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1. Introduction

The problem of the absolute continuity of the Gaussian measure in
infinite dimension has been considered in a probabilistic context as an
extension of the Girsanov theorem on the Wiener space, cf. (Gir60),
(Kus82), (NV90), (Ram74), (UZ94). The case of the exponential den-
sity is treated in (Pri96) and corresponds to an anticipating Girsanov
theorem on the Poisson space, since the interjump times of the stan-
dard Poisson process are independent identically distributed exponen-
tial random variables. These generalizations of the Girsanov theorem to
the anticipative case brought into play an extension of the It stochas-
tic integral, called the Skorohod integral and the Carleman-Fredholm
determinant. Our aim is to extend the results obtained in the case of
the Gaussian or exponential density to the case of the uniform density,
using the methods developed in the above references with a unified
formulation, and to present in each case a unified probabilistic inter-
pretation in terms of stochastic processes and anticipating stochastic
calculus. Results and definitions are valid in general for the Gaussian,
exponential and uniform densities, and proofs are given in the case of
the uniform density if they differ from the Gaussian or exponential
case. Let B be a Banach space of sequences with norm | - |p and
Borel measure P. As shown in Theorem 3.2, necessary conditions for
the absolute continuity of a perturbation Ig 4+ F' of the identity and
for the expression of the density with a divergence operator and a
Carleman-Fredholm determinant are that the shift F' has to be a.s.
continuously differentiable in the direction of I?(N) on the support
of the measure, to leave invariant this support and to “vanish on its
boundary” in a sense to be made precise in Theorem 3.2. The change of
variables formula for one-dimensional integrals shows the factorization
of the density function and the boundary condition that needs to be
imposed on the shift F. We work with a probability density of the form
exp(—h(x)) with respect to the Lebesgue measure on an interval |a, b|.
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2

In such a case, integration by parts shows that the divergence of a
smooth function F' on R is given by div(F) = Fh' — F’, provided that
the boundary condition F'(a) = F(b) = 0 holds:

b b
/ F(z)G'(z) exp(—h(z))dr = / G(z)(W (z)F(x) — F'(x)) exp(—h(z))dz.

Now the change of variables formula gives

b
/ f(z) exp(—h(z))dz
b
- / f(& + F@))(1 + F'(2)) exp(—h(z + F(x)))dz

b
= / flz+ F(z))(1+ F'(x)) exp(—F' () exp(—div(F)(x))
x exp (— (h(z + F(z) — h(z) — k' (z)F (x))) exp(—h(z))dz

if Ip + F' is a diffeomorphism of |a, b[, which implies F'(a) = F(b) = 0.
The term
exp (= (h(z + F(z) = h(z) = h(x)F(x)))

has a simple expression only if h is a polynomial of degree less than 2:
1 2
h(z) = g+ aqx + 5 a2’

In this case, this term is equal to exp (—3a2F(z)?) and the factoriza-
tion

(1+ F'(x)) exp(—F'(2)) exp (—div(F) - ;aQF(g;F)

of the Radon-Nykodim density corresponds to the expression (3.1) be-
low which makes use of the Carleman-Fredholm determinant. In the
Gaussian case (a2 = 1), exp (—2F(z)?) corresponds to the square
norm of the perturbation in the Cameron-Martin space. Up to linear
transformations, the Gaussian, exponential and uniform densities seem
to be the only ones to allow such expressions of the Radon-Nykodim
density:.

Another common property of the Gaussian, exponential and uniform
densities is that they admit orthogonal sequences of polynomials, re-
spectively the Hermite, Laguerre and Legendre polynomials, which
satisfy the differential equation

o(@)y" +7(x)y (z) + oy =0, (1.1)

where o is a polynomial of degree less than 2, 7 is a polynomial of degree
at most 1, and o € N. Up to linear transformations, these polynomials
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are the only ones to satisfy (1.1), cf. (NU88). They are orthogonal on
an interval |a, b[ with respect to a density p such that (op)’ = 7p and

J(x)p(x)xk |x=a,b: 0, ke N.

In Section 2, we present a unified framework for the stochastic calculus
of variations, the Sobolev spaces and the integration by parts formulas
for the Gaussian, exponential and uniform density measures. It shows
in particular the necessity of taking into account boundary conditions
when constructing test function spaces. Section 3 contains the main
theorem (Theorem 3.2), followed by technical lemmata. Section 4 deals
with the probabilistic interpretation of the absolute continuity result.
Section 5 is devoted to the proof of a generalization of Theorem 3.2.
For other approaches to the generalization of the stochastic calculus of
variations, we can refer for instance to (BS90), (Smo86).

To end this introduction, we state a more general problem which
gives another motivation for this work. Let A be a probability density on
R.If | - |p is a suitable norm on R*°, A can be extended as a probability
measure P on the Borel o-algebra F of B = {x € R® : |z |p< oo}
from its values on cylinder sets. In this case, can we find

— a stochastic process (Y;)icr, on (B, P),
— afiltration (F})ier, on (B, P),

— a closable gradient operator D : L*(B) — L*(B)® L*(R..) defined
by perturbations of the trajectories of Y,

— and an integration by parts formula
E [(DF, w) LQ(RH} -y {FS(U)} ,

Where§ : L*(B) ® L*(R4+) — L*(B) is the adjoint of D, F ¢
Dom(D), u € Dom(6),

such that:

— 4 is an extension of the stochastic integral with respect to the
compensated process Y defined from Y, i.e.

o(u) = /000 u(t)dy,

for u € L?(B) ® L?>(R4), u being (F;)-adapted,
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— if G : B — [2(N) is a mapping satisfying some regularity condi-
tions,

E[f(Is +G) | Ag || = EIf]

for f bounded measurable on B, where the Radon-Nykodim | Ag |
density is expressed with the operators D and 4.

Moreover, one can ask for the spectral decomposition of the operator
6D and the chaotic decomposition of L?(B, P).

2. Calculus of variations and integration by parts formula

We consider the separable Banach space B = R*® endowed with a
metric d and its associated Borel g-algebra F, such that a probability
P can be defined on (B, F) via its expression on cylinder sets:

P{z € B : (x0,...,2,) € E}) = \*""(E),

n € N and F Borel set in R"™!, where ) is a Gaussian, exponential
or uniform probability measure on an interval ]a,b[, a,b € R U {oc}.
We refer to (BC70), (Kuo75) for the Gaussian case. In the case of the
exponential or uniform density, we can choose the metric d to be defined
respectively as

d(ﬂi‘,y) = Sup‘ Tk — Yk | /(k+ 1)7
k>0

or
d(z,y) =sup| xr — Y |,
k>0

cf. (Pri97), (Pri94). The coordinate functionals
0,:B—R keN,

are independent uniformly distributed random variables with distribu-
tion A. As mentioned above, the measure A\ and the interval |a, b can
be one of the following:
i) M(dx) = exp(—22/2)dz /27, ie. g = a1 =0, ag = 1, Ja, b[= R,
i) A(dx) = 1jg oo[(7) exp(—z)dz, ie. ap = ag = 0,1 = 1, [a, b[= [0, o0],
i) N(dr) = 11—y 1jdr/2, i.e. ag = a1 = az = 0, [a,b] = [-1,1].
The results obtained depend implicitly on A, and sometimes explicitly
on aq, ag, a,b. We denote by Bjg ], Bjap; B[C(Lb] the subsets of B defined
as

By ={weB : a<wp<b, keN},
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Bpy={we€B : a<wp<b, keN},
Bi,y={we B : 3k e Nwith wy ¢ [a,b]}.

Let S be the set of functionals on B of the form f(0y,, ..., 0k,) on By
where n € N, ki, ...,k € N, and f is a polynomial or f € C°([a,b]").
It is known that S is dense in L?(B, P), cf. (Kuo75), (Pri97), (Pri94).
We denote by (ex)k>0 the canonical basis of H = [2(N). Let X be a real
separable Hilbert space with orthonormal basis (h;);en, and let H ® X
denote the completed Hilbert-Schmidt tensor product of H with X.
Define a set of smooth vector-valued functionals as

S(X):{inhZ : Qo,...,Qn €S, TlEN}.
1=0

Ifue S(H®X), we write u = Y22 ugey, up € S(X), k € N. Let
UX)={veSH®X) : vy=00n 0, ({a,b}), keN}.

The space U(X) is the analog of a test function space, in that it consists
in smooth functions which vanish at the boundary of the support of
a measure. The set 0, '({a,b}) is of zero P-measure, but the elements
of U(X) are well-defined since they are continuous. In the Gaussian
case, one has simply U(X) = S(X). It can be shown in each case
that U(X) is dense in L?(B x N; X), cf. (Kuo75), (Pri97), (Pri94). We
let U=U(R). Only the vector space structure of B is needed in the
following definition.

DEFINITION 2.1. We define a gradient D : S(X) — L*(B x N; X)
by

. Flw+eh)— F(w)
(DF(w), s = lim :

w€EeB, he H.

The following proposition contains the integration by parts formula
(2.1), cf. (NP88), (Pri94), cf. (Pri97).

PROPOSITION 2.2. The operator D : L?>(B; X) — L*(B x N; X) is
closable and has an adjoint operator § : U(X) — L*(B; X). The duality
relation s

E(DF,u)ox] = E[(6(u), F)x], weU(X),FeS(X). (21)
The expression of § is

5(u) = Z(al + agek)uk — Dpur, uwelU.
keN
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The ingredients of the proof are the boundary condition imposed on the
test functions in U (X ) and the density of (X)) in the space of X-valued
square-integrable functionals. Let Dom(d; X)) denote the domain of the
closed extension of ¢ for p = 2.

DEFINITION 2.3. We call

— Dy 1(X) the completion of S(X) with respect to the norm

I E lposco=Il F lxllz + Il DF |rex|l2;

— Dg’fl(H) the completion of U with respect to the norm || - || p, , (),

— Do 1(X), resp. DZO”OJ(H) the subset of Do 1(X), resp. Dé”’l(H)
made of the random variables F for which || F ||p_ (x), resp.
| F' | Do 1 (1) 18 bounded.

In case A is the Gaussian density, D%‘,l(H) =Dy 1(H).
PROPOSITION 2.4. The norm defined by

I E iy, i =Il1 DF [mllz2() +e2 | F llz2(m),

is equivalent to || F' || p, () on D%fl(H). More precisely, in the case of
the exponential or uniform density,

I F 2= 2 | DF |nsnllizm),  F € DYy (H).

Proof. The proof needs only to be done with as = 0, i.e. in the
exponential and uniform cases. If A has the exponential density, it is
sufficient to notice that for u € C°(R) with w(0) = 0,

/0 " um)2eds = 2| / ey |
2 < /O W2(z)e zdaz>1/2 < /0 Oo(u’(x))2ewdx> v
hence

Elu(6y)?] = /000 u(z)?e “dx < 4/Ooo(u’(w))26xd:1; = 4F[(Du(6y))?].

IN

For the uniform density, let u € C3°(R) with u(—1) = u(1) = 0. Then

/ w(w)dz /2 = \/ mdac\</_11]u(x)u'(x)\dm
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<2 < / 11 (u(az))zdx/Q)l/Q ( / ll(u’(m))2d:z/2) 1/2,

1

u(z)?dz/2 < 4/_1(u’(az))2d$/2 = 4E[(Du(8y))?.

hence

Blu(e?] = [

-1

1

If F € U, we proceed in both cases by integration with respect to the
remaining variables to obtain

E[F}] < AE[(DyF)?],

and then by summation on k € N. 0

PROPOSITION 2.5. The operator 6 is continuous from DZQ’{I(H) into
L*(B) with
10(u) 2=l llpg, s w € DY (H). (2.2)

Proof. We only need to interpret the results of cf. (Pri97), (Pri94),
(Ram74) with the norm || - ||D511(H). O

For the following result, we refer to (BH86) in the Wiener space case.
Its proof is identical to the proof of the analog statement in (NP88),
(Pri96).

PROPOSITION 2.6. The operator D is local. More precisely, if F' €
D5 1(X), then DF = 0 a.s. on {F = 0}. The operator ¢ is also local,
i.e. if u € Dom(9; X) then 6(u) =0 a.s. on {u = 0}.

DEFINITION 2.7. Let 1 < p < co. We say that F € Dé‘ff(X), resp.
DZ{OC(H) if there is a sequence (F,, Ap)nen such that

— Fn € Dp1(X), resp. F, € DY, (X),

— A, is measurable,

— Upen An = B a.s.,

— F,=F, a.s. on A,, n € N.
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3. Nonlinear transformations of the Gaussian, exponential
and uniform measure

Let K be a Hilbert-Schmidt operator with eigenvalues (\x)xen, counted
with their multiplicities. The Carleman-Fredholm determinant of Iy +
K is defined as

o0

detQ(IH + K) = H(l + )\Z) exp(—)\i),
=0
cf. (DS57). Note that deto(Ig + - ) : H ® H — R is continuous,
with the bound | deto(Iy + K) |< (1+ | K |pon) exp(l+ | K [}o5)-

Since Dg{ 1(H) € Dom(9) from Proposition 2.5, we can set the following
definition.

DEFINITION 3.1. For F € DY{*(H), let

1
Ap =deto(Ig + DF) exp (—5(F) — 5o | F |%{> . (3.1)

In case A is uniform, Ap simplifies to Ap = det(Ig + DF') where “det”
is the ordinary determinant for trace class operators since the series
> ren DiF'(k) converges a.s since F' € Dom(d), and the Carleman-
Fredholm determinant does not have the same renormalization effect.
However, even in this case the use of dets is essential in order to carry
out the uniform integrability argument in Proposition 5.2.

The image measure of P by Ig + F with F' : B — H measurable
is denoted by (Ip + F')«P. Our main result is the following. A gener-
alization of this theorem to non-invertible transformations is proved in
Section 5, following (Pri96), (UZ94).

THEOREM 3.2. Let FF : B — H be such that h — F(w + h) is
continuously differentiable on

{heH : w+h€ By},
for a.s. w, i.e. F is H— C'. Assume that
— F(k)=0 on 0, '({a,b}), k € N,
— I+ F s a.s. bijective,
— Iy + DF is a.s. invertible,

— (I +F) (Byjap[) = Bas-
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Then
Elfl=E[fo(Ip+F)|Ar]|]

for f measurable bounded.

More generally, the nonlinear transformations of B that we consider
are of the form Ip + F with F locally H — C*, cf. (UZ94):

DEFINITION 3.3. We say that a random wvariable F' : B — H is
H — ClloC if there is a random wvariable QQ with Q > 0 a.s. such that
h — F(w + h) is continuously differentiable on

{hGH : |h|H< Q(w) andw—i—hGB[a’b}},
for any w € B, ).

PROPOSITION 3.4. A sufficient condition for F' € H — C’lloC to be in
DELE(H) s that
F(k) =0 on 6;*({a,b}), k > no,

for some ng € N.

Proof. Tt suffices to cover B with a countable collection of sets given
below in Lemma 3.8. g

DEFINITION 3.5. If A C B is measurable we let for w € B
pa(w)=inf {|h|g : w+he A}
heH
and pa(w) =00 ifw ¢ A+ H.
The proof of the following result is directly adapted from (Buc92),
(Nua93), (Oco88), (Pri96), replacing W1 (R"H, o e*(w3+“'+1%)/2>

Var"
with W21(Ja, b["+1, \&"+1) Let F,, denote the o-algebra generated by

0o, ...,0,, and define 7' : R"" — H by n¥(z) = (x0,...,2,,0,...).
LEMMA 3.6. Let F' € L2(B;X). Then

— F € Dy if and only if F,, = E|F | F,] € Do for alln € N. In
this case,

| DF,, |\u<| DF |g, a.s., n € N.
— Moreover, F,, belongs to Ds 1 if and only if there exists
fe W (Ja, b[* T, A® )
such that F, = f(6o,...,0n). Then DF,, = (Oxf(6o,...,0n))pen-
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10
— assuming that for some ¢ > 0 and for any h € H,
| Flw+h) = Fw) [x<c|h|a
forw,w+h € Bgy). Then F € Do1(X) and | DF |ggx<c, a.s.

We notice that as in (Nua93), pa(w) = 0, w € A, and if ¢ € C°(R)
with A o-compact, then

| $lpa(w +h)) = dlpaw)) 5= ¢ lloc| 2|, w € B, h e H,

hence ¢(pa) € Doo1 with | Dé(pa) |a<|| ¢' |l Denote by m, the
application m, : B — H defined by m,(w) = (wkl{kén})keN' The
following lemma is stated in the general case, but its proof is done in
the case of the uniform density.

LEMMA 3.7. Let F : B — H measurable with ||| F |g]lco< 00, such
that
F(k) =0 on 0, *({a,b}), k €N,

and for some ¢ > 0
| Flw+h) — F(w) lg<c|h|g

h € H, andw,w+h € Bgy. Then F' € Dé‘ql, and there is a sequence
(®n)nen CU that converges to F in Do 1 (H) with for n € N:

(@) [I| @ |z lloo <[l F' [£loo-

(@) I D®y [Hem o< c.

Assume moreover that 0y, + F (k) € [a,b] a.s., k > ng, for some ng €
N J{oo}. Then the sequence (®y,)nen can be chosen to verify

(7i1) O + P (k) € [a,b], k> ng, n € N.

Proof. Let F,, = m,E[F | F,,], n € N. The sequence (F},)necn converges
to F' in D9 (H) and satisfies to (i), (7). There is a version of F, (k)
which is Lipschitz on B|_; ;j and such that F,(k) = 0 on 0,1 (—1,1[).
Let w € Bi_i1], h € H such that £(wy + hg) > 1 and h = (£1 —

wi)Liky + D500 hi€il (izky. Then Fy(k)(w+h) = F(k)(w+h) = 0, and
| Fa(k)(w + h) = Fo(k) () |a=| Fu(k)(w + h) = F(w) |m

< C|;L|H

~ 1/2
< C((il—wk)zﬁ-Zl{i#k}h?) SC’h’H
=0

There exists fr € W2L{R"! dz), with f,, = 0 a.e. on [~1,1]% x
[~1,1]¢ x [~1,1]""F, such that F,(k) = fx(6o,...,0,) P-ae., k =
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0,...,n. From the above argument concerning F,,(k), fx has a Lipschitz
version on [—1,1]% x R x [~1,1]"% such that f; = 0 on [~1,1]Fx] —
1,1[¢x[=1,1]"7%. Let ¥ € C°(R™™!) with support in [—2, 0]F x [0, 2] x
[<2,0]" %, 0 < ¥ < 1and [yn41 U(x)de = 1. Let for m > 2

1 n+1
brmy) = () / Uy + @) fi(2)da
[—1,1] xRy x[-1,1]—k

m

1 n+1
() Wnly — 2)) fu(2)de,
m [~1,1]kxR_ x[~1,1]n—k

y € [-1,1]"" and @,,(k) = ¢pm (b0, ..., 0n), k=0,...,n, ®(k) =0,
k > n. Then (®,)m>2 C U converges to F, in Dy and satisfies to (i),
(1). If O+ F (k) € [—1,1] a.s., it can be checked that 0, +®, (k) € [—1,1]
from the definition of ®,,. O

Let ¢ € C°(R) with || ¢ ||co< 1, such that ¢ =0 on [2/3,00[, $ = 1 on
[0,1/3] and || ¢' ||oo< 4.

LEMMA 3.8. Forp,q >0, let
A={we€ DBy : wr—ab—wp>4/p, k< no,

Q(w) > 4/p,

sup | F(w+h) |g<q/(6p),
|h|m<2/p

sup | DF(w+h) |pea< q/6
|hlm<2/p

and F = d(ppc)F, where G is a o-compact set contained in A. Then
| F(w+h) = F(w) [#< (5¢/6) | b |a,

for h € H, w,w+h € By, and ||| F |glleo< q/(6a). Consequently
Fe DY, (H).

Proof. Identical to the proof of the analog Lemma 4 in (Pri96), replac-
ing the set 0, ' ({0}) with 6, *({—1,1}), noticing that for w in this set,
pa(w) > 4/p, hence ¢p(pa(w)) = 0, and F,(k) = 0 on 6,1 ({—1,1}). Tt
remains to use Lemma 3.7 to show that F € DZ(;’OJ(H). O

PROPOSITION 3.9. Let F,G € S(H) and T = I + F. We have
GoT € Dom(d) and

0(G)oT =6(GoT)+ Trace(DF*(DG) o T) + as(F,GoT)y.
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Proof. cf. (Pri94), (UZ92) for the Gaussian and exponential cases. For
the uniform density, we have §(GoT) € S and

5(GoT) = =3 Di(Gk)oT) = = Dy(lp + F)"(DG(K)) o T
k=0 k=0

= 0(G)oT — > DyF()(DG(k))oT.
k,1=0

4. Probabilistic interpretation

The aim of this section is to interpret Theorem 3.2 in probabilistic
terms. We know that in the Gaussian case, the density (3.1) can be
expressed with the It6 integral in the adapted case or with one of its
extensions, called the Skorohod integral, in the anticipative case. We are
interested in such interpretations in the exponential and uniform cases.
The connection between the definitions and the measure A becomes
less explicit than in the previous section. Let (hi)ren be a Hilbert
basis of L?(R4). In connection with the problem stated at the end of
the introduction, we are seeking an interpretation of the divergence
as a stochastic integral of continuous-time processes. For this we need
to compose ¢ with a map i : L?(B) ® L>(Ry) — L*(B) ® I*(N). We
define in each case a linear injection i : I(N) — L?*(R,), a stochastic
process (Y;)ier. , and a filtration (F;) in the following way.

DEFINITION 4.1. If A\ is Gaussian, let
Z(ek) = hg, k€N,

and denote by Y =Y = 3,00k Jo hi(s)ds the Wiener process on
(B, P). Let -

.7:75:0(}75 : sgt), te Ry.
In this case, the injection 7 is actually a Hilbert space isomorphism.
DEFINITION 4.2. If X is exponential, let Ty, = 0y + - - - + O,
i(ex)(t) = —ljn,_, 1) (t), t € Ry, k€N,

and

Y, = Zlmm[(t), Yi=Y,—t, teR,.
k>0

Let Fy =0(Ys @ s<t),t€R;.
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DEFINITION 4.3. If X is uniform, let T, = k+ (1 + 0;)/2,
i(er)(t) = = (1= 0) e m (8) — L+ 06) Yy, k41 (1)) tE€ R4, k€N,
and Yy =Y oo lmoof(t), Yi=Yi—t, teRy. Let
Fi=o0(Ys : s<[t]), te€R4.

([t] denotes the integral part of x € Ry). Let W be the dense set
in L?(B) ® L?>(R.y) of continuous-time processes v such that v(t) =
f(t,6,...,60,),t € Ry, with f € C°(R"2), n > —1.

PROPOSITION 4.4. The stochastic integral with respect to (f/})teR+
can be extended to (F;)-adapted process u € L*(B) ® L*(Ry), with the

bound
(/OOO u(s)dﬁf <E [/Ooo u(s)st] (4.1)

It is well-known that for normal martingales such as the Wiener and
compensated Poisson processes, (4.1) holds as an equality. In the uni-

E

form case, it also becomes an equality if f:ﬂ u(t)dt = 0, k € N, cf.
(Prio7).
The operator i is easily extended to discrete-time stochastic processes.

DEFINITION 4.5. Let j : L>(Ry) — H be the adjoint of i : H —
L*(R.), defined as

(i(w),v)r2m,) = (v,5(v))g, weSH), veW, P—as.

We define unbounded operators D : L?*(B) — L*(B) ® L*(Ry) and
5:L2(B)® L2(Ry) — L2(B) as

DF =ioDF, FeS,

and

d(v)=do0j(v), veEW. (4.2)
Note that j(W) C Dom(d), so that the composition (4.2) is well de-
fined. We have more explicitly:
i) If A is Gaussian, 7 is unitary and j is the inverse of i.
oo
in () _/ o(®hs()dt, EEN, veW.
0

ii) If A is exponential:

Jr(v) = —/ v(t)dt, keN, veWw.
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iii) If A is uniform:

Jn(v) = — <(1 0, /:k o(s)ds — (1 + 0y) /k+1 v(s)ds) L veEW, keN.

Tk

PROPOSITION 4.6. The operators D and 6 are closable adjoint of
each other, with

o(v) = /Ooo v(s)dYy — /000 Dgu(s)ds, wveEW.

Ifv € L*(B) ® L*(Ry) is (Fi)-adapted, then v € Dom(d) and 6(v)
coincides with the compensated integral of v with respect to (Y;)ier, -

Proof. cf. (CP90), (NP88), (Pri97), (Pri94). O

The eigenvectors of 6D are given respectively in the Gaussian, expo-
nential and uniform cases by the composition of the Hermite, Laguerre
and Legendre polynomials with 6y, cf. (Pri97), (Pri94), (Wat84). We
let

Loy ={u e L*(B)® L*(Ry) : j(u) € DY, (H)},
endowed with the norm | w ||z,,=| j(u) \|Dz£1(H). This extends the

definition of (NP88). The space leo‘{ is defined as in Definition 2.7, and
5(u) can be locally defined for u € LZQOE since ¢ is local as §.

PROPOSITION 4.7. The mapping j : Lo — Dé{l(H) is an isometric

isomorphism. More precisely, for F € Dé{l(H), there is up € Lo 1 such
that F' = j(up), with

B || ur Bam] <IF By (4.3)

Proof. Let (F,)nen C U be a sequence converging to F' in DZ2{1(H). It
A is exponential, let

un(t) = Z 1]Tk7Tk+1](t) (Dan(]{) |9k:t—Tk) .
keN

Then F,, = j(u,), and by integration by parts:

Trt1
E [ / ui(t)dt} = E [un(Ty+1)?] = E [DFo(k)?] (4.4)
Ty
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Absolute Continuity 15

from the Fubini theorem, since u,(t) does not depend on 6 if t €
[T, Ti41]- Relation (4.3) follows by summation on k£ € N. If X is
uniform, let

Un(t) = =Y L jey1)(t) (DrFn(k) lo,=21—26-1) -

keN
We have
T
Jr(un) = (1 —6) Dy Fy (k) |o,=2t—2k—1 dt
k
kb1
+(1 + 6) Dy Fy (k) |o,=2t—2k—1 dt
Tk
2%+140;
— (-6 / DiFo(k) lgomtop1 dt/2
%
2k+2
H1+00) [ DR lomroaie 2
2k+1+0y

= (1—0,+1+6k)F,(k)/2=F,(k), keN,

hence F,, = j(u,) and obviously,

5[ o aoa] - e[ (DLEAE) s is/2]

-1
= B [(DeFa(k)?]

which implies by summation on k£ € N:

> DpF(k)

keN

Bl ur [fam,)| = (1-a2)E

+ a2l [H F ||122(N)]

< 1 F g -

In the Gaussian case, j is automatically a Hilbert space isomorphism
and (4.3) holds. O

The density function in Theorem 3.2 can now be rewritten after the
following proposition.

PROPOSITION 4.8. let F ¢ Dg{’llOC(H) satisfy the hypothesis of Theo-

rem 5.1 with F = j(u), u € ngof The Radon-Nykodim density function
1$ expressed as

, o
AF = detQ(IH + Dj(U)) exp <—(5(U) - 50(2 || U ||%2(R+)> .
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If u is (Fi)-adapted,

, o -1
Ar =deto(Ig + Dj(u)) exp (—/ u(t)dY; — 502 | w ”%2(R+)> .
0

Remark. In the uniform case, another definition of i and j can be given
so that § = d o j extends the compensated stochastic integral with re-
spect to the natural filtration of (Y}):er, , cf. (Pri95). The compensator
of (Y;)ier, with respect to its natural filtration is given by

1
dv(t) = 5Lt

keN

The linear injection ¢ is then defined as

i(er)(t) = (1 = Ou)lpp(t), k€N,

and the dual j of i is taken with respect to dv(t):

Ty
Je(w) = (1— 6)) /k w(t)du(t).
It satisfies

/Ooo it(wo(t)dv(t) = (u,j(v)ppm), € I?(N), v € L*(Ry).

With those definitions, the operator 5 =4do j extends the stochas-
tic integral with respect to the compensated process Y — v, but the
eigenvectors of 6D are no longer given by the Legendre polynomials,
cf. (Pri95).

5. Proof of the main result

We will prove the following theorem, which is an extension of Theo-
rem 3.2. This result is also valid on the Wiener and Poisson spaces, cf.

(Pri96), (UZ94).

THEOREM 5.1. Let F € H — CL, with F(k) = 0 on 0, '({a,b}),
keN. Let T =1Ig + F and

M = {w € By :deta(Iyr + DF) #0}.

Assume that T (B]a,b[) C Bjap| and let N(w; M) = card(T~H(w) N M).
Then N (w; M) is at most countably infinite and

E[fN(w;M)]=E[foT|Ar|]
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Absolute Continuity 17

for f € Cf(B). The restriction of (Ip + F).P to M is absolutely
continuous with respect to P, and

d(IB+F)*P|M . 1
7 D DRy v Ik

0c(Ip+F)~Y(w)NM

Let I denote the set of finite rank linear operators K : H — H
with rational coefficients such that Iy + K is invertible and let Cx =
(Il g + K)™* Hoo)fl, K € K. Let V denote the subset of H made of
sequences with rational coefficients and finite support in IN. We start
by treating the case of contractive mappings. In the general case, F'
will be written locally as the composition of a Lipschitz map, a linear
map and a translation. The following result extends Prop. 5 of (Pri96).

PROPOSITION 5.2. Let K € K, v € V and ng € N such that
Support(v), Support(Kh) C {0,...,no}, h € H. Let A be a bounded
Borel set in Bjqp, and let ' : B — H be measurable. Let T =
Ip + F + K +v. We make the following assumptions on (F, K,v, A):

— F has a bounded support in B,

= I F [alloo< 00,

F(k)=0 on 0, ({a,b}), k €N,
— Thereisc € R, 0 < c < 1, such that
| Flw+h) = F(w) [a< cCx | b |a, (5.1)
forhe H, w,w+h € By,
— O+ F(k) € [a,b] a.s., k > no,
— T(A) C Bjgy-
Then T is injective and
E[flpy] =EQlafoT | Arikio ]
for f bounded measurable on B.
The boundedness assumptions on the set A and the support of F' are

unnecessary in the case of the uniform density.

Proof. The injectivity of T' can be shown as in (Kus82), (Pri%), from
(5.1). We modify F' with ' = 0 on Bf ;- Let (Fn)n>ny C U be a
sequence given by Lemma 3.7, converging to F' in Dy ;(H) with F, =
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0 on B[Ci1 1 such that F, (k) = 0 if k& > n, F, depending only on
fo,...,0,,and let T,, = Ig + F,, + K +v. Then

|D(FnO(IB+K)_1) |H®H§ c<1.

By a classical argument, cf. (Kus82), (UZ94), Iz + F,o(Ig+ K) ' +v
can be shown to be bijective on B with inverse Ip + G,, where G,
satisfies

Gn=—-F,o(Ig+K)o(Ig+G,) -, (5.2)

and
| DGy, |pgu< c¢/(1 —c). (5.3)

Moreover,
T,{weB :w,e[-1,1], k>no}) ={we B : w; €[-1,1], k> no}
(5.4)
from Lemma 3.7-3ii) and (5.2). There is U,V € V with
Support(U), Support(V) C {0,...,no}

such that Uy > T, ' (k) > Vi on Bj_y 1], k,n € N, since (F,)n>n, and
(Gn)n>n, are uniformly bounded in n and w. Let 7y, : B — B denote
the application defined as Ty (w)(k) = (ngvk> Wi + %, k < no,
Tv(w)(k) = wg, k > ngp, and let

. (f[(Uk - vm) (T).P.

k=0

There is a function g € C®(R"™, R"™!) such that F, + K +v =
7%g(0o,...,0n), n > ng. Let T = Ig — m,, denote by P the image
measure of P by 7~ and let B = m-(B). The Jacobi theorem in
dimension n + 1 gives for n > ng:

/ 1B]71’1[ o Tnf S T’I"L ’ AFn+K+U ‘ d,U/
B

= @ 0 g0+ )T @+ 0+ o )
B JR™H
| det(Igni1 + 9g) | dxg - - - den,d Py (w) /2"
= [ m) f ot m)dun- - dyudP )2
B JR™H ’
> [1317171[)0} ., fecH(B).

The rest of the proof does not differ much from (Pri96), and is given
for the sake of completeness. Its consists in an uniform integrability
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argument as n goes to infinity, using the la Vallée-Poussin lemma. Since
(| DF, |noH)pen is bounded uniformly in n and w, (| deto DTy, |)nen is
uniformly lower and upper bounded, hence instead of E[| Ag, x4 log |
Ar, + K+ ||], we only need to estimate

[ 18+ K 0 i | d
B

= E[|§(Fo+K+v)oT, "]
< EU §(TpgFr+ K +v)oT; ! H

+E [y Trace [(Dngan)* 0T, D(~Ko(I+K) ' +(I+K) o Gn)} |]

+E [| §(mk Fyo T Y @ .
The first two terms are uniformly bounded in n from (5.3). From the
construction of Gy, by iterations, cf. (5.2), it can be shown that m. G, €

U. We have 7, G, = —mp Fj, o T;; 1, hence

B[ 6(mi, Fao T, |

IN

B[] 6(mt,Gu) ||

A

B || D Gn o]
(e/(1 =)

n € N, from (2.2). Choosing a subsequence if necessary and assuming
that g € C;(B) is zero outside of B)_; 1, we have the p-a.e. convergence

of (goTy | Ap,+K+v |)n>ng t0 g0 T | Apyryy |- Hence

IN

[ 90T | 8rinnl du=El. (5.5)

Now (5.5) remains true for g = flp4) where f is measurable and
bounded since T'(A) C Bj_ ;|- This gives

Elf o Tl | Aptro || = /Bg oT [ Apyr+o | du = Elg] = E[f1r(4)]-
O

Proof of Theorem 5.1. Let K € K, v € V and ng € N such that
Support(v), Support(Kh) C {0,...,no}, he H.

For n > 8, let

8
An,K,v) ={we B : (1 —wi) > o k < nyg,
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4
sup | F(w+h)—Kw+h)—v|g<Cg/(6n),
|hlz<1/n

sup | DF(w+h)— K |geu< Ck/6 ;,
|hlg<1/n

Let Fr o = ¢(npgn,kw))(F — K —v), where G(n, K, v) is a o-compact
modification of A(n, K,v) (| M. Then from Lemma 3.8, F, and G(n, K, v)
satisfy the hypothesis of Proposition 5.2. We can now proceed ex-
actly as in the proof of Theorem 1 of (Pri96), cf. also (UZ94). De-
note by (Gi)ren the countable family (G(n, K,v)), ik and let M, =

C
Gn ﬂ(Uz n=lag ) , n € N*. We have (J,,cx+ M, = M, this union
being a partition. Now,

E[foT|Ar|l = Y Elm,foT|Ar|]
n=0

= > E[lp,)f] = E[fN(w; M)].
n=0
We also have

Ap
E[lyfoT] = ZE[lM foTAoToTl]

1
ZE [1T(M Ar OT:|

1
=Bl Z Ar(0)

0T (w) M
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