Clark formula and logarithmic Sobolev inequalities
for Bernoulli measures
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Abstract - Using a Clark formula for the predictable representation of random
variables in discrete time and adapting the method presented in [3] in the Brown-

ian case, we obtain a proof of modified and L' logarithmic Sobolev inequalities for
Bernoulli measures. We also prove a bound that improves these inequalities as well
as the optimal constant inequality of [2].

Formule de Clark et inégalités de Sobolev logarithmiques pour les
mesures de Bernoulli

Résumé - A T'aide d’une formule de Clark pour la représentation prévisible de
variables aléatoire en temps discret et en adaptant la preuve présentée dans [3] dans
le cas brownien, nous obtenons une preuve des inégalités de Sobolev logarithmiques
(inégalité modifiée et inégalité L') pour les mesures de Bernoulli. Nous prouvons aussi
une borne qui améliore ces inégalités ainsi que I'inégalité de constante optimale de [2].

Version frangaise abrégée

Le calcul stochastique et la formule de Clark ont été utilisés avec succes pour la
preuve d’inégalités de Sobolev logarithmiques sur l'espace des chemins [3] et sur
'espace de Poisson [1], [10]. Dans cette note, des méthodes similaires sont utilisées en
temps discret pour la preuve d’inégalités de Sobolev logarithmiques pour les mesures
de Bernoulli. Par une autre méthode nous obtenons aussi une amélioration de ces
inégalités. Soit (Xj)ken une famille de variables aléatoires indépendantes de Bernoulli,
a valeurs dans {—1,1} sur Q = {—1,1}N avec pp = P(Xp = 1) > 0 et ¢ = P(X =
—1) > 0, k € N. Dans [2], 'inégalité modifiée (2.1) a été prouvée pour F' de la forme
F = f(Xo,...,X,), avec le gradient modulo 2

ka - Xk (f(XO, e ,kal, —1,Xk+1, e 7Xn) - f(Xo, e 7Xk717 1,Xk+1, e 7Xn>) 5

k € IN. Dans cette Note nous utilisons l'opérateur D, = —X\/prqr Vi, qui satisfait
une formule de Clark, pour prouver (2.1) ainsi que (2.2) qui est une inégalité L'. Nous
prouvons aussi I'inégalité

k=N
Ent [ef] < E |ef Zpqu(VkFev’“F —eVEl 1) (2.4)
k=0
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qui améliore (2.1), (2.2) et (2.3), comme illustré sur le graphe ci-dessous en dimension
un, ou l'entropie est représentée comme fonction de p € [0,1], avec f(1) = 1 et

f(=1) =3.5:
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L’inégalité (2.4) est en fait une version discrete de l'inégalité optimale prouvée dans
[10] sur l'espace de Poisson.

1 Clark formula for Bernoulli measures

In this section we describe a chaotic calculus and its associated predictable
representation formula in discrete time, cf. [9]. We also refer to [6], [7], and [8] for
other approaches to discrete chaotic calculus. Let (X} )ren be a family of i.i.d.
Bernoulli random variables with p, = P(X;, =1) > 0, ¢, = P(Xy = —1) > 0, k € N,

and let
q p
Y, = \/ kl{xk RV kl{xk ~1, keN,

so that E[Y;] =0 and E[V}] =1, k € N. Let F,, = 0(Xo, ..., X,), n € N, and

F 1 ={0,9}. Let (uk)keN be a predlctable process, i.e. uy is Fj_1-measurable,

k € N, and assume that (uy)ren is square-integrable. Let ¢2(N)°" denote the space
of square-summable symmetric functions in n variables. Let

Jn(fn) = Z fn(kla--wkn)Ykl"'Y;cna

n > 1, denote the discrete multiple stochastic integral of f,, € (*(N)°", where
A ={(k,...,kn) EN" : ki #k;, 1 <i<j<n} Every F € L*(Q, P) has an
orthogonal decomposition

F] + Z Jn(fn)a fn € lz(]N)On, n > 1.
n=1



We densely define the linear gradient operator D : L*(2) — L*(Q2 x N) as
Didn(fn) = ndur(fu(*,k)1a, (%, k), keN, f,elP(N)", neN. (L1)

From (1.1) and the expression of J,,(f,) we obtain the probabilistic interpretation of
D), as a finite difference operator:

DyF = \/oear(Fyf — F), keN,
with F' = f(Xo,...,X,) and
F}:r = f(X07 s 7Xk717 +17Xk+17 e 7Xn)7 F,I; = f(X07 e 7Xk717 _17Xk+17 s 7Xn)
Proposition 1 Let F' € Dom(D). We have the Clark formula

F =E[F]+> E[DyF | Fio]Yi. (1.2)

k=0
Proof. The formula holds for F' = J,(f,):

To(fn) = 0> Jaca(fals W) Lo gemnom (90)Ye = 1> El[Juoi(ful k) | Fica] Vi

— E[DyJn(fn) | Fr-1]Yk,

k=0

and extends to Dom(D) by closability of D.

2 Logarithmic Sobolev inequalities

We start by recovering the modified logarithmic Sobolev inequality of [2] from the
Clark representation formula in discrete time.

Theorem 1 Let F' € Dom(D) with F' > n for some n > 0. We have

1

Proof. Let S, = E[F | F,], 0 <n < N. The Clark formula (1.2) reads

k=n

Sp=5_1+ ZukYka

k=0



with uy = E[DpF | Fir—1], 0 <k <n < N, and S_; = E[F|. Letting f(z) = xlogx
and using the bound

y y?
flx+y) — f(z) =ylogx + (v +y)log (1 + 5) < y(l+logw) + e

we have:

Ent [F] = B[f(Sy)] - BLf(S.1)] = E

= F J (Sk—1 + Yiug) — f(Skl)]
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where we used the convexity of (u,v) — v?/u as in the Wiener and Poisson cases 3]
and [1]. The extension of this inequality to F' € Dom(D) relies on the closability of
D.

U

The following L' inequality is present in [4] and [5], with applications to interacting
random walks.

Theorem 2 Let F' > 0 be Fy-measurable. We have

k=N

> DyFDilog F

k=0

Ent [F] < E : (2.2)

Proof. Let f(x) = zlogz and
U(z,y) = (v +y)log(x +y) —xlogzr — (1 +logz)y, =, z+y>0.
From the relation

= @l =y E[(F] — F,) | Feerl + prlixe=—y E[(Fy, — F) | Fied]
= lx=nBUF — F)lxe=—1y | Foa] + Lix= 3 El(Fy — B lx=1y | Fral,



we have, using the convexity of U:

Ent [F] = E
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k=N
Z [ (Sk—1 + Yiug) — f(Sk—l)]

k=0

W (Sk-1, Yeur) + Yeug(1 + log Skl)]

U(Sk—1, Yiug)

p¥ (E[F | Fioal, BI(FY — FO)lx=—1y | Fral)
E[F | Fial, E[(Fy = B lx=1y | Fra])]

E [pe¥ (F (F = FO)lp=-1) + @ (F (B = FDLxg-y) | fk—l}]

Pl (B B = FY) + anlix, =¥ (F)FL By — )

eV (E, , EF — F) + gV (B Fy — F))

Th. 2 may also be proved by first using the bound

flz+y)
and then the

— f(z) =ylogz + (z + y) log (1 + %) <y(l+logz)+ylog(z +vy),

convexity of (u,v) = v(log(u + v) — logu). The application of Th. 2 to

e’ for Fy-measurable F' gives:

Ent [ef] <

(k=N
E Z kak\I/(eFk_, eF’: - GF’C_) +pqu\11(eF:, el — SFJ)]
L k=0
[k=N
. +
E ) peare™ (VieV " — eV 4 1) 4 prgpe’™ (ViFeV" — eV + 1)
L k=0

which is not comparable to the optimal constant inequality of [2]:

k=N
Ent [e7] < E |7 (| Vi FlelVF — elVeFl 4 1)
k=0

. (2.3)




The inequality (2.4) below is better than (2.2) and (2.3). It also improves (2.1) from
the bound
re” —e"+1< (" —1)%, zeR.

Theorem 3 Let F' be Fy-measurable. We have

k=N
Ent [¢f] < E |ef Zpqu(VkFeka — eV )| (2.4)
k=0

By tensorization the proof reduces to the following one-dimensional lemma.

Lemma 1 Forany0<p<1,teR,aeR,g=1—p,

pte' + qae® — (pe’ + qe®) log (pe' + ge®)
S g (qea ((t o a)etfa o 6tfa + 1) +p€t ((CL . t)eaft o eaft + 1)) )
Proof.  Set

g(t) = pq(ge® ((t—a)e™ " —e™+1) +pe ((a—t)e" " —e’" +1))
—pte' — qae” + (pe' + qe”) log (pe’ + ge) .

Then
g'(t) = pq (qe’(t — a)e'™" + pe' (—e*~" + 1)) — pte’ + pe' log(pe' + ge)

and ¢”(t) = pe'h(t), where

pe’

h(t) = —a — 2pt — p + 2pa + p*t — p*a + log(pe’ + qe*) + —
pet + ge®

Now,

pg*(e’ — e”)(pe' + (¢ + De?)
(et + g’

which implies that h'(a) = 0, h'(t) < 0 for any ¢t < a and A/(t) > 0 for any ¢ > a.

Hence, for any t # a, h(t) > h(a) =0, and so ¢”(t) > 0 for any t € R and ¢"(t) = 0 if

and only if ¢ = a. Therefore, ¢’ is strictly increasing. Finally, since t = a is the

unique root of ¢’ = 0, we have that g(¢) > g(a) =0 for all t € R.

R (t) =

Y

[
In the symmetric case pr, = qx = 1/2, k € N, (2.4) reads

k=N
> DyFDlogF

k=0

Ent [ef] < =F

N | —




Let Uy=(n+ X1+ -+ X,)/2, F=¢(U,), and p = A\/n, k € N, A > 0. Then

k=n
E|ef Zpqu(kaeka — eV 1)
k=0
= A 1— A Une“’(U”)((go(Un) — (U, — 1))6¢(Un),¢(Un,1) — ePUn)=p(Un—1) | 1)
n n

A (1 _ i) (= U)e?Un) (0(Un + 1) — (U) )ePUrtD=eU) _ olUntD=e(U) 4 7).
n n

and as n goes to infinity we obtain from the Poisson limit theorem:
Ent [p(U)] < AE[#D((p(U + 1) = o(U))efTHD=#0) — eplU+D=ell) )],

where U is a Poisson random variable with parameter A. This corresponds to the
sharp inequality of [10]. However, (2.4) does not improve the condition

supyen |VieF| < B for the deviation result of [2], since the conditions Vi F < (3 a.e.
and |V, F| < f a.e. are equivalent, k € IN.
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