a positive density
function n,(m) such that
WA x B) = P(z € A, 2, € B) / 0 (di)h(r, i, v, dm)ny(m). (7.20)
AxB

Then the Bernstein process (2t)icrw with kernel h(s, j,t,dk,u,l) satisfying the con-
ditions (7.4) or (7.5) is forward Markovian and p(t, k,u,dl) is absolutely continuous
with respect to h(t, k,u,dl), and given by (7.8).

Proof.  From (7.3), (7.4) and (7.20) we have

P(zy, € dky, ... 2z, € dk,,z, €dl)
= / ne(di)h(r, i, ty, dky) - - - h(tn, ko, u, dl)/ ny(m)h(u,l,v,dm)
Rd Rd

fRd ny(m)h(u,l,v,dm)

= P(Ztl < dl{il, N A~ dkn)h(tnakn7u7dl>f a7 (m)h(t k. .v dm)7
R v ny 'Vny Y

hence I ()1, 0, dm)
77v m U, 7U7 m

tos kn, u, dl) = 2B h(t, kn,u, dl).

M ) fRd ny(m)h(ty,, k,, v, dm) ( )

Of course, it is also true that

Proposition 7.5 Assume that there exists a positive density function ni(i) and a

measure 1,(dm) such that

P(z. € A, z,€ B)= / nt (DA (r, di, v, m)n,(dm). (7.21)
AxB
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Then the Bernstein process (2i)icprv with kernel h(s, j,t, dk,u,l) satisfying (7.4) or
(7.5) is backward Markovian and p*(s,dj, t, k) is absolutely continuous with respect to

hi(s,dj, t, k), and given by (7.16).

Proof.  From (7.3), (7.5) and (7.21) we have

P(zs € dj, 2y, € dky, ..., 2z, € dky)
= / (R (r,di, s, j)hT (s, dj, t1, k) - AT (toy, dbpy, t, /fn)/ o (dm)h (tn, dky, v, m)
Rd

Rd
Jaa e ()R (r, di, s, j)

= hi(s.dity k
(s,dj, tq, 1)fRdm<Z')hT(r,di,t17kl)

Pz, € dky, ..., 2z, € dky),

hence f (')hT( i )
. T]TZ T', Z7S7j .
“(s,dj, 1, ky) = 2B : Wi(s,dj, ty, k).
P(s,djity, Fa) fRdm(z)hT(r,dz,tl,kl) (5, dj; 1, k)

8 Variational characterization

In this section we use the approach to stochastic control for jump processes of [13],
[25], to obtain a variational characterization of the Markovian Bernstein processes
(or reversible diffusions) with jumps considered before. We consider the stochastic

control problem inf; J(¢, k; f) with action functional

Stk ) = B | [ Det6) £yds = o 0] (81)

where Exy denotes the conditional expectation given {z; = k}, and the Lagrangian

L(k, f) is defined informally as

L(k, f) = Lylog f(k) + —= Hf(k), feSRY), f>0,

1
f (k)
where L is defined at the beginning of Sect. 3.2. We have explicitly

_ fk) = flk+y)  flkty),  fE+y)
Lk, f) = /Rd< ) + G log 0 )h(dy)

—|—% (Vlog f(k),Viog f(k)),s + Ul(k)
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5F(k, 1
/Rd 9 (%) vi(dy) + 5 (Vlog f(k), Viog f(k))yp + U(K),
with g(z) = (1+2)log(1+xz) —x and 6 f(k,y) = f(k+y)— f(k). In particular, when
f =,
L(k,m) = Ly logm(k) + ——Hn (k)

ne(k)

1 0
= Eﬂt lOg T]t(k) + ma?’h«lﬁf)

0
= L, logn(k)+ 5 108 ne(k)

= D;logm (k).

Proposition 8.1 The dynamic programming equation with final boundary condition

0A
a_zst(k> +min [LpAu(k) + L(k, )] = 0, Ay = —log., (8.2)
associated to the action functional (8.1) has the solution Ay = —logmn,, the minimum
in f being attained on fi(k) = n(k), i.e. when A, is solution of the Hamilton-Jacobi-
Bellman equation

0A; 1

- = — 5 (BnpALK) — t(k), VA(K)) B :

ZHE) = U~ (s k) — (VAK), VAK)1s) (5.3

= [ e 111y, A () + (T AR
R

Proof. We first show that for ¢;(k) > 0:

min [ L, log (k) + L(K, 1)) = ﬁHgt(k), (8.4)

and that the minimum is attained for f; = ¢;. Let us define

Sk ty) ok ty)  flkty),  filkty)  flkty)  ak+y)
=750 5 0ty ak) B AR AR el

We have

L(k, f;) — Ly, log ne(k) — m—Hﬁth)

_ mk) 1 b
Ly, log + Hf (k) 8

ACREIG Hin(R)
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— [ rammtan + (T - T Ty - T

> /Rd F(k,y)g:(y)vn(dy),

Now, for all a > 0,

: loga — oy
Igél}lg(za%—aoga a+e?)=0,

hence taking z = —log(g:(k +vy)/g:(k)) and a = fi(k+y)/ f:(k), we have F(k,y) > 0,
and
1 1
L(k, f)— Ly logg — —H —Ly, log =— + H — —Hg > 0.
(k. f) f: 108 Gt Py 9t = f gf 7, Ji 7 9t

the minimum (zero) being attained with f = g, i.e.:

. 1
mfm [L(k, f) — Ly logg] = g—Hgt.
t

Letting A; = —log g;, the dynamic programming equation (8.2) becomes

0A
8_tt + edtHe A = 0,

with solution A; = —logn,. Finally, from the relation

1
ApA; = —Apg — <Eaﬂ> )
gt B

gt gt
we have
L Hutt) = — (Uk)g — (. Vau(k)) — - Ansge()
gt(k) gt — g,g(k') gt C, gt 2 fLBgt
- [ (o) = 08) = 0 ) el )
R
1
= U(k)) + <C, VAt(k)> — §(AEBAt — <VAt, VAt>hB)
_/ (e MEHTAM) 1 4 100<1y(y, VAL du,
Rd
which yields (8.3). O

In the backward case we consider the action functional which is, informally, the time

reversed of (8.1):
Ptk ) = B | [ 2709~ lognp ()] 85)
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with Lagrangian L*(k, f*) defined now as

L*(k, f*) = =L log f*(k) + HUf*(k), f* e SIRY.

1
fr(k)
We have

frn e 0" f*(k,y) 1 ; )
L*(k, f*) = /Rdg <f*—(k)) vi(dy) + 5 (Vlog f*(k), Vlog f (k)>hB +U(k),

with 0*f*(k,y) = f*(k —y) — f*(k). In particular,
L*(k,n;) = =Dy logn; (k).

Proposition 8.2 The backward dynamic programming equation with initial boundary
condition

DA
ot

(k) + min [~C5. A7 (K) + L(k, /)] =0, A7 = —log, (8.6)

associated to (8.5) has solution A} = —logn), the minimum in f* being attained at

fi(k) =ni(k), and Af is solution of the backward Hamilton-Jacobi-Bellman equation

P = U + 5 (DanAi(K) — (VA (R), VA7 (R))s) (8.7)

= [ (T 1) 0,V A 0D)nly) = (. VAR

Proof.  The proof, symmetric to the preceding one, is given for completeness. We

first show that for g,(k) > 0:

1
g:(k)

min | L7 log gu(k) + L (k. J7) | = ——= Hgi(R) (838)

and the minimum is attained for f;/ = ¢;. Let

\ _ fik—y) akty) fitk—y) - fikty) fi(k—y) gk —y)
FEO=""pmm 2 0m T xm 2T Rm B0 T a®
We have

L*(k, ) + L5 log gu(k) — ﬁﬂ*gtuf)
- L /Y Vi Ve VS
= [Pt + 5 (T - T, 2w - o)
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> [ P E s,

Proceeding as in the forward case we obtain (8.8) and letting A} = —logg,, the

dynamic programming equation (8.2) becomes

ot
with solution Ay = —logn;. Finally we have
W) = s (0 (e Vi) - S8 (h)
ni (k) m; () S 2 o
- /Rd (n (k = y) =/ (k) + (y, Vné‘(k)>1{y|s1})vh(dy))
1
= U(k) = (c, VA(k)) + §(AEBAt —(VA,VA)B)
_/ (B_At(k_yHAt(k) —1- 1{|y|§1}<y7 VAy))dvy,
Rri
which yields (8.3). O

In summary, we have shown here that the diffusion processes with jumps constructed
before can also be regarded as minima of some stochastic action functionals associated

with the starting H.

9 Equations of motion

In this section we derive the a.s. equations of motion associated to (2¢).e}r. This is
useful in the context of physical applications, especially when AU (%) = %(k’, k)c, i.e.
when H = U+ V/(V) is obtained by the action of a Fourier transform with parameter
h on the Hamiltonian %’Ac + V(#). In this case, (z )y represents the process
associated to the system in the momentum representation, and the expectations of
the equations of motion is the probabilistic counterpart of the Ehrenfest theorem in
quantum mechanics.

The forward and backward derivatives are given in terms of the generators D; =

% + L, and D] = % + L;;Z‘ as the following limits of conditional expectations:

trat(Zerae) — iz d
Difi(z) = iitrﬁ)E Jrea(z +2t) fulz) | 7%} =F |:dt_+ft<zt) | Pt:| ; (9.1)
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and

t(2t) = Ji—ae(Zi—Ae d
D;ft(zt):gur%g{f(z) fAtA (ze—at) ‘;t} :E[Eft(zt)!]-}], (9.2)

for At > 0, and -4 f denote the right hand side and left hand side derivatives

it 3
corresponding to the formal limits of (9.1) and (9.2) when Planck’s constant # is equal

to 0 (cf. Sect. 2). In the next proposition we make the assumption:

/ |ylva(dy) < oo, (9.3)
Rd
and let Dy;z; denote Dkjp—.,.

Proposition 9.1 The process (2;)icjrs) which is the minumum of the action func-

tional of Prop. 8.1 solves the almost sure equations of motion

(V) Tom(=). D (Vn—”

Dyz =

) (z¢) = VU(2). (9.4)

1 (2t)
Proof. 'We have

~iVV(q) = ¢ — ihBq + /Rd y(e ) — 1 <y)v(dy),

hence

(=eVV)(V)ne(k) = cene(k) + hBVn (k) + /Rd y(me(k +y) — ne(k) Ly <1y va(dy).

On the other hand we have

Dk = ﬁmk:c+/ y

Rd

<77t(k +y)
ne(k)

which proves the first relation. Concerning the second relation we have:

0 (Vi 1 0 1 ony
7 (2 )(k) 2 onli) - I 5

- 1{y|§1}> vi(dy) + hBV log n,(k),

u k)

1

(k)

LV H k) -

m(k) T (k)
1




1 1
= VU(k)+ nt(k)V(V(V)m(k)) - 200 (V(V)ne(k)) Vi (k)
— VU
bty (e V0 = 588 = [ 0h-4) = k) = (. Sk st

nik)wu( (e Tm(0) = 5 80m ()~ [ (i 9) ~ nt<k>—<y,w<k>>>uh<dy>)

-t {os (380 e (38
(S s (S

BT
D (0 (D) <V”E(>)’V (i) ).

i (
= w0 - (T

where we used the relation

Vi (k)
(k) ) Sreneh)

1 ) 1
_2W<V ne(k), Vi (k) np — n? o (Vn(k), Vi (k) @ Vi (k))n

_ L . Vi (k) o Vi (k) Vi (k)
= Y k) = e A (k) 2<m(kr) ’V<m<k>>>h3‘

Vm(/f) _ 1
o (i) = iy e )~

In the backward case, similar calculations yield

Disi= (V)T Df (L) (a) = U

t

1
n; (2t)
The (forward) analog of the Newton equation in momentum representation becomes

V’f]t > 1
DD, | — | () = tVV)I(V)m(2).
D (S () = S (V)T
The relation with quantum dynamics is clearer when expressed in terms of expecta-

tions. For this purpose it is sufficient to observe that

Corollary 9.2 Under expectations, the a.s. equations of motion are:

d

%E[ft(zt)] = E[Difi(z)] = E[D; fi(z)], feS®RY).
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Proof. This follows from the 1t6 formula, written as

dfi(z) = Dife(z)dt +(V fi(z),dW,)

[ (e + 00 = it (ata ) = 22D gy

and

dif(z) = Djfi(z)dt +(V[f(z), W)

# [ () = £ =) (sl ) = = ).

O

If BV (%) = 3¢%, (B = 1d) we obtain DDz = VU(z) and D,z = hV logn,. This is
the purely diffusive case, already known.

A number of the properties of these processes remains to be investigated. Many
of those known to hold for pure diffusions should survive for the much richer class
of diffusions with jumps considered here. In particular, a systematic study of their
symmetries, in term of a Noether Theorem, on the model of [27], [28], is possible and
should provide further informations on the general structure of the construction. A
more geometrical approach to these symmetries [23] can probably be extended as well
to this class. Moreover, the almost sure equations of motion could be more elegantly
deduced from an appropriate generalization of the stochastic calculus of variations

used in [8].
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