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Abstract

Using forward-backward stochastic calculus we prove convex concentration
inequalities for some additive functionals of the solution of stochastic differen-
tial equations with jumps admitting an invariant probability measure. As a
consequence, transportation-information inequalities are obtained and bounds
on option prices for interest rate derivatives are given as an application.
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1 Introduction

Two random variables F' and G are said to satisfy a convex concentration inequality

E[p(F)] < E[p(G)] (1.1)

for all convex function ¢ : R — R. By classical arguments, the application of (1.1)

to the convex function ¢(z) = exp(Ax), A > 0, can be used to estimate the deviation
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probabilities of F' via the Laplace transform of G.

In this paper we establish a convex concentration inequality for additive functionals

of the form .
ST :/ g(Xt)dt,
0

where (X;)er, is a R%valued jump-diffusion process solution of (2.1) below and ad-
mitting an invariant distribution, and ¢ : R — R is a sufficiently smooth function,

cf. Theorem 2.1.

We apply the technique of [12], cf. also [17], [6], [11], which consists in rewriting S;

as the half sum

g M+
2
of a forward martingale
— t
M= (X)) — F(Xo) — /0 LF(X)ds, teR,, (12)

and a backward martingale H { defined in (2.9) below, where £ is the generator of
(Xt)ier,, cf. (2.5) below, and f is in the space CZ(R?) of C? functions on R? which

have bounded first and second derivatives.

%
In Proposition 2.1 below we derive a convex concentration inequality for M :]; using

forward-backward stochastic calculus, cf. [8], [3], [1], [2].

When (X;);er, is reversible with invariant probability measure p on R?, both mar-
tingales have same distribution under P, and the convex concentration inequality for
St is obtained from that on ]\_4> {p after solving the Poisson equation —Lf = g for f,
cf. Theorem 2.1 below.

The framework of mean-reverting and stationary processes is well adapted to the
modeling of interest rates in finance, and we apply those inequalities to the derivation

of bounds on the prices of interest rate derivatives for which the underlying interest

2



rate processes are usually mean-reverting and stationary.

This paper is organized as follows. Section 2 focuses on convex concentration inequal-
T

ities, first for the martingale with jumps J\_4> f , and then for Sp = / g(X;)dt. Some
examples of processes satisfying the assumptions (A), (B), (C) ar?d (D) below are
also given at the end of Section 2 from [16]. Section 3 presents some consequences on
related transportation-information inequalities. In Section 4 we apply those results

to derive bounds on the prices of interest rate derivatives.

2 Convex concentration inequalities

Given m(z,du) a non-negative Radon measure on R", x € R we consider three

vector fields b : R — R?, oy : R? — My, and
oy RY— L*(R™ m(x,du);R?)
x — oa(x, ),

where M., denotes the space of d x n matrices.

We assume that
(A) z+— b(z) € R, 2+ 01(2) € Mgxn, and x — ao(z,-) € L2(R™, m(z, du); R?)
are continuously differentiable in z € R,

Consider the R%-valued Markov jump-diffusion process (X;)scr ., solution of the stochas-

tic differential equation
X=Xy + /t b(Xs)ds + /t o1(Xs)dWs + /t/ oo( X, u)x (ds, du), (2.1)
where W, is a R”(ivalued Browr(l]ian motion, :
Ox (dt, du) = wx (dt, du) — m(Xy, du)dt

is the compensated random measure with intensity m(X;, du)dt on R x R, defined
on a well-filtered probability space (2, F, (F:),P), and X, is a (random) initial con-
dition independent of wx (dt, du).



Since the coefficients b, o; and oy are bounded on compacts of R, x R?, it can be
shown that SDE in (2.1) admits a unique solution X;(z), cf. Theorem 13.58, Theo-
rem 14.80 of [7], pages 434, 438 and 481, using the results on martingale problems for
discontinuous processes of [9], [10], [15]. In addition, X; is a right-continuous process
admitting left limits X;-, t € R,..

We also assume that

(B) the process (X;)ier, admits a unique invariant probability distribution x on R?,

and
(C) we have ||o1(z)||as < 01,00 < 00, z € R and
loa(z, u)| < 09.00(u), m(z,du)dx — a.e. (2.2)
for some measurable function u — 09 (1) on R”, and
m(z, du) < n(du), r € R (2.3)
where n(du) is a measure on R" such that

/ (22 _ \gy () — Dn(du) < 0o, A > 0.

Given f € CZ(R?), let M / be the p-local martingale defined by
M= F(X0) — f(Xo) / Lf(X,)ds, teR,, (2.4)

where

Lf(x) = (b(2), Vf(@))aa+ 3 Zau 0if(x (2.5)

2]1

+ / S+ ol )) = ()~ (2, 02(,0) sl ),

f € C}(RY), is the generator of (X;);cr, , with (a;;) = (0101);, and V is the gradient

ﬁ
on R¢. The next proposition states a convex concentration inequality for M {F



Proposition 2.1 Let T' > 0. Under Conditions (A), (B), and (C), for all ¢ in the

set 6, of C?-convez functions with convex derivative on R, we have

2 [o0T)] <26 (W (111t + Wl [ [ rseiiatas.an)]. o)

ﬁ
where M{ is defined by (2.4), f € C(R?) is Lipschitz, &(ds,du) is a compensated
Poisson random measure with intensity n(du)ds, and W (o?) is an independent cen-

tered Gaussian random variable with variance o > 0.

Proof. By Ito’s formula we have

.= [ T(f)(X)ds,  teR,,

where

Z 0if (@) + | |f(z+oa(z,u) — f(2)*m(z, du),

Rn

x € R?, is the carré du champ operator of £. Therefore we have

— d t
(), = 30 / 005 (X)0,F(X.)0, £ (X,)ds

7,7=1
n d t
- Z/o§,3<X><”< )0, (X0, £(X.)
k=11i,j=1"0
n t]| d 2
< > [ abearx)
k=170 |i=1
n d
<3y / ! |Z|af JEds
k=1 i=1 Y0
< 12 / oy (X, sl
0
< tHf”iipo-iocﬂ tER-H

while we have
— = =
[AM]| == |M] — M| < || flluplAX,].
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Next we define the backward martingale (M );co,7] with respect to its own backward

filtration (F;)icpo,r), as

M:=W(||f||iipa%oo) (||f||L1pom)+||f||Llp / [ osoetupatis,

t € [0,T], where @ is a compensated Poisson random measure with intensity n(du)ds,

independent of wy.

By the forward-backward It6 formula, cf. Theorem 8.1 of [8], for any ¢ € €. we have
Blo(V] + 047))  Blo(H] + 0a5)) = 58 | [ (BHL 4 3 @B, — ).
E Ut SO + M7, Aﬁg)wx(ds,du)}
5
E [ [ [ o8 212 st du>]
5
1
- e[ [ e, - aor.)]
/E / (3 1z, ||f||upa2<xs,u>>wx<ds,du>]
5
B / o
5
[ {3t .
][ [ (S et alas]
07

(M

—> N ~

M + Ms? ||f||Lip02,oo(u>>w(dS, du)]
M

IN

<
from (2.3), where
1

Ulany) = (o +9) — 6la) ~ 30/ (0) = [ (1= 1) e+ ry)dr 2 0

0
is a non-negative and non-decreasing function of y. This shows that
% * % *
E[p(M{ + M;)] < E[p(M{ + Mg)], ¢ €0,7],

which yields (2.6) by letting t = T O



Next, we derive a convex concentration inequality for the additive functional

T
ST:/ Q(Xt)dt7
0

where ¢ is a function on R such that u(g) = 0.

We make the following assumption.

(D) The process (X)icr, is reversible with respect to the invariant probability

measure i, i.e.
<£f7 g>L2(Rd,u) = <f7 £g>L2(Rd,u)7 f7 g€ Cl?(Rd>

Note that the Poisson equation (2.7) below admits the trivial Lipschitz solution f(z) =

Za:z when g(x Zb ), x € R4,

Theorem 2.1 Assume that Conditions (A), (B), (C) and (D) hold. Consider g a
Lipschitz function on R such that u(g) = 0 and such that the Poisson equation

Lf=-y, (2.7)
admits a Lipschitz solution f € C2(RY). Then we have

.o ([ aexaan)] <& [o (w @bl i) < 1 [ [ eelwatasan)].

(2.8)
where w(ds, du) is a compensated Poisson random measure with intensity n(du)ds and

W (c?) is an independent centered Gaussian random variable with variance o > 0.

Proof. Inspired by Lyons-Zheng’s forward-backward martingale decomposition, cf.

[12] and also [17], [6], [11], we define

M = £(Xo) - F(X0) - / Lf(X (2.9)

t € Ry, where f solves the Poisson equation (2.7). Obviously we have

f f
ST:/ (X,)dt = /ﬁth _ My + My
0
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%
and by the reversibility assumption (D), M § and ﬁ% have the same distribution

under P,. Therefore, for any convex function ¢ we have

fo
E,[0(57)] = B, |0 (M) < 3B [o(]) + 6(0H])] = B, [6(3H)]

2

and we conclude by Proposition 2.1. O

Taking ¢(x) = e**, A > 0, in Theorem 2.1 we obtain the following corollary on the
Laplace transform of S7, which can be used in deviation bounds by Chebyshev-type

arguments.

Corollary 2.2 Assume that Conditions (A), (B), (C) and (D) hold and that (2.7)
admits a Lipschitz solution f for g a Lipschitz function on RY such that u(g) = 0.

Then we have

)\2
E[BA(ST—JE[ST])] < exp (?T”f“iipgioo + Tﬁ(/\||f||Lip)) , (2.10)

where
BN = / (720 _ Aoy () — 1)n(du) < oo,
and n(du) is defined in (2.3).

Proof. Although this result is a direct consequence of Theorem 2.1, we present an

independent derivation. By the definition (2.5) of £ we have
e*f(ﬂf)(ﬁef)(x)

= Lf@)+

N | —

oo 0, + [ (e -+ oxto ) - 1(0) (e ),

,j=1

f € C3(RY), where
h(z)=¢€"—z—1, x e R.



= €xp (Mf - _/ Z a;,j (X (X5)0; 1 (Xs)ds

4,7=1

. / / nh(f(XeraQ(Xs,u))—f(Xs))m(Xs,du)ds), {eR,.

which is both a local martingale and a supermartingale by Lemma 3.3 in [5], for all

initial distribution p € M;(RY) absolutely continuous with respect to .

Define now the sub-probability measure Q by
dQ = zM dP

on the path space. We have

By [exp (AM])] = Es,

Zt’\fexp< /Za” $)0if (X)0; f(X)ds

7,7=1

v [ n(ase e >>—Af<xs>)m<xs,du>ds)}

exp ( / Z a; (X (X5)0;f(Xs)ds

3,0=1

+/Ot/nh(Af(XS+02(Xs,u))_Af()(s))m(Xs,du)ds)}

)\2
< e (S Ryt + 0501 hi) )

:EQ

"

which recovers (2.10). O

Examples

We now produce some examples of processes (X;).cr, that satisfies Assumptions (A),
(B), (C) and (D), based on Example 1.2 in [16].

Taking d = n = 1 and assuming that the invariant measure u(dz) = p(x)dx has a

differentiable density p(z) on R, we let a(z) = oi(z), oo(z,u) = u — z,

b(e) = a(0)1D) 1 d(a),



and

m(z, du) = j(lu = z|)p(u)du,

where j(u) is a non-negative Borel measurable function on R.

Then by Theorem 1.1 of [16], the process (X;)icr, with generator

Lf(z) = bx)f () +alz)f"(z)
+ [ (a2 = 1) = 7 @DileDpta + s

= b(@)f'(z) + a(z)f"(x)
+ [ (o) = 1(0) = oafe, ) (@)l du),
f € C3(R), is symmetric with respect to u(dz) = p(x)dz, provided

|z|m(x,dz) < oo, r € R
R4

Assuming in addition that the function z — j(2) is bounded by 1 on R and supported
in B(0, K), we have

loo(z,u)| = |z —u| < K, m(z,du) < p(u)du — a.e., x€R,
i.e. (2.2) and (2.3) are satisfied with 03 o (u) = K > 0 and n(du) = p(du) = p(u)du.

Again by Example 1.3 in [16], when d = n = 1 and p(z) = e~**/2/1/2x is the standard

Gaussian density with oy(z) = a constant, then b(x) = —z and we find
L) = —af(@)+ 1ol (a) (211)
+ /R(f(x +oa(x,u) = f(2) — ooz, u) f'(2))j(|z — ul)m(du),
f € CZ(R), and the process (X;)ier, with generator £ is symmetric with respect to

the Gaussian measure pu(dz) = e~*"/2dx /+/2x.

3 'Transportation-information inequality

In this section 3 we present some consequences of Theorem 2.1 on related transportation-

information inequalities. Given p > 1, the LP-Wasserstein distance between two prob-

10



ability measures p and v on R? is defined by

W) =it ([ |d<x,y>\f’dw<x,y>)l/p,

where d(x,y) is the distance on R? and the infimum is taken over all probability mea-
sures m on R? x R? with marginal distribution p and v. Given a a non-decreasing, left-
continuous function on R, which vanishes at 0, we say that i satisfies a transportation-

information inequality W71 with deviation function « if
a(Wia(v,p)) < I(v|p),  ve Mi(RY), (3.1)

for some given probability measure p, cf. Guillin et al. [6]. Here, I(v|u) is the

Fisher-Donsker-Varadhan information of v with respect to u

I(v|p) = {5(\/7’ VI ==LV N D@, it dv=fdu, VT €D(E),
400

otherwise

(3.2)

associated with the Dirichlet form £ on L?*(u) with domain D(€). From the charac-
terization result Corollary 2.4 of [6] and the convex concentration inequality (2.8), we

obtain the following result under the hypotheses of Theorem 2.1.

Theorem 3.1 Assume that Conditions (A), (B), (C) and (D) hold. The invari-
ant probability p satisfies the Wil transportation-information inequality (3.1) with

deviation function
1
alr) = sup (4 = 3520y = IR 2 ) 33

for d(z,y) = |x — y| the Euclidean distance on R.

Proof. For any initial probability measure v absolutely continuous with respect to
with dv/du € L*() and r, T > 0, by Theorem 2.1, applied to ¢(z) = e with X > 0,

we have

py(%sT ~ulg) > 7“) _p, (ST _E,[Si] > rT)
< inf e M"E, [exp(A(St — E,[S7]))]

A>0
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dv

) e 1/2
< ‘ _dM 2 ;2%6 ArT }]EM [eXp (ZA(ST — EM[ST]))} ‘
dv|| . T
‘ @ Qigf(‘)exp <—>\TT + )\QTU%,oo”inip + 56(2/\||f||L1p)> ’

which, by Corollary 2.4 of [6], implies the a-W;I inequality (3.1) with deviation
function «(r) given by (3.3). O

4 Application to interest rate derivatives

Theorem 2.1 applies typically to the derivation of bounds on options such as Asian op-
T

tions on the average Sr = g(X;)dt of a asset price g(X;). However, the processes
we consider are mostly meano-reverting stationary processes and as such they are more
frequently used for the modeling of instantaneous interest rates than for stock prices,
cf. e.g. [4]. This is the case in particular for the Vasicek model which relies on the

Gaussian Ornstein-Uhlenbeck process, cf. e.g. [14] and references therein for a review.

Consequently we present an application to the pricing of interest rate derivatives.
Bond pricing
Assuming that the short term interest rate r; is modeled as r, = b(X}), the bond price
T
E {exp (—/ rsds)]
0
can be bounded by Theorem 2.1 as

E [exp <— /0 Trsdsﬂ < E [exp <—W (To? ) + /0 ' / ) 0—2,00(u)a;(ds,du))]

< exp (TO'%OO/Q + T/ (e2) — gy (u) — 1)n(du)> :

n

where W (o?) is a centered Gaussian random variable with variance o2 > 0.
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Caplet pricing

In this case, the process b(X;) is used to model an instantaneous forward rate, and

the integral
T
F(0.T) = / b(X.)ds
t

represents a spot forward interest rate process under the forward measure.

The price of an interest rate cap with strike x = E,[f(¢,¢,7)] on f(t,t,T) can be

bounded as follows:
E.[(f(t,t,T)— k)" <E [(W (T —t)oi o) + /tT /n 02,00 (1)@ (ds, du) — /i) +]

- E [(W (T =102 .0) + K(@([0,T — 1] x R") — (T — t)n(R")) — ﬁ)j

o (T=H)m(R")

S =B g [ (07— 302 )+ 10k~ KT — ®) — )]

6—(T—t)n(R”)

1 i (T — t)n(R"))"
0100V 2(T — )T 45 k!

/ (z + Kk — K(T — t)n(R") — k) e/ CT0% <) gy
—Kk+K(T—-t)n(R™)+k

_ e TmE (T—t)i (T — t)n(R"))"

2 k!
k=0

_(—KkJrK(T—t)r;(R”)JrN)Z
e @(T-1)o3 + (Kk — K(T — t)n(R") — /1) () (

—Kk+ K(T —t)n(R") + K
(T - t>o-ioo ) 7

where @ is the standard Gaussian distribution function.

In the case of a Gaussian stationary distribution with mean reversion coefficient b(x) =
—ux the covariance of the process can be difficult to compute, so that the above bounds

can remain useful even in this case.
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