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Abstract

We study a subspace of the Fock space, called Boolean Fock space, and its
associated non-commutative processes obtained by combinations of annihila-
tors and creators. These processes include the Boolean Brownian and Poisson
processes obtained by replacing the classical convolution by its Boolean counter-
part, and a family of Bernoulli processes. Using a quantum stochastic calculus
constructed by time changes, we complete the existing non-commutative re-
lations between basic probability laws. In particular the uniform distribution
has the role played by the exponential law in the classical setting of tensor
independence.
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1 Introduction

The Brownian and Poisson processes can be realized as operator processes on the
symmetric Fock space, the classical notion of independence of increments being ex-
pressed in Fock space using tensor products. In non-commutative probability, two
other definitions of independence and convolution are available, namely the free and
Boolean independence, cf. [2], [3], [13], [15], [16]. Each definition yields another no-
tion of Brownian motion and Poisson process, which can be realized on different forms
of the Fock space, namely the full Fock space in the case of free convolution, cf. [14].
The interest in the Boolean convolution is to provide a simple model to illustrate the
free case, and the Boolean analogs of Brownian motion and the Poisson processes can
be used to approximate their classical counterparts. The aim of this paper is twofold.
(i) We realize the Boolean Brownian motion and Poisson process on a subspace of the
symmetric Fock space, which will be called Boolean Fock space. Such processes have
no classical versions, however we show that the Boolean Fock space can be identified
to the L? space of a classical Bernoulli process, obtained itself by combinations of
creation and annihilation operators.

(ii) Poisson random variables can be constructed non-commutatively by addition of
the conservation (or number) operator to Gaussian random variables. On the other

hand, it has been shown in [10] that the geometric law can be obtained in a similar



way from the exponential law, using a construction of quantum stochastic calculus
based on time changes. We show that in the Boolean setting, the uniform density
plays the role of exponential density, i.e. the Gaussian, exponential and uniform laws
can be respectively linked to the Poisson, geometric and Bernoulli laws in a unified
non-commutative framework.

We proceed with a more detailed description of the main results. Let p be one of the
probability densities

1 2 _ 1

p(x) = Nori 2 p(x) = e L p(2), plz) = 51l (@),

x € R. The Gram-Schmidt orthogonalization procedure defines three families of or-
thogonal polynomials, respectively the Hermite, Laguerre and Legendre polynomials,

which satisfy the differential equation
o(@)y"(z) — 7(x)y'(x) + dy(z) =0, AeN, (1.1)

with respectively (o(x),7(x)) = (1,z), (o(z),7(z)) = (x,z — 1), (o(x),7(x)) = (1 —
z?, 2x), cf. [8].

For each choice of the probability density p, we can form a Banach space of sequences
B = R* with a measure P denoted formally by dP = dp®>° which is the completion
of a measure defined on cylinder sets. Denote by 6, : B — R, k € N, the coordinate
functionals, which are independent random variables distributed according to dp, and
by D : L?*(B) — L*(B) ® I>(N) the densely defined and closable gradient operator
defined as

Df(QO,,Hn) = (8kf((90,...,0n))keN, n € N.

For each density function p, a gradient operator D : L?*(B) — L*(B) ® L*(Ry) is
defined by composition of D with a random injection i : L?(B) ® I*(N) — L*(B) ®
L*(R.), see Relation (5.2) below. This operator is closable and admits a closable
adjoint 6, cf. [10], [11]. A family {a;,aS,at} of unbounded operators on L?(B) is
defined as

a; F = (DF,u)y, aiF =0(uF), aSF =0(uDF),

u

u € L*(B) ® L*(R,;C), for F in a dense domain. These operators complement the
usual triple {a, ,a5,a/}, h € L*(R;;C), of annihilation, creation and number (or
conservation) operators on the symmetric Fock space, cf. [7], [9]. We recall below the
interpretation of these operators in the tensor case, this paper being concerned with
the second part, cf. Sect. 3 and 4, i.e. with the Boolean case which will be shown to

correspond to p uniform on [—1,1].

1. Tensor independence. In this case the symmetric Fock space has at least two

probabilistic interpretations.



- Wiener interpretation. This corresponds to the choice p(z) =
this case, a, = a,, and a} = a}, and

- + - ~ 4
Q1o - Aoy = D1y T U104

is identified to the classical Brownian motion, and
- Poisson wnterpretation. The classical Poisson process is constructed as t +
+aj,

Ay T af[ Here, p is the exponential density p(x) = e 1 oo[(z) and

0,t] 0,t]

- + o __ ~— ~+
a’u+au+a’u_au +au7

hence the Poisson process is also given by &1_[ + Etf[o .

0,1]

2. Boolean independence. In this case we will use a strict subspace I',(L*(R))
of the symmetric Fock space I'(L?(R.)). The Boolean Brownian and Poisson
+aj

is the vacuum state, but they have no classical interpretation, cf. Prop. 3.3 in

. . — + — o
processes are still given by ay,, tai, and top + ay, +a%, where ¢

0,t] 0,t]

Sect. 3. However, with p the uniform density p(z) = $1;_11)(x),

. N i
a(l[O,t]ft) + a(l[o,t]*t) _I_ a(l[O,t]_t)7 t < ]R,+’
can be identified to a classical Bernoulli process, cf. Prop. 4.1 of Sect. 4.

The following properties 1-4 hold for p Gaussian, and from [10] for p exponential.

Their proof in the uniform case is the other goal of this paper, cf. Sects. 4 and 5.

1. The sum <C~L—1"_[O a7t &1_[0 ﬂ) can be identified to the classical process (Brown-
) ’ teR4

ian, compensated Poisson or Bernoulli) associated to the sequence (7% )ken, see

Cor. 5.1. In the uniform case we obtain in particular the identity

- + o _ .
a(l[o,t]—t) + a(l[O,t]_t) + A1p0,9-t) = Yp0 9 + 10,9 teRy.

2. The sum ay, \+a;

i(ex)
has respectively a Gaussian, exponential or uniform distribution, cf. Relation

(5.4).

equals the classical random variable 7(6) of Eq. 1.1, which

3. Let i = v/~1. The operator a5, +isa,,,, — isd;,, + s°0(0y), s € R\ {0}, has
a discrete probability law u, namely a Poisson or geometric law, respectively for
p Gaussian and exponential. If p is the uniform density, we show in Sect. 5 that

this distribution p is given as

2n + 1
2s

pnn+1)}) == (Tns1/2(5))*, neN, (1.2)

J, being the Bessel function of the first kind, v € R, , c¢f. Prop. 5.2 of Sect. 5.



4. The commutator [d;zelc), di_(ek)] equals (the multiplication operator by) the ran-
dom variable () of (1.1), cf. Lemma 5.2.

In Sect. 2 we recall the definitions of Boolean independence and convolution according
to [3], [13], [15]. In Sect. 3 we construct the Boolean Brownian motion and Poisson
process. In Sect. 4 we show that a classical Bernoulli process can be also constructed
by combining the annihilation and creation operators. In this interpretation, the
Boolean Fock space is identified to the L? space of a countable product of copies of
the uniform density. In Sect. 5 we introduce the operators a; , aj, a;, defined by
infinitesimal perturbations of jump times, and we link the uniform density to the
discrete distribution of Relation (1.2). In Sect. 6, we study the corresponding contin-
uous time construction of quantum stochastic calculus, in which iterated integrals of

adapted integrands turn out to be anticipating.

2 Boolean independence and convolution

In this section we recall the basic definitions of Fock space and Boolean independence.
Let L*(Ry) = L*(Ry;C), let (-,-)2 and | - | denote the Hermitian product and
norm on L*(R,), while |z| denote the modulus of z € C. Let T'(L*(R,)) denote
the symmetric Fock space over L*(R), with its gradient and divergence operators
V™ :T(LA(Ry)) — T(L*(R,)) ® L*(R,) and

V(L (Ry)) ® L*(Ry) — T(L*(Ry4))

defined by linearity and polarization and density as

k=
V_(hlo"'ohn): <h10-~-OiLkO"'Ohn>®hk,
k=1

n

where “h;.” denotes the omission of hy in the product, and
Vi(fio--rofu®g)=fio---0fnoy,

fiso s g € LA(Ry).

Definition 2.1 Let S denote the linear space, dense in T'(L*(R.)), generated by
vectors of the form hyo---ohy,, hy,... h, € L*(Ry), n € N.

The annihilation, creation and conservation operators a,,, al and a7, u € L*(R, ), on

[(L*(Ry)) are defined as

a, F=(V Fu) o F=V'(FQu), aF =V (uV F), FeS8.



Definition 2.2 Let A denote the set of closable operators X that leave S invariant,
and admit an adjoint denoted by X* on S.

Let (-,-) denote the Hermitian product on T'(L*(Ry)), and let © denotes the unit
vector in T'(L*(R,)). We consider the non-commutative probability space (A, p),
where A is the algebra of operators on T'(L*(R,)) and ¢ : A — C is the linear
functional defined as

o(X) = (XQ,Q), XedA

Self-adjoint elements of A are called non-commutative random variables. We recall
the following definition, cf. [15].

Definition 2.3 Two non-commutative random variables X,Y are said to be Boolean

independent if

p(XF YR xRy R ) = (X))o (YF2)p(X*)p(YH) - - .

Y

and
gp(YlebYksXM .. ) = @(Yk1)90<Xk2)§0<Yk3)90(Xk4) e

Y

forany ki > 1, ko >1, k3 >1,k,>1,....

The distribution px of X € A is the linear functional P — (P (X)) defined on the

algebra C[X]| of complex polynomials in one variable.

Definition 2.4 Let X and Y be Boolean independent, of distributions pyx and piy .
The Boolean convolution of pux and py 1s defined to be the distribution of X +Y, and

1s denoted as px W py .

The Boolean Gauss law with variance o2 and the Boolean Poisson distribution with

intensity A > 0 are the probability measures

1 1 1
5(5_0 + 5(50 and /\——I—l (60 + >\6)\+1) )

cf. [15].

3 Boolean Fock space, Brownian motion and Pois-
son process

We now introduce a Boolean Fock space I',(L?(R,)) with parameter v > 0 as a
subspace of the symmetric Fock space I'(L?(IR;)). To this end we define a Boolean

symmetric tensor product. Let

Zg:{(tl,...,tn)eRi : [t—} + {%}z%]}

v

where [z] denotes the integral part of x € Ry.



Definition 3.1 For fi,..., f, € L*(R,), let

(fl <>W- .. O’an)(tly . ,tn) = 1Z;Z(t17 . atn)fl O-+++0 fn(tl, . ,tn)

We denote by L?(IRy)°™ the subspace of L*(IR;)®" which is the completion of the

vector space generated by

{fl Ol ol f1,o S € LQ(RJr)} 5
with respect to the norm

I emoyen=n I 2@en, n €N,
and denote by I',(L*(R)) the Boolean Fock space defined as

L(LA(Ry)) = P L(Ry)™

neN

For u € L*(R ), the exponential vector £7(u) is defined as

I o
&(u) = Z a?f "

neN

Let S, =T, (L*(R4)) NS, and let U denote the set of processes of the form

u=Y F@h, F,. .. F, €S, h,.. . heLlRy).
k=1
Let 77 : I'(L*(R)) — I',(L*(R)) denote the orthogonal projection on I',(L*(R..)),

which can be viewed as a conditional expectation.

Definition 3.2 We define the operators V7=, al~, al™, a)°, resp. V't on S, resp.

u J u
U, as
V==V orn?, V" =170Vt
and
al”=a, oY, alt =n"oa), al°=n"0alon".

The operator V'* : T'(L*(Ry)) ® L*(Ry) — T'(L*(Ry)) is closable and adjoint of
VIT i T(LA(Ry)) = T(L2(Ry)) @ L2(Ry):

<V7_F, U>F(L2(R+))®L2(R+) — <F, V’Y+(U)>F(L2(R+)), F € S, u € U

The operators V7~ and V7 satisfy

k
V77 (hy o7+ 0" hy,) = (hl SV o Thy o7 - <>7hn> 7 hy,

1

n

>
Il



VI (fiol o fy@g) = fro7- -7 f07g,
fisoosfnyg € LA(Ry), and a)~, a}° and a]™, u € L*(R, ) satisfy
ay F = (V" Furemerw,), @ F=V"(Fou), o’F=V"uV"F),
F € §,. The next proposition shows in particular that a)~ + aJ* has the Boolean
Gaussian distribution $0_ ) 4 30jju-
Proposition 3.1 Let h,u € L*([0,7]) and o € C with
lulp =1 and |a*+ b3 =1.

The law of al~ + a)t in the state af) + h has support {—1,0,1}, with respective
probabilities

1 2 2 s 1 2

5’0& - (U’7 h)2| ) |h|2 - |<u>h>2| ) 5’0& + (u7 h)2| :

Proof. We determine the action of the Weyl operator exp(zi(a)™ + a}™)), by showing
that

exp(zi(a)™ +al™))(aQ + h)
= h—u(u,h)s + (a2 +u(u, h)2) cos(z) +1i(au+ (u, h)2Q)sin(z), z € R.

For this we compute by induction:

h, n =20,
(al"+al )" h =< u(u,h)s, n=2k>0,
(u,h)2, n=2k+1>1,

and

v+ V- = ’ =
(al" +al7) Q_{u, n=2%+1>1 kel

Hence the Fourier transform of a]* + a]~ in the pure state af) + h is given by
(exp(iz(a)™ +a)"))(aQ + h), a2 + h)
= |hl5 = [(u, h)ao* + (Ja* + [(u, h)a|?) cos(2) +i((h, w)2a + (u, h)2d) sin(2),
z € R. O

The operators 77, al™, a)*, al°, acting on the two-dimensional space span({2,u) can

u

be respectively represented by the matrices

ool Lool (Ve oY)

Hence a)t+a)~, i(a)"—a)~) and [a]~, a]*] give a representation of the Pauli matrices

Oz, Oy, 0.



Proposition 3.2 Letu € L*([0,7]) be the indicator function of a Borel set of Lebesgue
measure o > 0. Then

at’ +al” +alt +a)’
has the Boolean Poisson distribution with parameter o, i.e. a+r1 (00 + @dai1)-

Proof. Let X, = ar” + a]~ + a)" 4+ al°. We have X,Q = u + o and X,h =
hu + a(h, u)29, hence (X,)*Q = (o + 1)* L(u+ aQ), (X, )fu = (o + 1)L (u+ aQ),
k > 1, which implies

o Nk [e.e] \k
21Xu ) . (Z1> k—1 Q iz(a+1)
X —&Z i (a+1) =o51¢ :
k=0 k=0
which is the characteristic function of — ((50 + o). =

We define the processes (a; )ier. , (at+)t€R+, (a]*)ter, by

- _ T+ _ vt
ay a1[0t]a Ay = Ay 0 a” a1[0t]a te Ry

The following result, combined to Props. 3.1 and 3.2, shows that (a]~ + ] )icpo., i

the Boolean analog of Brownian motion, and that (t77 + ]~ + a]" + a]°)scp] is a

realization of the Boolean Poisson process.
Proposition 3.3 let u,v € L*([0,7]).

i) If u,v are orthogonal, then a)~ + a)* is Boolean independent of al~ + al™.

it) If u,v are indicator functions with disjoint supports then am? + al” +alt +a)°

and am? +al” +a)T +al°, with a = [ u(s)ds and f = [ v(s)ds, are Boolean

v 7

independent.

Proof. 1) This property follows from the facts that
Q, k,l even

U k odd, [ even

,0)ou  k even, [ odd

(@) +a)")Ma)” +a)*)'Q = (u
(u,v)202 k odd, [ odd,

and
(v, h)o(u,v)ou, k,l even
e ko vy ) (0, R)a(u,v)2Q2 K odd, [ even
(0" ") @™ + o) h = (v, )28 k even, [ odd
(v, h)au k odd, [ odd,

which imply that

1 kq, ko, ... even,

~— v\ k1 y— Y4\ k2 Y— Y+\k3 Y= Y+)ka cee) =
e((ay” +al )™ (a)” +a)")?(a)” +a)")*(a)” +a)") ) {O otherwise. O

ii) The relation wv = 0 implies in the notation of the proof of Prop. 3.2:

p(Xh Xk xks Xk ) = a(a+ 1) BB+ D ala+ DB TBB+ 1)L
- SO<X51)¢<X52)90<X53)90(X54) ) kl > 17 k2 Z 17 sy

hence the Boolean independence of X, and X,.
8



O

1

1
Remark 1 The sequence (at" + af ) converges to a; + a; pointwise on Sy,
n>1

hence in distribution, as n goes to co. Similarly, the sequence

1 1 1, 1,
trn +a +af +af
n>1
converges to tly+a; +a; + a3, pointwise on S, as n goes to co. Hence the Brownian

motion and Poisson process are limits of their Boolean counterparts in the sense of

pomthse convergence on S,y.

Due to the non-commutativity of the Boolean independence property, the Boolean
Brownian Poisson processes obtained in this way do not have classical realizations.
Nevertheless, we show in the next section (Prop. 4.1) that a}° + a]* + a)~ can be

identified to a multiplication operator by a classical random variable.

4 Probabilistic interpretation of I'i(L*(IR,))

440177

In the remaining of this paper we set v = 1 and write “¢” instead of . In this sec-

tion we construct a probabilistic interpretation for the Boolean subspace I'1(L*(RR..))
of T(L*(R,)). We show that in this interpretation, a classical Bernoulli process can

be constructed from al~ + al* + al°. Consider the space B = RN with the metric

d(z,y) = sup |z, — yal,
neN

and the probability measure defined on cylinder sets as

1

Pz : (0. an,) € B}) = @/ dty-dly Fy 4 A by dEN.
EN[-1,1]4

The coordinate functionals

0,: B—R, ke,
are independent, uniformly distributed random variables on [—1, 1]. Let
T, =k+(140,)/2, keN,

be the kth jump time of the point process (Y(t))icr, defined as

Y(t) = lmeot), t€R (4.1)

keN

For bounded A € B(R.), let

Fa=o0 (i 1o(Tx) : OCA, O€ B(IR+)> ,



and F; = Foq, t € Ry. We define the filtration (]:"t),geRJr as F, = Fos t € Ry,
where [t] denotes the integral part of ¢ € Ry. The compensator (;)icr, of (Y(t))ier,

with respect to its natural filtration (E)teR L s

Z el EAOLE

cf. [6], and (Y(t) — t);>0 is not an (F;)-martingale. For f,, € L*(IRy)°", denote by
fn( fn) the (F)-adapted iterated stochastic integral with respect to the compensated
process (Y (t) — t)ier,:

tn [t2
£ = n'/ / Folbs e b)d(Ye — 1) (Y — 1),

Let
k+1
:{f€L2(R+) : f(t)dt:(), kJE]N}a

K
let K" = L*(Ry)°" N K®" equipped with the L?(IR,)°" norm, and let ®(K) be the
subspace of I'; (L*(IR,)) defined as

oK) =P K™

n>0

For f, € K°" we have

Lif) = Y faTe, o To) =0l > fulTh, . T,

k17 F#kn k1<--<kn

and

E [fn(fn)im(gm)] - 1{n:m}n!(fnagm)L2(R+)®”a fn S K0n7 9m € K0m~
Consequently, the mapping

V:®(K) — L*(B)

is bijective since the set of multiple stochastic integrals is total in L?*(B). The expo-
nential vector fl(u), u € K, is here identified to

Z =L =14 Y u(Th)u(Ty,) = [[O+u(Th).

neN : n>1  ki<--<kp neN

Under this identification, any square-integrable (F;)-adapted process u € L*(B) ®
L*(R.) belongs to Dom(V'"), and

Vit (u) = /0 T ud(yY () — 1), (4.2)

10



cf. Corollary 1 of [11]. Let 7 : L?(R,;) — K denote the orthogonal projection on K.

The following proposition shows that the process (a +alt + a71r2(1[0 t])teR L is

1—
TK 10,4 T 1ot

identified to the classical compensated process (Y () —t)er, . This result corresponds
to the fact that the linear combination zo, + yo, + zo, +t can yield all Bernoulli
probability laws for z,y, z,t € Ry, when a.t + a.™, i(al™ — al™) and [a.™,al"] are

identified with the Pauli matrices o,, 0, 0, acting on span(2, u).

Proposition 4.1 Let u € K. The operator al™ + al™ + al° is identified to the multi-
plication operator on ®(K) NSy by the single stochastic integral I (u).

Proof. The proof follows by application of the following Lemma. g

Lemma 4.1 Let u, f € K such that uf € L*(R,). The multiplication formula for
the multiple stochastic integral I,(f°) and I(u) can be stated for n > 1 as

Li(f")1(u) = Lo (f" 0 w) + ndo((uf) o f27D) Lot ((F (5, ul))2).

Proof. We have

L(f")i(w) = Yoo @) f(T)ul(T, )

kl#“‘?’éknykn-kl

= Y @) STl

ki Fkni1

Y f<Tk1>---f<TknJ(f(Tkn)u(Tkn)— [ f<t>u<t>dt)

ki

+n Z f(Tkl)...f(Tkn_l)/n+1f(t)u(t)dt, O

5 Quantum stochastic processes in discrete time

In this section we link the uniform distribution to a discrete law (Prop. 5.2) by addition
of a number operator defined via a discrete-time quantum stochastic calculus. We start
by considering a different approach to non-commutative stochastic calculus, allowing
to write the multiplication operator [;* u(t)d(Y (t)—t) as a sum of a gradient operator

and its adjoint.
Definition 5.1 Let P be the set of functionals of the form f(6y,...,0,-1), [ polyno-
mial, n > 1, and let V be the set of processes u of the form

k=n

u:ZFk@;uk, Fi,...,F,€P, u,...,u, € L*(Ry), ne€N.
k=1

11



The sets P and V are respectively dense in L?(B) and in L?*(B) ® L*(R,). We now
define a gradient operator by perturbation of the jump times of (Y (¢))ier,, cf. (4.1),

i.e. by differentiation with respect to the coordinate functionals (6x)ren. Define

D: L*(B) — L*(B) ® L*(Ry)
with

n

Df (0o, ,00) =" (0 — )l (8) + 0k + )iz o) (1)) O f (B0, ..., 0,), t € Ry,

k=1

cf. Def. 2 and Def. 3 of [11]. The operator D is closable and admits an adjoint
0 : L*(B) ® L*(Ry) — L*(B).

Proposition 5.1 We have the identity

o(v) = /Ooov(s)d(Y(s) —s) — /000 Dyv(s)ds, wveV. (5.1)
Proof. cf. Prop. 5 of [11]. O

Consequently, if v € L2(B) ® L?(Ry) is (F;)-adapted, then v € Dom(é) N Dom(V'+)
and 6(v), V'*(v) both coincide with the stochastic integral of v with respect to
(Y(t))ser., , compensated with dt:

S(v) = Vi (v) = /Ooov(t)d(Y(t) —1).

We can now state the definition of the three basic operators.

Definition 5.2 For h € L*(R.), define the closable operators a;, , a;,, a;; on P as
G F = (DF,h)y, @F =6 (h(~)D.F> . G F=56heF), FeP.

The operator @, is adjoint of @, on P and aj is self-adjoint on P. Let ai = aj
le R-Fa €= _aoa+'

[0,]’

Corollary 5.1 The operator a, +a; is the multiplication operator by Y (t)—t, t € R,

and (a; + df)t€R+ is tdentified to the classical process (Y () — t)ier., -

Proof. This follows from Prop. 5.1. a

We define the mapping i : L*(B) ® [*(N) — L*(B) ® L*(R.,) as

i(u) =Y w ((Ok — Dlpem () + 0k + Dz e (1), t € Ry (5.2)

12



With this notation we have D = i o D, where D : L?*(B) — L?*(B) ® L*(N) is the

discrete-time gradient densely defined as
Df(bo,...,0n0) = (Dpf(Oo,...,00))ken = (Orf(Oo, .., 0n))4ens tE R4
The definitions of @, G, , a; can be extended by letting h equal the random process
i(eg) := ((Gk — D1y + (0 + 1)1}Tk7k+1]) , ke,
where (e;,)ren denotes the canonical basis of 1?(IN).
Proposition 5.2 Let s € R\ {0}. The non-commutative random variable
A5y 1807, ) — isdy, \ + 52 (1 —6)
has a discrete distribution p carried by {n(n+1) : n € N} and given by

w({n(n+ 1)}) = n" 12

Here J,, p > 0, denotes the Bessel function of the first kind, defined as

=(3) Zkvrp+//j+1) re k.

For the proof of Prop. 5.2 we will need the following Lemmas.

(Tnt12(8))?, n€eN. (5.3)

Lemma 5.1 The operators di_(ek), &;?(Ek), ELZT'EEk) satisfy
Uy oy f(Or) = (1= 02)0F (0), @5y = — (1 — 07)0° f(Or) + 26,0 (61),

and

@Iek) = —(1—62)0f(0r) + 20, f (6).

Proof. The relation a;, ,f(0x) = (1 — 02)0f(0x) follows easily from the definition of
DasD=io0D. Usmg the duality between D and 4, a one-dimensional integration
by parts on [—1,1] gives a7, , = —(1 — 02)9% f(01,) + 20,0f(6x). The last relation is
obtained from a;,,, = d;Eek)Dk’ k> 0. O

Consequently, d;Eek) + &;(ek) is identified to a multiplication operator:

ot =
z(ek) + ai(ek) = 29k7 ke ]N, (54)

and a al(e )+ Gy, has a uniform distribution on [—2,2]. Defining the Hermitian oper-
ators Qp, = a,, +a,, Py =1i(a, —ay), Pi= P, Q= Qi t € Ry, we have

Qe[ (Ok) = 20 f (Ok),  Piey) f(0) = —i(=2(1 = 0)0f (61) + 20 (04)).
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Lemma 5.2 Fors € R,
.S ~o .~
exp < —Q; ek)> (er) €XD <—1§Qi(ek)) = (e, — 156‘;@@) + sy, ) + s*(1—63),

and the following commutation relations hold:

|:ai_(6k)’ d’?(_el)i| = _2<]‘ - 9]?7)1{191”’ (55)
[Pier)s Qiceny] = 21(1 — 6), (5.6)
[@5ey)s Qiter)] = 1Pier)y k1€ N, (5.7)

Proof. We omit the index k and use Lemma 5.1. We have

a®exp (—is6) f(0) = (—(1 — 6°)9; + 200,) (f(0) exp(—ish))
= —(1—0%)(=2isf'(0) exp(—ist) + f"(0) exp(—ish) — s* f(0) exp(—ish))
+2(—is0f(0) + 61'(9)) exp(—ish),

hence

exp (is6) @° exp (—isf) = (—(1 —02)9; + 200,) f(0) +is((1 — 60*)0p — 20) f(0)
+is((1 — 6%)0g) f(0) + s*(1 — 6*) £(0)
= a°f(0) —isat f(0) +isa f(0) + s*(1 — 6*)f(0).

On the other hand,

= (1-6%0(—(1—6%0) +20(1 — 6%)0 + (1 — 62)0((1 — 6%)0 — 20)
= —(1-0%%0*+20(1 — 6*)0 +20(1 — 6*)0 + (1 — 6°)*9”
—20(1 — 6%)0 — 20(1 — 6%)0 — 2(1 — 6*) = —2(1 — 6?),

hence (5.5) and (5.6). Concerning (5.7) we have

(—(1 = 6)05 +2005)(0£(0)) — O(—(1 — 6%)5 + 2005) f (0)
= —(1L=0")2f(0)+01(0)) +20(f(0) + 0.£"(0)) + O((1 — 0%)0; — 200s) f(9)
= —2(1-0*)f'(0) +20f(0) =iPf(f). O

Proof of Prop. 5.2. Let R,, n > 0, be the Legendre polynomial of degree n, which

satisfies the differential equation
(1 —2*)R!(z) — 2zR,,(z) + n(n + 1)R,(x) = 0, (5.8)

and the orthogonality relation

1
x)dr/2 = j - N.
/ R :c/ o+ 1 {n=m}, T, ME
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We have
5oy Rn(0k) = 0D R, (6;) = n(n + 1)R,(0;), k.n € N. (5.9)

From Lemma 5.2, the law of &, +isa;,, ) — isd;,, + s*(1 — 6%) in the vacuum state
€ is the same as the law of @7, , in the state exp (15£Qi(er)) Q, cf. [1]. From (5.9), the
spectrum of @° is {n(n+1) : n € N} and the Legendre polynomial R, is eigenvector
for a° of even eigenvalue n(n+1) € N. In order to determine the law of @° in the state
exp(isx), it is sufficient to decompose exp(isz) into a series of Legendre polynomials.

From [12], p. 194, we have

! dx m!
mRn - — ’
/1‘” @) = T s

if m — n is even and m > n, with
pll = H (2k), p even, and pl! = H (2k + 1), p odd.
0<2k<p 0<2k+1<p

For other values of m, n, the integral is equal to zero. Using Legendre’s duplication
formula (cf. [4], p. 64):

M@l(a+1/2) V7
T'(2q) 9217

G/G]R,+,

where I' is the Gamma function, it follows:

! dy (is)%k L (i8)%*(k +n)!
lsy — s \N 2 n
/ Buly) = (i) Z(Qk)”(2k—|—2n+1” (i2s) Zk'2n+2k+1)

1 k=0

0 (18)2k

= /7(i2s) ; 2226+ 1EIT (n + k + 3/2)!
—0

L [T s n+1/2 2 (—s2/4)F
- %(5) kzok'l“(n+k+3/2 \/ 23 Twe1l)

The expansion

oo

E:(ﬁg:—/‘wwz V) Ve in,w

n=

gives (5.3), since

b ({n(n+ 1)) ‘%ﬁ?‘/ SR (

6 Quantum stochastic calculus by time changes

In this section, ®(K) = @,,cn K" is identified to L*(B) and we use the decomposition

~— ~+ __ 0 - + —
at + at - a’TrKl[Oyt] + a’ﬂ'Kl[O‘t] + aﬂ'Kl[O,t] - (Y(t) - t)tER+
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of (Y(t) — t)ter, in annihilation parts to construct a non-commutative It6 calculus.

For f € [?(N) with finite support, define the exponential functional

¢H(f) = exp (Z m) ,

keN

and denote by = the vector space generated by such random variables, which is dense
in L?(B, P). Let A € B(R). Denote by W, the set of operators in A with PJZ C
Dom(X), that can be written as X ® I; on ['(L?(A)) @ T'(L*(A°)).

Definition 6.1 A process (X (t))ier, of operators is said to be (F;)-adapted if X (t) €
\IJ[O,[t}]; teR;.

We start by defining quantum stochastic integrals of simple adapted processes.

Definition 6.2 If (X (t))wcr, is a simple adapted process of operators of the form
X(t) = Zle[z,erl[(t)a te R+7 n e ]N,
i=0

where X; € Yo, 1 =0,...,n, let

t i=n
~e =c - _
/0 X{s)da; = ;Xzal[im,(iﬂmt[’ E=Tot (6.1)

The following proposition extends this definition to non-adapted processes, provided

smoothness conditions are satisfied, see also [5].

Proposition 6.1 If (X (t))cr, is a process of operators in A, let

/Oo X(s)da; F = /OO X (s)D,Fds, /OO X(s)da’F = §(X(-)D.F), (6.2)

/OOO dat X(s)F = 6(X () F), /OOO da; X (s)F = /OOO D, X(s)Fds,  (6.3)

provided XF = (X(t)F)ier, satisfies respectively XDF € L*(B) ® L*(Ry), XDF €
Dom(3), XF = (X(t)F)ier, € Dom(d), DXF € L*(B)® L*(R,), F € L*(B). These

definitions coincide with Def. 6.2 on simple adapted processes.

Proof. We have D; = D; @ I on T'(L*([0,4[)) ® T'(L*([i, 0[)), hence X (s) commutes
with D; for s € [i,i+ 1[, i € N, and

X(8)D,F = iy(X(s)DF) = D,X(s)F, a.s., F€Z, scRy, (6.4)
hence X DF satisfies the conditions of Def. 6.1, and (6.1) is equivalent to (6.2) and

(6.3) on simple (F;)-adapted processes, from Def. 5.2. g
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The integral fo (t)da; is defined by duality from fo da; X (x)*. Conditions for the
existence of the stochastic integral of adapted operator processes as an unbounded
operator on the vector space = of exponential vectors can be obtained from the next

proposition:

Proposition 6.2 Let (X(t))icr, be a simple adapted process in A. We have
. [ X = Gl [ X)),
C(f),C(g) € 2, e = —, 0,4, with
hy =i(g), ho=1i(f), ho=1i(fg). (6.5)
This shows that if (X (t))er, is an (F;)-adapted process of operators such that

(X()C(f))ier, € LA (B)® L*(Ry), V((f)€E

then fo s)dag is uniquely densely defined. We have

Q%AWXQWfC / X(s)da=c(g), (), C(f), Clg) €=,

if (X (t))ier, and its adjoint (X (t)*)ier, are simple adapted processes that satisfy the

above conditions, with xe = +, 0, — respectively if € = —, 0, +.

Proof. The proof is an application of Relation (6.4) and the fact that DC(f) =
i(f)C(f). The last relation is a consequence of the duality relations between a; and
a,, and of the self-adjointness of a:, cf. [1], [10] for the analog statements for p

u

respectively Gaussian and exponential. O

Proposition 6.3 Let X, 7 be simple (ft)-adapted processes in A such that = C
Dom(X(s)Z(s)), s € Ry. We have the equality

/OtX(s)dai /OtZ(s)da’; = /OtdaiX(s) </0 Z(u)d&ﬁ) +/Ot (/OSXudai) 2(s)da

+ / tX(s)Z(s)ddi - dan, (6.6)

where the composition of operators holds in the weak sense and the product da; - da!!

15 given by the multiplication table

: da; | da;
daf |0 0
da; | dY ()| 0
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Proof. The statement of (6.6) in the weak sense means the following identities, which

will be proved using the duality between ¢ and D:

( /0 ' 2(8)dat G /0 X (s)da- F)

— /Ot</os Z(u)dajG,X(s)*Dsmder/Ot<Z(s)G,DS /OSX(u)*dduFMs,

([ 2. [ x(syaarr)

= /Ot@sc;, /0 Z(u)*ddiX(s)*F}ds%—/ot(f)s /0 X, da; Z(s)G, F)ds,
([ 2t [ x(yaae
_ / (DX (5) /  Z(w)dat G, Fyds + /0 e /0 " DX (u)*dat Fds,
/ X(s)Z(s)GdX (s), F),
</0 (daG/X “da= F)
_ /0 y /0 C Z(w)da=G, X () D F)ds + /0 (Z(s)D.C. /0 " X(u)*das F)ds,

for F, G € P. By linearity and adaptedness of X, Z it suffices to prove these relations
for X = Z = 1pp4. We have

(a; G a; F) = /0 tf)quu, /0 tDsts>
= /t /S<DUG, DSF)duds+/t /U<DUG, D,F)duds
_ ( ol /D Gdu) e 5(1[(”] /D qu>>
= </0da+~ G,F) + G/da+~
= (G, (/Otdjdas+/0dasas)F), F,.GeP,

(afF,a; G) = /t<de,DSG>ds+(F,/td;Gd(Y(s)—s)>—/t<DsF,a;G)ds

and

t t
_ /< +FDG>ds+(F/ dita=G)
0 0
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t
= /<~+FDGds+ F/
0 0

t t
- (F,/ a-da;G) + F/ dasa;G), F,GeP.
0

Finally,

@t

FafG) = / t(ded(Y(s)—s),G)— / t(de,[)SG)ds
+(F, / t arGd(Y (s) — s)) — / t(DSF, afGyds + (Y (1) F, G)

t t t
— / ditat FG) + ( / i F,G) — / (6 F, D.G)ds
0 0 0
t t t
P, / datatG) + (F, / da—atG) — / (D.F,a+Gds + (Y(£)F, G)
0 0 0
t t
_ / =G F,G) + (F, / da=atG) + (Y (1) F, G)
0 0

t t
= (/ d&S&jF,G>+</ a,dalF,G)+(Y(t)F,G), F,GeP. O
0 0

Acknowledgements. Ithank Uwe Franz for communicating Ref. [15], and the referee
for useful suggestions.

References

[9]

Ph. Biane. Calcul stochastique non-commutatif. In Fcole d’été de Probabilités de
Saint-Flour, volume 1608 of Lecture Notes in Mathematics. Springer-Verlag, 1993.

Ph. Biane. Processes with free increments. Math. Z., 227(1):143-174, 1998.

M. Bozejko. Positive definite functions on the free group and the noncommutative Riesz
product. Boll. Unione Mat. Ital., A5:13-21, 1986.

W. Feller. An introduction to probability theory and its applications. Vol. II. John
Wiley & Sons Inc., New York, 1966.

J. M. Lindsay. Quantum and non-causal stochastic calculus. Probab. Theory Related
Fields, 97:65-80, 1993.

M. Métivier. Semimartingales: a Course on Stochastic Processes. de Gruyter, 1982.

P.A. Meyer. Quantum Probability for Probabilists, volume 1538 of Lecture Notes in
Mathematics. Springer-Verlag, 1993.

A. F. Nikiforov and V. B. Uvarov. Special Functions of Mathematical Physics.
Birk&user, 1988.

K.R. Parthasarathy. An Introduction to Quantum Stochastic Calculus. Birkauser, 1992.

19



[10]

[11]

[12]

[13]

[14]

N. Privault. A different quantum stochastic calculus for the Poisson process. Probab.
Theory Related Fields, 105:255-278, 1996.

N. Privault. Calcul des variations stochastique pour la mesure de densité uniforme.
Potential Analysis, 7(2):577-601, 1997.

G. Sansone. Orthogonal Functions, Revised English Edition. Interscience publishers,
New York, 1959.

M. Schiirmann. Direct sums of tensor products and non-commutative independence.
J. Funct. Anal., 133(1):1-9, 1995.

R. Speicher. A new example of “independence” and “white noise”. Probab. Theory
Related Fields, 84:141-159, 1990.

R. Speicher and R. Woroudi. Boolean convolution. In D. Voiculescu, editor, Free prob-
ability theory. Papers from a workshop on random matrices and operator algebra free
products, volume 12 of Fields Inst. Commun., pages 267-279, Toronto, 1995. American
Mathematical Society.

D. Voiculescu, K. Dykema, and A. Nica. Free random variables. A noncommutative
probability approach to free products with applications to random matrices, operator
algebras and harmonic analysis on free groups, volume 1 of CRM Monograph Series.
American Mathematical Society, Providence, RI, 1992.

20



