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Abstract—Wireless radio frequency (RF) energy harvesting
has been adopted in wireless networks as a method to supply
energy to wireless nodes, e.g., sensors. In this paper, we present a
new analysis of the wireless energy harvesting network based on
a Boolean-Poisson model. This model considers that the energy
sources have a fixed coverage range. The energy sources are
distributed according to a Poisson point process (PPP) while
their radii of coverage are random and are assumed to follow
a given probability distribution. We derive the performance
measures consisting of the energy harvesting probability and the
transmission success probability both in the cases of two nodes
and multiple nodes. Our analysis is validated by simulation.

Index Terms—RF energy harvesting, Boolean-Poisson model,
multihop networks.

I. INTRODUCTION

Recently, RF energy harvesting techniques have been de-
veloped to let mobile and sensor nodes scavenge energy
from radiated RF signals from ambient or dedicated RF
sources [1]. Due to its advantages of powering energy-
constrained devices and prolonging the lifetime of wireless
networks, many researchers have studied energy harvesting
methods in various wireless network scenarios [2]-[7]. For
example, in [2]-[4], transmit beamforming methods which
optimize the performance were developed for the networks
where energy harvesting nodes collect power from the RF sig-
nals sent by its dedicated RF energy transmitters. To analyze
the performance of the network with RF energy harvesting
capability, analytical models based on a Poisson point process
(PPP) were introduced [5]-[7]. In such models, the locations
of RF energy sources are geographically distributed according
to the PPP, assuming that nodes in the networks harvest energy
from the signals transmitted by surrounding energy sources.
The study in [5] introduced a tradeoff among transmit power,
density of base stations, and density of energy sources in
an uplink cellular network. In [6], the authors derived the
outage probability of a network overlaid with power beacons
distributed according to a PPP. Alternatively, the authors
in [7] investigated the transmission success probability in an
RF energy harvesting multi-tier uplink cellular network by
modeling the level of stored energy as a Markov chain.

In wireless energy harvesting networks, one can consider
the coverage region of an RF energy source, i.e. an energy
harvesting enabled area formed by the RF signals from the
energy source. Then, the union of the coverage regions can
be understood as the energy harvesting enabled region in the
networks. In this sense, the probability that nodes can harvest

energy is related to not only the distribution of the locations of
the RF energy sources, but also characteristics of the coverage
region. However, most previous works on energy harvesting
networks have not taken the features of the coverage regions
into account when analyzing the networks.

In this paper, we assume that the RF energy sources are
distributed according to a homogeneous PPP, and the coverage
region of a RF source is a disc of random radius. This
model is known in the literature as the Boolean model. The
Boolean model has been extensively studied, cf. [8] and [9]
for a thorough overview, and the coverage properties of the
model were investigated in [10]-[12]. The model has been
used in different applications, see [8]. More specific examples
are [13] for applications to image analysis and [14], [15] for
applications to wireless networks. However, its application to
wireless energy harvesting networks has not been previously
considered.

The analysis presented in this paper considers two major
situations arising in RF energy harvesting networks, i.e., two
node harvesting and multiple node harvesting. The perfor-
mance measures in terms of the energy harvesting proba-
bility and transmission success probability are derived. As
for the mathematical contributions, Theorem 1 provides the
probability that two nodes at fixed locations are covered by
the Boolean model. This is the situation in which the nodes
can harvest energy and are able to communicate with each
other. We extend the computation of Theorem 1 to the case
of multiple nodes at aligned fixed points. These nodes are
part of a multihop link, and thus the important performance
metric is an end-to-end transmission success probability. We
find that these results depend only on the law of the radius,
and we provide some explicit computations for a panel of
common distributions.

II. THE BOOLEAN-POISSON MODEL

This section introduces the required background for the
study of the Boolean-Poisson model which is also known as
a Boolean model. Let us define p a probability measure on
[0, 00) and consider the probability space (2, F,[P) on which
we let ® be a PPP supported on R? x [0, 00). The intensity
measure is £ ® (Au), where ¢ indicates the Lebesgue measure
on R?, We denote by B,(r) the open Euclidean ball of R?
centered at * € R? with radius r € [0,00). Moreover, we
consider the following random set
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Fig. 1: Description of the Boolean-Poisson model

which consists of all points covered by at least one ball.
The set = is called the Boolean-Poisson model, and & is the
underlying PPP containing the pairs (z,7) of points along with
their corresponding radius. We illustrate the model in Fig. 1.

In the Boolean-Poisson model, the metric of interest is the
probability that a fixed point in R? is covered by the union
of balls. Let us consider a point A in space located at 2 € R?
and define the set

Cz:{(y,r)GRdx[O,oo) :yGBz(T)}. 2)

Then, since * ¢ = <= ® NC, = (), the probability that
the point A falls in = can be computed by fairly standard
calculations:

P(z€E)=1-P(®NC, = 0)
=1-exp(=(({® () (Ca))

=1 exp (- [T B0 utan) )
=1—exp (—)\vd /Ooo rd u(dr)) , 3)

where vy £ 7%/2/T'(d/2+ 1) represents the volume of the d-
dimensional Euclidean ball, and I'(-) is the Gamma function.
Note that P (z € E) = 1 when [;~ r¢u(dr) = co. Therefore,
we can infer that a point in R? is almost surely covered by the
Boolean-Poisson model if the d-th moment of 4 is infinite.

III. SYSTEM MODEL

In this paper, we analyze the wireless energy harvesting
networks consisting of a (random) number of ambient RF
energy sources. In the networks, sensor nodes harvest energy
from the RF signals radiated by the ambient RF energy
sources, and transmit or receive data by using the harvested
energy. The homogeneous PPP ® with density A\ models the
locations of the ambient RF energy sources. Also, we assume
that each energy source has its own coverage region, and
the sensor nodes in the region can scavenge energy from
one of the energy sources. The coverage region of each
ambient RF energy source is modeled by the open Euclidean
ball of R? centered at the location of the energy source
with a randomly distributed radius distributed according to
. By construction, the energy harvesting enabled region is
modeled as the Boolean-Poisson model = as defined in (1).
Fig. 2 illustrates a realization of the network where d = 2,
A = 0.04, and the radius is exponentially distributed, i.e.,
wu(dr) = pexp(—pr)dr with p = 0.5.
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Fig. 2: A realization of the network in a Boolean-Poisson
model where black dots and blue circles represent the loca-
tions of the ambient RF energy sources and boundaries of the
coverage region

It is worthwhile to note that exploiting the Boolean-Poisson
model to model the energy harvesting networks is a new
approach and different from the conventional approach in [5]—
[7]. Most previous works on the wireless energy harvesting
networks have not considered characteristics of the coverage
range and only focused on the locations of the energy sources.
However, the probability that a sensor node in the network
can harvest energy is strongly dependent on the distribution
of the coverage range. Therefore, it is important to investigate
the performance of the networks where the energy harvesting
enabled region is modeled as the Boolean-Poisson model.

Let us consider n sensor nodes A, As, ..., A, which are
respectively located at z; € R% zy, € RY,... 2, € R%
We assume multi-hop networks where node A; transmits
data to node A,, aided by nodes Ao, ..., A, 1. In this case,
the transmission succeeds when all nodes are located in the
energy harvesting enabled region =, and the received signal-
to-noise-ratio (SNR) of each hop is larger than a certain
threshold ~;, which means the minimum SNR required for the
successful data detection. Therefore, by defining Py and Pr
as the probabilities that all nodes can harvest energy and the
received SNRs for all hops are higher than -y,;, respectively,
the transmission success probability Ps can be expressed as

Ps = Py Pr, “4)
where
Py =PNke{l,...,n}, o €E), 5)
and
Pr=PVke{l,....,n—1}, 7% > vn). (6)
Here, i £ M stands for the received SNR

for the k-th hop Whe(;e P is the transmit power at all nodes,
hy denotes the fading power for the k-th hop, a indicates
the pathloss exponent, and o2 accounts for the power of
additive white Gaussian noise. In this paper, the fading powers
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(a) Non-coverage: only A; is covered

ﬁ“

(b) Coverage: both A; and A, are covered

Fig. 3: Examples to illustrate networks with two nodes

{hi} are assumed to follow independently and identically
distributed (i.i.d.) exponential distribution with parameter 7.
It is also assumed that the {h;} are independent of the PPP
P,

IV. PERFORMANCE ANALYSIS

In this section, we first derive an analytical expression for
the transmission success probability in the networks where
two nodes exist. Then, we generalize the analytical result to
the case of the networks with multiple nodes.

A. Networks with two nodes

Let us consider two nodes A; and A, which are located at
x; € R? and x5 € R?, respectively. Note that both A; and A,
ought to be located in = in order to scavenge energy. As an
illustration, the placement of A5 in Fig. 3a corresponds to a
non-coverage situation, whereas that of in Fig. 3b corresponds

to a coverage situation.
In the networks with two nodes, the coverage probability
Py in (5) can be rewritten as

PH:]P(IE1 GE)—FP(.’L’Q GE)—P({I‘l EE}U{IEQ GE})

Wq 2 exp (f)\vd/ r? ,u(dr))
0

—P({z1 €E}U{zs €E}), )

where (a) follows from the result in (3) and the stationarity
of the PPP. In the following theorem, we provide an analytical

expression for Pp.
Theorem 1: In the networks with two nodes, the probability
that both nodes can harvest energy is given by

Py =1-—2exp (—)\vd/ rd ,u(dr))
0

+ exp (72/\1)4/ r p(dr)
0

o0 d+1 1
+Avd/ L2y ar2) (T 5) ré u(dr)> ; ®)
/2

Fig. 4: An illustration for the case of r > [/2

where | £ |lz; —x5]| is the distance between A; and A,. Here,
I.(a,b) is the regularized incomplete beta function defined by

L(a+0b) [5u* Y1 — )bt du

et = T@ro |

a,b,z > 0.

Proof: Let us define @, as a PPP on the same probability
space as P, supported on CS  with intensity measure £ ® (Au)
restricted to CS , where X° denotes the complement of a
set X. Recall that C., has been defined in (2). We define
accordmgly the Boolean-Poisson model associated to ®,, as
= U, reo,, Be (r). Then, we have

;_4$1

P(z2 ¢ Zo,) =P ({(y,7) € Py : 32 € By(r)} = 0)
=P (®y, NCsy =0)
= exp (= (£ ® (M) (Cay NCg,y))

:exp< /e o ﬂBTl())u(dr)>.

Now, we focus on the computation of the volume in the
above equation. First, if r < [/2, then £ (B, (r) N By, (r)°) =
0 (B, (r)) = wgrd. Second, if r > [/2, then one has
to compute the shaded area in Fig. 4 (represented here in
dimension d = 2). The above d-dimensional volume (known
in the literature as hyperspherical cap) is equal to [16]

c d+1 1
€ (Buy (r)NBay (1) ):vdrd<1—11_l2/(4ﬂ) (T 5)) .

Hence, P (x2 ¢ Z,,) becomes

P(xz2 ¢ Ez,) = exp (f/\vd /000 r p(dr)

e d+1 1
—|—)\Ud/ I 2 y(ar2) (T 2) r ,u(dr)) . ©)
1/2

Note that the law of ® given ® NC,, = (} coincides with the
distribution of ®,,, and therefore P ({z; € Z} U {z2 € Z})
in (7) can be written as

P({xl € E} @] {132 € :})

=1-P(z1 ¢E)P(z2 ¢ E |21 ¢ E)
=1-P@1 ¢E)P(z2 ¢ E| PNCsy =0)
1 P(21 ¢ 5)P (w2 ¢ Ea,). (10)

Combining (7), (9) and (10), we obtain the result in (§8). MW
In the following corollary, we customize Theorem 1 to the
case d = 2, which is the main situation of interest.



Fig. 5: An example to illustrate networks with multiple nodes

Corollary 1: When d = 2, the coverage probability can be
simplified as

Py =1-2exp (—)\7?/ r? u(dr))
0
+ exp —2)\7T/ r? p(dr) + 2)\/ (arccos (L)
0 1/2 2r

l 2 2
o 1—@ rpdr) |,

where arccos(-) denotes the inverse cosine function, and we

recall that [ is the distance between A; and As.
Proof: By using mathematical software such as Mathe-

matica, we may rewrite I;_ 12/(4r2) (2, ;) as

31 9 [1-17/(4r?) ”
I 2o)== d
1-12/(4r2) (2,2) 7"/0 1—u u

—2 arccos L —L 1—£
T 2r 2r 4r2 |-

Also, if d = 2, vy is equal to 7. From these results, we derive

the expression in (11). [ |
When the networks consists of only two nodes, Pr in (6)
is easily computed as

—a a 2
PT:P(phli z%h> — exp (_M)
o P

From (8), (11) and (12), we deduce the transmission success
probability in (4).

an

(12)

B. Networks with multiple nodes

In this subsection, we concentrate on the wireless energy
harvesting networks containing multiple nodes. Let us con-
sider Aq,..., A, nodes (here n > 2) which are located at
z, € RY, ...z, € R? respectively, and define the inter-
nodal distance as
a,be{l,...,n}.

lap = [y — 2all,

We assume that the nodes are aligned as shown in Fig. 5. In
this example, as node Az is not covered, node Aj does not
have available power for data decoding and encoding, and
therefore outage occurs when node A; attempts to communi-
cate with node Aj through nodes A,, As and Ay.

We remark that Py can be computed as

P(Vk e {1,...,n}, zx € E)
=1-P(Eke{l,...,n}, zx ¢ E)
©9q 4 > (—)XP(Vk e X, zx ¢ E), (13)

XC{l,...,n}, X#0

where (c) follows from the inclusion-exclusion principle and
| X| denotes the cardinal of a set X.

We exploit relation (13) in the following theorem, wherein
we derive a procedure for computing the probability that all

n nodes are covered by the Boolean-Poisson model.
Theorem 2: Let X = (a1,...,an) C {1,...,n} cor-
respond to one of the terms appearing in (13) Then

P(Vk € X, i ¢ E) is given inductively by
P(Vk S {a1,..‘,an}, Tk ¢ E)
= P(Vk € {a1, .. .,an_l}, Tk §é E)

X exp (f/\'ud/ r p(dr)
0
> d+1 1
+Avg ﬁam;nl Il_l%m»”’n—l <72 5) r u(dr)) ,

4r2

whilst noting that the initial term P (x4, ¢ =, 4, ¢

been computed in Theorem 1.
Proof: In this setting, one may compute the probability
in the summation in (13) by induction as follows:

E) has

P(Vk € {a1,...,an}, Tk ¢ Z)
=P(Vk € {a1,...,an-1}, =K ¢ E)
><I[”(xa,1 ¢El®NCy,, =0,...,2NCs, | :@)
=P(Vk € {a1,...,an-1}, =k ¢ E)
x exp (@ (M1)) (Cay, N1/(Cary Ue+UCs,,,)°))
=Pk € {a1,...,an—1}, zx ¢ 2)

X exp <—)\/ Z(Bza (r )ﬂl’j’zal( r)n-.--
0
NBe, ()@,
From the assumption that the n nodes are aligned, we have
By, (r)NBx,, (ren.. NBy, (r)czB%n (r)NBs, (r)-.

Thus, in a similar manner to Theorem 1, the volume can be
computed as

o )it (P111)

4r

This concludes the proof. [ ]
In multi-hop networks, Pr in (6) becomes
Phyl;
Pr :P(Vke {1,...,n71},$ 2%)
_ 702 yin = o
=P\~ p Z k+1,k | -
k=1

We may then derive the transmission success probability Pg
in (4) using Theorem 2, i.e., (13) and (14).

(14)



C. Distribution of the radius

In this subsection, we consider some specific distributions
for the radius, i.e., discrete distribution, continuous uniform
distribution and Gamma distribution. Then, we introduce
more simplified expressions for the integrals in the coverage
probability. For the simplicity of presentation, we assume
d = 2 and define the two integrals appearing in Corollary 1

as
e [T ),
(0]

N l l 12 2
2 L L Y & P
72 /1/2 (arccos (2r> o 4r2> r~ p(dr),

so that
Py =1—2exp(=Amn1) + exp (=2 7w + 2X12) .

1) First, assume that the radius can take only a finite
number of values, denoted by Ry, ..., R, € (0,00) for
some m > 1, and set p; = p({R; }) for i = 1,...,m,
which is the probablhty that the radius is equal to R
This corresponds to the following choice of u

Zpi Or; (dT),
i=1

where J,- denotes the Dirac measure at point r € [0, 00).
Then, we obtain 71 = ., p;R? and

p(dr) =

n2 =Y pil(r;>1/2)

l l 12 2
X (arccos (TRZ) ~ IR 1-— w) R;.

2) Next, let us consider the case where the radius is
uniformly distributed on [0, R] for a fixed R € [0, 0),
ie.,

%]]-[O,R] dr.

Then, 7; can be easily obtained as 7; = R?/3. Now,
we focus on the computation of 7o for R > 1/2 as
ny = 0 for R < [/2. Note that an antiderivative of

r = r2(arccos(l/(2r)) — 1/(2r)\/1 — 12/(472)) is

(r) éﬁ arccos Ly _ il 1- =
LA o) 3 472

I 12

Hence, we can compute 72 as

m= (emw-¢(35)).

3) Last, assume that the radius is Gamma distributed, i.e.,
_1
L(m)om

where m > 0 and 6 > 0 stand for the shape and scale
parameters, respectively. Then, we can readily calculate

771 as

p(dr) =

wu(dr) = P el ar,

m = 92m(1 +m).
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Fig. 6: Comparison of the energy harvesting probability for the
networks with two nodes and exponentially distributed radius

We remark that to the best of our knowledge, when the
radius is Gamma distributed, the integral 7y does not
have a closed form in terms of standard mathematical
functions.

V. SIMULATION RESULTS

In this section, we provide numerical results to validate our
analytical results. We assume that d = 2 and use the lines
and symbols to denote the analytical and simulated results,
respectively. Figs. 6 and 7 illustrate the energy harvesting
probability of the networks when the radius is exponentially
distributed with parameter p, i.e., p is an inverse of the
mean. Note that this distribution is same as the Gamma
distribution with parameters m = 1 and § = 1/p. In Fig.
7, the density A is fixed as A = 0.15. From the figures,
it is shown that the analytical results match well with the
simulated results. Since the mean of the radius decreases as
p grows, the energy harvesting probability decreases when p
increases. When the nodes in the network are close together,
the probability that the nodes are in the coverage region
becomes high. Therefore, in Fig. 6, we can see that the energy
harvesting probability increases as the distance between two
nodes [ becomes small. Also, in Fig. 7, it is shown that the
energy harvesting probability decays as the number of sensor
nodes increases.

In Figs. 8 and 9, we evaluate the transmission success
probability of the networks where the radius is uniformly
distributed on [0, R]. Here, the SNR is defined as P/o?, and
Yn = 1, 7 =1 and a = 4. In Fig. 8, the distance between
nodes [ is set to [ = 2, and in Fig. 9, the density A is fixed as
A = 0.15. We can see that the transmission success probability
increases as R grows. This is due to the fact that the coverage
region becomes larger as R increases. Moreover, in Fig. 8, it
is shown that the transmission success probability grows as
the density A becomes larger. Note that the probability Pr in
(6) is the product of the probabilities that the received SNR
for each hop is larger than ~;,. Consequently, in Fig. 9,
we observe that the transmission success probability rapidly
decays to zero as the number of hops increases if the SNR is
low.
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VI. SUMMARY

In this paper, we have presented a novel analytical frame-
work for analyzing the performance of wireless energy har-
vesting networks. The framework is based on the classical
Boolean-Poisson model. The probability of a single node
being covered by the Boolean-Poisson model is well-known.
We have extended this computation by considering the cases
of two nodes and multiple nodes. The former involves the
transmitter and receiver, while the latter also includes relays.
In both of these settings, the energy harvesting probability and
transmission success probability have been derived. We have
conducted an extensive simulation to validate the described
analytical framework.
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