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Abstract

In this paper we review the hedging of interest rate derivatives priced under
a risk-neutral measure, and we compute self-financing hedging strategies for
various derivatives using the Clark-Ocone formula.
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1 Introduction

While the pricing of interest rate derivatives is well understood, due notably to the use
of the change of numeraire technique, the computation of hedging strategies for such
derivatives presents several difficulties. In general, hedging strategies appear not to be
unique and one is faced with the problem of choosing an appropriate tenor structure
of bond maturities in order to correctly hedge maturity-related risks, see e.g. [3] in
the jump case. In [6], self-financing hedging strategies have been computed for swap-
tions in a geometric Brownian model, using the associated forward measure. In [7]
this approach has been extended to other interest rate derivatives using the Markov
property and stochastic integral representation formulas under change of numeraire,

which is a natural tool for the pricing of such derivatives.
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In this paper we focus on the hedging of interest rate derivatives under the risk-neutral
probability measure P itself, using the general framework for the hedging of interest
rate derivatives introduced in [1], [2], which is based on a cylindrical Wiener process
(Wi)ier, with values in a Hilbert space H under P. In particular, we compute hedging
strategies for interest rate derivatives, using both Delta hedging and the Clark-Ocone
formula. As in [7], we determine the relevant tenor structure from payoff structure
of the claim, in such a way that the hedging strategy does not explicitly depend on

bond volatilities.

We proceed as follows. The notation on bond markets and option pricing under the
risk-neutral measure is introduced at the end of this Section. In Section 2 we derive
self-financing hedging strategies for interest rate derivatives based on the Markov
property. Finally in Section 3 we use the Clark-Ocone formula to compute self-
financing hedging strategies for interest rate derivatives. We mainly consider three
examples, namely swaptions, bond options, and caplets on the forward and LIBOR

rates.

Notation

We work in the infinite dimensional framework of [1], [2]. Consider a probability space
(2, F,P) on which is defined a cylindrical Wiener process (W;)icr, with values in a
Hilbert space H. The measure [P is taken as a risk-neutral measure. Let (r;)cr,
denote a short term interest rate process adapted to the filtration (F;);cr, generated

by (Wi)ier, , consider the bank account process
Bt = ethTSdS, t e ]R,+.

By risk-neutral valuation under the measure P, an Fp-measurable claim with payoff

&, maturity S and exercise date T', is priced at time t as
E [e—ffrstBSé ‘ft} —BEE|F], 0<t<T<S, (1.1)

where

£ = Bg'¢ € LY(P, Fs)
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denotes the discounted payoff of the claim.

We will work with a continuous F;-adapted asset price process (X;)ier, taking values
in a real separable Hilbert space F' of real-valued functions on R, usually a weighted
Sobolev space F' of real-valued functions on R, cf. [5] and § 6.5.2 of [2]. In the
sequel, (X;)icr, will represent either a bond price curve taking values in the function
space F, or a real-valued asset price when F' = R, cf. also [7]. We note that the
discounted asset price ¥

X; = gt

t

0<t<T,

Y

is an F-valued martingale under the risk-neutral measure P, provided it is integrable

under P. More precisely we will assume that (X;);cr . satisfies
dX, = o dW,, te Ry, (1.2)

where (0,)ier, is an Lyg(H, F)-valued adapted process of Hilbert-Schmidt operators
from H to F.

2 Risk-neutral hedging in bond markets

Assume that the discounted claim é € L*(Q) has the predictable representation

E= Tl + / (G dX e 2.1)

where (X,)icqor) is given by (1.2) and (¢)wepr] is a square-integrable F* -valued
adapted process of continuous linear mappings on F' under P, from which it follows

that the discounted claim price
Vi=E[E|F], 0<t<T,

is a martingale that can be decomposed as

t
Vi = E[¢] +/ (¢, dX)pep,  0<t<T. (2.2)
0
Consider a portfolio strategy (&t, 7¢) with value

Vi i= (G0, X\ + B = /T X,(y)de(dy) + 7B, (2.3)
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where ¢;(dy) will denote the amount of bonds having maturity in [y,y + dy] in the
portfolio, and 7; denotes the quantity invested in the money market account in the

portfolio at time ¢t € [0, 7.

Definition 2.1 The portfolio strategy (gz;t, ), 0 <t <T, is said to be self-financing
of
dV; = (¢, dX;)pep +0dBy,  0<t <T. (2.4)

We say that the portfolio strategy (¢, 7;) hedges the option with payoff £ if for all
t € [0, 7], its value (&t,XQF*,F + 7, B; satisfies

<§Z~5t> X)p-p+ B =E [67 ftsrsdsf ‘ft] ;

1.e.

Vi = (¢, Xo)pop + T = / Xi(y)di(dy) + i, 0<t<T,
T
where X, = B;'X,, 0 <t <T,is the discounted asset price.

The next proposition is well known and is a particular case of a general change of

numeraire argument, cf. e.g. [6], [7].

Proposition 2.2 Letting i, = V, — <)~(t, ét)p*’p, 0<t<T, where (gzNSt)tem,T] satisfies
(2.1), the portfolio (ét,ﬁt)te[o,ﬂ with value

Vi = (00, X)pep + 0By, 0<t<T, (2.5)

is self-financing and hedges the claim & = Bg€.

Proof. By (2.5) we have

V, = Btvt — Bt]E[é | F]=E [e*ftsrsdsg

ft], 0<t<T,

hence the portfolio (qgt, Tt )teo,r] hedges the payoff £ = Bg€. Next, we show that it is
self-financing. We have
dV, = d(B,V;)

= VidB; + B,dV; + dB; - dV,



= thBt + Bt<§5ta dXt>F*,F +dB; - <Qgt7 dXt)F*,F

= <¢~5t> Xt>F*,FdBt + Bt(ﬁgt, dXt)F*,F +dB; - <€Z~5t, dXt>F*,F + (‘Zﬁ — <€Z~5t, Xt>F*,F)dBt

= @t, d<BtXt)>F*,F + (‘Z& — <ét>Xt>F*,F)dBt
= <(;t7 dXt)F*,F + 1:dDBs.

where

dBy - df/t =dB; - @t, dXt>F*,F = 0.

O

Next we recall how the process (qgt)teR . in the predictable representation (2.2) can be

computed by the Clark-Ocone formula, cf. [1]. Let D denote the Malliavin gradient

defined on smooth functionals of Brownian motion of the form

f:f<Wt1(h1),...,th(hn)), O<t1 < - <tn,

feCYR"), hy,...,h, € H, as
- n of
Di€ =3 Loua (0, Wi (ha); o, We, () @
k=1

cf. § 5.1.2 of [2], and extended by closability to its domain Dom (D).

To hedge a claim € in this setting, we decompose the discounted payoff € as

T T
E- W+ [ EIDE| R Wiy =B+ [ (e ai
0 0
where, by the Clark-Ocone formula,
Qy = ]E[Dt’g ‘ ft],

cf. Theorem 5.3 of [2].

From Relations (1.2) and (2.7) the process (¢;)icr, in (2.1) is given by
o1 = (07) 'y = (07) TV E[DE | Fi, 0<t<T,
provided o} : H — F is invertible, 0 < ¢ < T
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Markovian case

Next, assume in addition that (Xt)teR . has the Markov property, and the dynamics
dXt = O't(Xt>th, (210)

where © — o,(z) € Lys(H, F) is a Lipschitz function from F' into the space of
Hilbert-Schmidt operator from H to F', uniformly in ¢ € R,. In case H = FF = R
and 04(X;) = o(t)X;, i.e. the martingale (X;);cp7] is a geometric Brownian motion
under P with deterministic variance (o(t))icpo,7)-

In the Markovian setting of (2.10), DXy can be computed as

DtXT = i/t,Tgt(Xt)a (211)
where (Y/;f,T)te[O,T] is solution of
~ t ~ ~
Y. =1y +/ Vou(Xo)VeudW,, 0<s<t, (2.12)
cf. Proposition 6.7 of [2], hence in case & = §(X7) we get, assuming that § is Lipschitz,
Dig(Xr) | 7]

(D %) Vil Xr) |7]

(Viroi(X1)) V5(Xr)

g

- B[V Vi%n) R, o<i<T

of. [2] § 6.5.5.

The use of (2.8) can be somewhat limited since the application of D to & can lead
to technical difficulties due to the differentiation of Bg' = Pg(S), and (2.12) can be
difficult to solve.

In the remaining of this section we take T'= S.
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European options

We close this section with an application of the Delta hedging method to European
type options with discounted payoff € = §(X7) where § : F — R and (Xt)teRJr has
the Markov property as in (2.10), where 0 : Ry X F' — Lgg(H, F).

In this case the option with payoff € = Brg(Xr) is priced at time ¢ as

E [e‘ Ir redsg

F| =B |3(Xr)

.F;g:| - Bté(t, Xt)a

for some measurable function C(t, z) on Ry x F. However this formula allows one to

deal with only a limited range of options, such as exchange options.

Assuming that the function C(t,z) is C? on R, x F, we have the following corollary

of Proposition 2.2.

Corollary 2.3 Letting 7, = C(t, X;) — (VC(t, X;), X{)p=.pr, 0 < t < T, the portfolio
(VC(t, X,), Tt )tejo,r) With value

Vi = By + (VC(t, Xy), Xo) o te Ry,

is self-financing and hedges the claim & = Brj(Xy).

Proof.  This result follows directly from Proposition 2.2 by noting that by Ito’s

formula, c¢f. Theorem 4.17 of [4], we have

dC(t, Xy) = (VC(t, Xy), dXy) po o

By the martingale property of V, under P and the predictable representation (2.2) we
have

th - <(5t7 dXt)F*,F

which ultimately gives us



As a consequence the exchange call option with payoff ¢ = Brj(X7) = (X7 — kBr)*t
on (X;)iep a geometric Brownian motion under P with (o(t))cjor] @ deterministic

function, the option price is given by the Margrabe formula

E [e— S reds (X /@Bﬂ*‘ﬁ] = B,O(t, X)) = X, (t, 5, X,) — kB®_(t, 1, X,),

(2.13)
where the functions ®, (¢, k, ) and ®_(t, k,x) are defined as
log(z/k)  v(t,T) log(z/k) w(t,T)
D (t =0 d &_(t =0 -
+( ,If,l’) < ’U(t,T) + 2 an ( ,I{,ZL‘) U(t,T) 2

where

T
v(t,T) = / lo(s)*ds, 0<t<T.
¢

oC
By Corollary 2.3 and the relation a—(t,:c) = &, (t,k,z), v € R, applied to the
T

function C(t, x) = 2®, (t, k,x) — kP_(t, k, x), the portfolio
(taa ﬁt) - ((I)+(t, K, Xt)v _K(I)—(tv K, Xt))7 0<t< T> (214)

is self-financing and hedges the claim (X7 — kBr)™.

In general, however, claim payoffs of the form BTQ(X'T) are not frequent and in
Section 3 we will use another method, i.e. the Clark-Ocone formula, to hedge interest
rate derivatives. Note that the Delta hedging method requires the computation of the
function C (t,x) and that of the associated finite differences, and may not apply to

path-dependent claims.

3 Hedging by the Clark-Ocone formula

In this section we compute hedging strategies for interest rate derivatives via the
Clark-Ocone formula, and we refer to [8] for the pricing computations not included
here. We consider a real-valued Wiener process (W,);cr, under a risk-neutral proba-
bility measure P and we take (X;)ier, = (P)ier,, i-e. the bond price curve (P,)er,

takes values in a Sobolev space F of real-valued functions on R, c¢f. [5] and [1] for



examples.

Let u € F* denote a finite measure on R, with support in [T, 00), and consider the

asset price
o0

P(p) = (, P)pep = /T Py (y)u(dy).

In practice, u(dy) and qgt(dy) will be finite point measures, i.e. sums of the form

oi(dy) = Z adz, (dy)

of Dirac measures at the maturities 7;,...,7T; of a given a tenor structure, in which
ax(t) represents the amount allocated to a bond with maturity Ty, i < k < j, in

which case (2.5) reads

J
Vi=> a(t)P(Te) + B, 0<t<T,
k=i

We will assume that the dynamics of (P,)cr, is given by
dPt = T’tptdt + PtCtdWh (31)
where ((;)icpo,r is an Lyg(H, F')-valued deterministic mapping, with

dﬁt(?J) = Pt(y)ct(y)th, (3.2)

i.e. we take oy(P;) = ¢(-)P,(-) in (2.10). Consider a discounted payoff function of the

form

&= g(Pr(n)), (3.3)

with maturity 7', where g : R — R is a Lipschitz function and

P = | " Pr(a)de).

T

The next result is stated for discounted payoffs.

Proposition 3.1 Letting

) = B | I (Pr(u) 1 7 ),
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and 1; = vV, — <)~(t, Qgt>F*7F, 0<t<T, yields a self-financing hedging portfolio hedging
the claim with payoff
¢ = Brg(Pr(p)).

Proof. We note that since £ = §(Pr(p)), we have

D& = Dig(Pr(p)) = §'(Pr(1)DePr(p),
where
DPr(p) = [~ Gla)Pra)n(da).
Therefore the process (a )i in (2.7) is given by
o = E|DE|F
= B|§(Pr(w)DiPr(n) | 7|
— [ G [§(Prlu) Prta) | ] ),

hence

(@ndWihs = [ (7P Pra) | F] uldo)(a)a,

_ / E[g Pri >};((j))|ft] u(de)dP(x).

From (2.7) the process (Cgt)te[o,T] in (2.1) is given by

s e Pr(x
i) = B | 3 (Prl) 22| 7, | ),
Py(z)
and it remains to apply Proposition 2.2 with (X)ier, = (FP;)ter, - O

Next, we apply Proposition 3.1 to swaptions.

Swaptions on the LIBOR rate

Consider a tenor structure {I" < T;,...,T;} and the swaption on the LIBOR rate
with payoff
¢ = (Pr(Ti) — Pr(Ty) — wP(T, T, T3)) " (3.4)
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where

j—1
P(T,T,,Tj) = Y 7 Pr(Ths1)
k=i
is the annuity numeraire, with 7, = Ty 1 — Tk, k = 4,...,j — 1. The next corollary
follows from Proposition 3.1.
Corollary 3.2 Letting
Qgt(dﬂl?) = IE |15 T)>n}]5 (1) Fi| o7, (dx)
B(Ty)
i P
—(1 —|—HTj_1)IE l{S(TT T >,€} T< ]) (STJ(dI)
i B(T))
S Pr(T)
k
—K Te1 B | Ls(r 1,18 a Fi| Op,(dx),
k;-f—l L { - }Pt(Tk:> ’

and 7, =0, 0 <t < T, yields a self-financing hedging portfolio hedging the claim with
payoff (3.4), without any investment in the money market account, where

_ Pr(Th) = Pr(T5)

18 the swap rate.

Proof. We apply Proposition 3.1 with
j—1
p(dz) = o7, (dx) — 07, (dx) — K Z TkoT, (d),
after checking that 7, = V, — (Xt, ggt>F*7F =0,0<t<T. O

The remaining of this paper is concerned with bond type options, which include

caplets on the LIBOR and forward rates.

Bond type options

We consider a bond type option on Pr(u) with (non-discounted) payoff € = g(Pr(u)),

maturity S, and discount factor Bg'.
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Proposition 3.3 Letting

Ps(S)
Py(S)

Ps(55)
P(T)

ft} pi(d),

du(dz) = E

9(Pr(p))|Fi

55(d£€) —E

Pr(p)g' (Pr(p))

ft] §T(dl‘>

- Pr(z

FE | Pu(8)g/(Pr() )

Fi(z)

and 1M; = Vi, — <Q~5t, PQF*F, 0 <t <T, yields a self-financing hedging portfolio hedging

the claim with payoff & = g(Pr(u)).

Proof. We have

o0

Dug(Pr(p)) = o' (Pr(u)) / Pr()(G() — G(T)) ().

T

and
ap = E[Dté | ft]
= E[Dy(Ps(S)g(Pr(1)))|F]
= Elg(Pr(p)D:Ps(S)|F] + E [ISS(S)Q,(PT(M))/T Pr(z)(G(r) — ¢(T))pu(dx)

7|

— G EPS)gPrIF] + [ (6o = G E [ (Prlo)) Ps(S)Pro)

‘F t:| ,U(dx)7
and therefore

(aw, dWi)p = E[piES)Q(PT(M))’}-t]Ct(S)th
" / Ely/(Pr(1))Ps(S) Pr(z) | Flulde)(G(x) — G(T))dW;

Ps(S)
P,(S)

dP,(S)

> / o PT<I>

v [ B pis)
Pr(p)

~E g (Pr0)Po(S) Tk

9(Pr(p))|Fi

ﬂ] 4B () u(d)

f] dP,(T).

From (2.7) this implies that the process (¢¢)icjo.r] in (2.1) is given by

d(dz) = E P5(S)

I%(S)g(PT(M)

Ps(S)
P(T)

Pr(p)g' (Pr(p))

ft] 55(d33) —E

./T"t] (ST(d.T)
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‘E PAS)@(&(M)%

which gives a self-financing hedging portfolio consisting of bonds with maturities S

ft:| p(d),

and T, after applying Proposition 2.2 with (X;)iecr, = (P,)ser, - O

Bond call options

We consider a bond call option on Pr(S), S > T, with payoff
§=(Pr(S)—r)"

and maturity 7', and priced at time ¢ € [0,7] as

BEEFR] = BE |l (pr(S) - n)*

7
= B [BD)P(S) - )| 7]

_ 1 P(S) | 1 P(S)  Vur
= P(9)® (ﬁt,T log BT + 3 > — kP(T)® ( log BT 2 > ,

where .
P = [ (G(S) =~ GT)Pdu. 0<t<T.

We have the following corollary of Proposition 3.3.

Corollary 3.4 Letting

3 _ Vi,r 1 Bi(5) Uit 1 P,(S)
¢i(dx) = P ( 5 + ir log KPt(T>> ds(dx) — kD (— 5 + ir log mH(T)) or(dx)

and 7, =0, 0 <t < T, yields a self-financing hedging portfolio for the bond option on

Pr(S), consisting of bonds with maturities S and T.

Proof.  We apply Proposition 3.3 with g(z) = (z — k)T, u(dx) = ds(dz), and the
discount factor By'. We find

- Pr(T . Pr(S
) = =B | 21y ft] 51(d) + B | Pr(T) Ly o0y | 7] it
B 1 P, (S) r 1 P (S)  Wur
= —krd <19t7T log oD (1) 5 ) dr(dx) + @ <19t7T log P, (T) + ds(dx).
0
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Caplets on the LIBOR rate
Next, we consider a caplet with payoff
E=(S—T)L(T,T,S) — k)t = (Pr(S)' = (1 +r(S—T))T, S>T, (3.5)

and maturity S on the LIBOR rate

B(T) — P(S)

LT.5) = 5= ps)

Its price at time ¢ € [0, 7] is given by

BEE|F] = (S—T)BE | b (L(T,T,8) - n)*

7

-~ BE [PS(S)(PT(S)‘l — (14 r(S=T)"

7]
t o

= R(T)® (l9 s 77 ﬁ<§ ETT)>>Pt<s> T )

Pt(T) ﬂt,T) _

e s —)P(s) ~ 2

1+ w(S - THRD (5

We have the following corollary of Proposition 3.3.

Corollary 3.5 Letting

) P(T) dor

@ (19 o8 T S~ TEE) T 2 >5T(d”’”)

1 P,(T) Vo
—(1+kr(S=T))® (ﬁt,T 1T rE - T)BG) ~ = >(5S(d:1:),

log

and 1, = 0, 0 <t < T, yields a self-financing hedging portfolio consisting of bonds
with maturities S and T, that hedges the claim with payoff (3.5).

Proof. Applying Proposition 3.3 with g(z) = (1/x—(1+x(S=T)))", p(dzx) = ds(dz),

and the discount factor Bgl, we get

- Ps(55)

di(dz) = E

Ps(S)

—(I+w(5-T))E F(5) e =T

ft] 5S(dl’)
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- (G e T ) e
—(14 k(S =T))® (79151,T log T ﬂ(?iTT)’))Pt(s) - ﬁ;T> Ss(dz).
O
Caplets on the forward rate
Finally, we consider a caplet with payoff
E=(S-T)(f(T,T,S)—r)", S>T, (3.6)

and maturity S on the forward rate

_10g P(S) — log P(T)
S—-T

f(t7 T’ S) -
Its price at time ¢ € [0, 7] is given by

BiE[E | Fi] = ByE [ 7(S = T)(f(T, T, 8) = r)*

]—"t]
— BE {155@)(— log Pr(S) — k(S —T))*

7

_ Vet 1 (Vir P(S)\

—Py(S) (F&(S—T) + 19?7” + log ZE?;) iy (—i </£(S—T) + log Zg) - 79?) .

We have the following corollary of Proposition 3.3.

Corollary 3.6 Letting

du(dx) = Jer exp ( L (m—T + k(S —T)+ log Pt(S)) ) ds(dx)

\/g _219?,T 2 Pt(T)
— (/@'(S - T)+ ﬁTT +1+log gg;;) o <—i (/@'(S —T) +log ZE;;) B 19;1’) 5o(dx)
v (i (s -1 v B - 48 e,

and 1, = 0, 0 <t < T, yields a self-financing hedging portfolio consisting of bonds
with maturities S and T, that hedges the claim with payoff (3.6).
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Proof. Applying Proposition 3.3 with g(z) = (—x(S —T) —logx)™, p(dx) = ds(dz),

and the discount factor Bgl, we have

di(dz) = E | (= log Pr(S) — k(S — T))* g )]—"t] 5s(dz)
-E ];j;;) (= log Pr(S)>k(S—T) ’ft_ ds(dx)
+E ];f((%) 1 1ogPT(s>>n(s—T>}‘ft— or(dz)
_ :9/t£exp ( 2191’ ng’; + ﬁiT RS — T)>2> 55(dz)
1 ZE? k(S —T) + ﬁiT + 1) ® <—$ log ZEIS% + r(S — T)) e
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