Fog Radio Access Networks: Ginibre Point

Process Modeling and Analysis

Han-Bae Kong, Member, IEEE, lan Flint, Ping Wang, Senior Member, IEEE,
Dusit Niyato, Fellow, IEEE, and Nicolas Privault

Abstract

In this paper, we consider fog radio access networks (F-RANs) consisting of cache-enabled device-
to-device (D2D) transmitters and fog access points (F-APs), which deliver data by exploiting cached
contents or leveraging a cloud processing. We consider three types of modes at a typical user, namely
D2D, F-AP and cooperative modes. In the D2D and the F-AP modes, when the user requests a content,
the user receives the content from a D2D transmitter and an F-AP caching the content, respectively. In
the cooperative mode, F-APs located near the user send data aided by a centralized cloud processing
unit. We also examine a mode selection algorithm in which the user adaptively selects one of the three
modes. In practical scenarios, to mitigate interference, the transmitters may not be placed close to each
other, and thus there may exist a form of repulsion among the transmitters’ locations. In this context,
we model the spatial distributions of the D2D transmitters and the F-APs as S-Ginibre point processes,
which reflect the repulsive behavior and contain the Poisson point process as a special case. Then, we
provide analytical expressions for the coverage probabilities in the F-RANs. Our results are corroborated

by Monte-Carlo simulations.

Index Terms
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I. INTRODUCTION

With the growth of various multimedia services, demand for high data rate communications

has been explosively increasing [1]. Recently, as a promising solution to meet the demand, fog
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radio access networks (F-RANs) have attracted a lot of attention [2]. In the F-RANSs, fog access
points (F-APs) are connected via fronthaul links to a centralized baseband signal processing
unit, and are endowed with caching capabilities to cache contents proactively. In this paper, we
investigate the performance of the F-RANs by modeling the spatial distribution of F-APs in the
networks as a -Ginibre point process (GPP), which accounts for repulsion among the locations

of the F-APs and includes the Poisson point process (PPP) as a particular case.

A. Related Work and Motivations

Lately, cloud radio access networks (C-RANs), which mitigate the baseband signal processing
from distributed remote radio heads (RRHs) to centralized processors, have been recognized as
a technique to achieve a high spectral and energy efficiencies [3]. In the C-RANs, the RRHs
are linked to centralized control units via finite-capacity fronthaul links which carry information
about the baseband signals. In [4], a robust distributed compression strategy for uplink C-RANs
was developed. The authors in [5] proposed a precoding method for downlink C-RANs. By
assuming PPP distributed RRHs, the performance of the C-RANs was characterized in [6]—
[9]. The authors in [6] analyzed the downlink coverage probability of heterogeneous C-RANs
and the work in [7] presented the outage performance of downlink C-RANs where RRHs are
equipped with multiple antennas. Also, the ergodic capacity of uplink C-RANs with a distributed
beamforming was examined in [8]. The coverage probability of a low complexity antenna
selection algorithm for uplink C-RANs was analyzed in [9].

It was reported in [10] that an exponential growth of mobile data traffic is mainly driven
by on-demand video streaming. Delivering large volume of data from content providers to end
users incurs traffic congestion in backhaul links, which results in slow transmission rate and
high latency. As a means to alleviate the congestion, caching popular contents at the edge
of the networks has garnered significant interest [11]. The authors in [12] studied the content
placement problem in a wireless network consisting of caching helpers and wireless users. In [13],
both deterministic caching and random caching strategies for a wireless device-to-device (D2D)
caching network were proposed. The performance of caching wireless networks was investigated
in [14]—-[17]. The work in [14] and [15] analyzed the outage probability of cache-enabled small-
cell networks with/without underlying macro cellular network, respectively, when the locations

of nodes in the networks are assumed to follow PPPs. Additionally, the coverage probability



of cache-enabled D2D networks was characterized by modeling the spatial distribution of the
devices as a PPP in [16] and a Poisson cluster process in [17].

Recently, inspired by the advantages of C-RANs and caching networks, an evolution of the
C-RAN, called F-RAN, which allows the RRHs to be equipped with local caches, has been
considered as an emerging architecture for the next generation wireless networks [2]. In the
F-RANs, the RRHs with cache storage, called F-APs, deliver data to users by exploiting cached
contents or leveraging processing at a centralized unit. The authors in [18] developed joint cloud
and edge processing methods for the maximization of the minimum delivery rate considering
the fronthaul capacity. In [19], the interplay between cloud processing and edge caching in
the F-RANs was introduced by examining the fundamental information-theoretic limits of the
normalized delivery time. Tractable expressions for the effective capacity, which is defined as
a link-level quality of service metric, were derived in [20] when the locations of nodes follow
PPPs. In addition, the work in [21] investigated the coverage probability and the ergodic capacity
of the F-RANs with PPP distributed F-APs and D2D users.

In practical networks, in order to alleviate interference or increase coverage area, transmitters
in wireless networks may not be placed close to each other, and hence there may exist repulsion
among the locations of the transmitters [22], [23]. In this context, determinantal point processes
(DPPs), which can take the repulsive nature into account, have been adopted as the models for
various wireless networks [24]—-[29]. In [24], the signal-to-interference ratio (SIR) distribution in
cellular networks modeled by Gauss, Cauchy and generalized gamma DPPs was characterized.
The GPP [30] is a special case of the DPP. The a-GPP (—1 < a < 0) is a superposition
of —1/« independent GPPs [31]. The authors in [25] and [26] provided analytical expressions
for the performance of wireless sensor networks with/without a fractional channel inversion
power control, respectively. Another kind of parametrization of the GPP is the so-called 5-GPP
(0 < B < 1) which is a thinned and re-scaled GPP, generated by retaining each point of the GPP
independently with probability 5 [32]. Exploiting the specificities of the 3-GPP, the coverage
probabilities in single-tier and heterogeneous cellular networks were analyzed in [27] and [28],
respectively. In addition, in [29], it has been observed that the 5-GPP is a realistic model for
the locations of base stations.

It should be remarked that the previous works on F-RANs in [20] and [21] assumed that
the locations of nodes in the F-RANs follow PPPs due to its analytical simplicity. Despite the

fact that F-APs in practical F-RANs may experience a repulsive nature, the performance of the



F-RANs, which takes the repulsion into account has not been studied yet. Therefore, in this
paper, we analyze the coverage probability of the F-RANs by modeling the spatial distribution
of the F-APs in the F-RANs as a 5-GPP.

B. Contributions and Organization

In this paper, we study F-RANs consisting of cache-enabled D2D transmitters and F-APs.
Three types of user access modes are considered when a typical user requests a content, namely
D2D, F-AP and cooperative modes. In the D2D mode, the user receives the content from a D2D
transmitter which caches the content. An F-AP possessing the content delivers data to the user
in the F-AP mode. Lastly, in the cooperative mode, multiple F-APs transmit the content aided by
the centralized unit. Considering the three types of modes, we derive analytical expressions for
the coverage probability, which is the probability that the received SIR is higher than a certain
SIR threshold, when the locations of the D2D transmitters and the F-APs are assumed to follow

independent 5-GPPs. The contributions of this paper are detailed as follows.

o In the D2D (or F-AP) mode, the typical user is associated with the closest D2D transmitter
(or F-AP) which caches the requested content and is within a distance. Under this setup,
the interference can be decomposed into three terms. For example, in the F-AP mode, there
exist interferences from the D2D transmitters and the F-APs with/without the requested
content. Unlike what happens in the PPP setting, when the locations of the F-APs follow a
B-GPP, the interferences from the F-APs with/without the requested content are correlated.
We obtain analytical expressions for the coverage probabilities in the D2D and the F-AP
modes by accounting for the correlation.

« In the cooperative mode, all F-APs within a distance from the user simultaneously transmit
data using a distributed beamforming [8]. We provide an approximation of the coverage
probability in this mode. In the specific case wherein the spatial distributions of the D2D
transmitters and the F-APs are modeled by the PPP and the [-GPP, respectively, we
derive another approximation of the coverage probability which has a lower computational
complexity.

« In addition, as a method to take full advantage of the centralized processing and the edge
caching in F-RANs, we consider a mode selection algorithm, which adaptively chooses

one of the three modes. The coverage probability of the network with the mode selection



algorithm is investigated. From numerical simulation results, it is shown that a higher
coverage probability can be achieved by adopting the mode selection.

« For the 3-GPP, the parameter [ presents the degree of the repulsion, and the 5-GPP weakly
converges to the PPP as 3 — 0. Motivated by this fact, we derive analytical results in the
PPP by letting 5 — 0 in our general results. In this sense, our analysis can be considered
as a generalization of the previous work in the networks driven by PPPs [21].

This paper is organized as follows. Section II presents the system model and reviews the
background on the 5-GPP. We analyze the coverage probabilities of the three user access modes
and the mode selection algorithm in Section III. In Section IV, numerical simulation results are
provided to validate our analysis. Finally, the conclusions are drawn in Section V.

Throughout the paper, we use the following notations. P(A) and E[X] represent the probability
of an event A and the expectation of a random variable X, respectively. The bold notation is
adopted to denote a point x € R?. The notations ||x||, |z| and z* stand for the Euclidean 2-norm
of x, Euclidean norm and conjugate of a complex scalar z, respectively. Lastly, ® ~ PPP(\)
and & ~ GPP(\, ) stand for the cases where a point process ¢ follows a PPP with intensity
A and a 3-GPP with intensity A and repulsion parameter [3, respectively. The list of the symbols

used in this paper and their definitions is provided in Table I.

II. SYSTEM MODEL AND PRELIMINARIES
A. Network model

In this paper, we investigate F-RANs comprising of cache-enabled D2D transmitters and F-
APs, which are equipped with caching storage units and connected to a centralized unit as
illustrated in Fig. 1. As explained previously, we consider three types of user access modes
for a typical user requesting a content ¢, namely D2D, F-AP and cooperative modes. In the
D2D (or F-AP) mode, the user is connected to the nearest D2D transmitter (or F-AP) which
stores the content ¢ and is within the distance rp (or rz). Here, rp and rg represent for the
maximum distances in the D2D and the F-AP modes, respectively. In the cooperative mode,
all F-APs within the distance ¢, simultaneously send data to the user employing a distributed
beamforming aided by the centralized processing unit [8]. Also, we examine the mode selection
algorithm choosing one of the three modes in Section II-D.

In order to take into account the repulsive nature in practical networks [22], [23], we model

the spatial distributions of the D2D transmitters and the F-APs by independent 5-GPPs ¢, and



TABLE 1

LIST OF SYMBOLS

| Symbol |

Definition | symbol | Definition

D Maximum distance for the D2D mode AD Spatial intensity of ®p
TP Maximum distance for the F-AP mode AR Spatial intensity of
rc Maximum distance for the cooperative mode Bp Repulsion parameter of ®p
dp B-GPP which models the distribution of the D2D transmitters Br Repulsion parameter of &
b B-GPP which models the distribution of the F-APs C Set of all contents

SD Size of cache storage at the D2D transmitters M The number of all contents
SF Size of cache storage at the F-APs 0 Parameter for the Zipf distribution
ND., Probability that a content ¢,, € C is cached at a D2D transmitter o Path loss exponent

NF,, Probability that a content ¢, € C is cached at an F-AP Yth SIR threshold

Em Probability that a typical user requests a content c,, € C Pr Transmit power at the F-APs
Pp Transmit power at the D2D transmitters

Fig. 1. The fog radio access networks.

Centralized signal
processing unit

&, respectively. The intensities of &, and ®r are A\p and Ap, respectively, and Sp and (Op

denote the repulsion parameters of ®p and ®p, respectively!'. Note that the S-GPP includes

the PPP as a special case. Thus, for example, we obtain the case with PPP distributed D2D

"When a portion of D2D transmitters (or F-APs) send signal at a given resource block, the spatial distribution of the active

D2D transmitters (or F-APs) can be obtained by thinning ®p (or ¢ ).




transmitters by letting 5p go to zero.

B. Caching
Let us define a finite content category C = {c¢y, ¢q, . . ., cpr } Where ¢, is the m-th most popular
content form = 1,..., M. It is assumed that all contents have the same size, which is normalized

to one [14], [18], [21]. We assume that each D2D transmitter and each F-AP has a cache storage
of sizes sp and sp, respectively. Let us denote by np,_ and 7 the probabilities that a content
¢m € C is cached at a D2D transmitter and an F-AP, respectively.

We consider two types of pre-fetching strategies respectively called random caching strategy
(RCS) and popularity-based caching strategy (PCS). For the RCS, each node randomly caches
files regardless of their popularity, and thus

’I]Dm:SD/M and nFm:SF/M. (1)

For the PCS, each D2D transmitter and each F-AP proactively stores the sp and sz most popular
files, respectively. Hence, we have
1, if m<sp, 1, if m <sp,

N, = and 7p,, = 2)

0, otherwise, 0, otherwise.
Since each D2D transmitter caches contents independently from other D2D transmitters, for
a given content c,,, the D2D transmitters can be divided into two groups, namely the D2D
transmitters which cache ¢,, (®p,,) and the D2D transmitters which do not (® D,,) where ®p U
®, = ®p. In a similar fashion, the spatial distribution of the F-APs which have c,,, and

m

the locations of the F-APs which do not, are respectively defined as ¢, and P r, Wwhere
Op U P r,, = @r. Then, from (1) and (2), the intensities of ®p_, P D,,» Pr,, and P F,, are equal
to np,. Ap, (1 —np,,)Ap, e, Ar and (1 — ng, )Ap, respectively.

It is assumed that the content popularity follows the Zipf distribution [33], and therefore the
probability that the m-th most popular content c,, is requested is given by

M —1

Note that the lower indexed content has a higher popularity, i.e., & > §; if @ < j. Here, 6(> 0)
models the skewness of the popularity profile. When ¢ is large, only a few popular contents are

frequently accessed. As a special case, when ¢ = 0, the content popularity follows the uniform

distribution, i.e., &, = 1/M for all m.



C. SIR

Thanks to the stationarity of the S-GPP [32], without loss of generality, we assume that the
typical user is located at the origin o. First let us focus on the D2D mode. When the user requests

the content ¢, and the user is connected to the nearest D2D transmitter in ®p,_, we express the

SIR ~p,, as
Pphp,, ,|[%p,. [~
- ol "D, 4
YD Tp. +Ir ; “4)
where
Dm,o = ' argmin ||X2||7 [F = Z Png’HXk”_av (5)
iEN st X, €EP Dy, kEN st x,EPp
Ip, = > Pphy|[xil| ™ = Ip,, + Ip,,, (6)
EEN\{Dm o} s.t. x,€Pp
Ip, 2 Z Pphy|lxkl ™, Ip,, £ Z Pphi x|~
EEN\{Dm o} st. xx€Pp,, kEN s.t. x,€Pp, ,

where Pp and Pp represent the transmit powers at the D2D transmitters and the F-APs, re-
spectively. Here, o and h; denote the path loss exponent and the gain of the small-scale fading
channel between the user and the D2D transmitter located at xj, and g, indicates for the gain
of the small-scale fading channel between the user and the F-AP located at xj.

Next, for the F-AP mode, when the user accesses the content c,, and receives the content
from the closest F-AP in @ _, the SIR v is written as

_ Pryr,, 1xE,,. 17

7
Fo, ]D +[Fm ) ( )
where
Frno= argmin [xl, Ip= Y Pphlxil™ (8)
iEN st % €EPp, kEN st x€Pp
Ik, = > Prgylxel = = I, + I, ©)
keN\{Fm,0} st. x,€EPR
Ir, = Z Prgillxil| ™, Ir, & Z Prgi||xx]| 7.
KEN\{Fi,0} st. x,E€EPp,, kEN st x,€Pp,,

Lastly, in the cooperative mode, the F-APs within the distance < deliver content to the user
by leveraging the centralized unit. More specifically, the centralized unit first sends the content
to those F-APs, and then coordinates the F-APs to send data simultaneously. It is assumed that

the distributed beamforming transmission, which can achieve performance similar to maximal



ratio combining, is employed [8]. Then, the F-AP at x;, transmits a signal by multiplying the data
by \/PF§Z\|X;€||_O‘/2(ZX,€€@F ngXkH_a)_l/Q, where gy stands for the small-scale fading channel
between the user and the F-AP located at x; (|gr]? = gr), bp 2 bp NB,(r¢) and B,(r) denotes

the ball centered at the origin with radius r. Then, the SIR ~¢ is given by

Zxkei)p PngHXk’Hia

o = , (10)
> ey PrIEIXE] = + Ip

where O 2 & \ .

D. Coverage Probability

We define the coverage probability as the probability that the SIR is larger than a pre-defined

SIR threshold v;,. Then, the coverage probabilities for the three modes are respectively equal to

Pp,. =P (10,, = Yns %, [l < 7p) (1
PFm é ]P (’}/Fm Z fyﬁ‘w ”XFm,o“ S TF) ? (12)
Pe £ P (ve > ) - (13)

When the typical user always operates in the D2D mode or the F-AP mode, the average

coverage probabilities Pp .o, and Pr ., are respectively given by

M

Ppcos = Y &mPb,, (14)
m=1
M

Preow = Y &mPr, (15)
m=1

where &, is the probability that the user requests the content c¢,, in (3). Note that P in (13)
does not depend on the requested content, and thus the average coverage probability for the
cooperative mode is equal to Pc.

Let us consider the scenario wherein the typical user judiciously selects one of the D2D, the

F-AP and the cooperative modes. To be specific, when the user accesses the content c,,, if the

nearest D2D transmitter in ®p, , is within the distance 7p (i.e., ||xp,, || < rp), the user receives
the content from the D2D transmitter. If |[xp,, || > 7p, the user is associated with the closest
F-AP in &5, when ||xp, || < 7p. When ||xp, || > rp and ||xp, || > 7p, all F-APs within r¢
transmit data to the user after receiving the requested content from the centralized unit. Then,

we write the average coverage probability for the mode selection algorithm as

M
Peov = Y &mPrm; (16)
m=1



where
P £ Pp,. + Pr,. + Pe,., (17)
Pr 2P (5, = Yo |1XFn | < 7F0 XDl > 70) (18)

| >rp). (19)

750m é IP) (’YC Z ’yt]'“ ||XF77L,0 | > TF, ||XD7n,o

One may consider the scenario where the user first attempts to receive the content from an F-AP

and then from a D2D transmitter. Our analysis in Section III can also be applied to this scenario.

E. Preliminaries

Let us consider the 5-GPP ® = {x;}ren Wwith intensity A and repulsion parameter /3. Then,
the set {||xx||*}ren has the same distribution as the set x constructed from an i.i.d. sequence
{B;}ien by deleting each B; independently and with probability 1 — 3 where B; ~ G (i, /7))
and G(a, b) denotes a gamma random variable with shape parameter a and scale parameter b [32].

In this model, the received signal at the user from the D2D transmitter at x; becomes
Pphy||xx]| = = PthB /2 \where Bpyr ~ G(k,Bp/mAp). In addition, the sum of the re-

ceived signals at the user from the D2D transmitters is expressed as » Pphy||xx||~* =

XRED D
Yooy PthBl_)j',:/ 2EDJ€ where {Ep;} indicates a set of independent discrete random variables
with E[=p ;] = fp and Zp, € {0, 1}. Similarly, we represent the sum of the received signals
at the user from the F-APs as ) o Proklxil|™ = Y202, Png;B;’%/QEF’k where Bpy ~
G (k,Brp/mAr) and {ZFp} is a set of independent random variables with mean Sp and Zp) €
{0,1}. Here, the probability density functions (PDFs) of Bp ; and By are respectively given
by

IBp,.(T) = %exp (—%x) , [Be, () = %exp <—%x) (20)

(22) T (&) T

Before analyzing the coverage probability, let us derive the Laplace transforms which is
utilized in Section ITI. We denote the Laplace transform of a random variable X as Lx(s) £
[E [exp (—sX)]. Then, the Laplace transforms of I and I in (5) and (8) are respectively derived

as

oo

Lr.(s) =E |exp (—SZPFQkB;’%/QEEk)

k=1

exp (—sPngB;ﬁ/QEEk) ]
k=1

1_[1<1+$PF a/2+1—ﬁF>]

(e}

=11 s

L k= 11—|—8PFBFk \:7




_,H</o mﬁm( )dx+1—ﬁp), 1)
=1

EID(S)ZH(/O H%Mflg[)k( )dJI—Fl—ﬁD) (22)

k=1
Now, we introduce the distributions of the contact distances ||xp,, ,|| and ||xp,, ,||. The cumu-

lative distribution functions (CDFs) of ||xp

| and ||xp,

m,o

| are identified as

m,o

Fixp,. () =P (Ixp,., | <) =1 =P (¥x; € Op,,, [|Ixi]| > 2)

- - D A
1 kr[1 (anﬁDP (BD,]C > $2)+1_anBD) =1— IH (1 — T]?(k>D”)/ (k, ﬂ-ﬁDD 2)) (23)

> A
Flxg,, (@) =1 - H <1 — 7711:“?ng (k, Wﬂ;ﬁ)) , (24)

k=1

where v(a,b) = fob to~le~tdt is the lower-incomplete gamma function.
When ®p ~ PPP(Ap) and ®p ~ PPP(M\p), the CDFs of ||xp,, .|| and ||xp, | are
respectively represented as [34]

F1||XDm,o||<x> =1—exp (—m]Dm)\D:c2) , FHme’O”(x) =1—exp (-WT]Fm)\F.T2) ) (25)

Additionally, the PDFs of ||xp,, .|| and ||xp,, || are respectively given by

foDm’o |(x) =27np,, Apx exp (—7r77Dm )\D:L'Q) , fomeH (x)=27mnE, Apx exp (—7T’I7Fm )\F$2). (26)

When & ~ PPP(Ar) and ®p ~ PPP(\p), Ly, in (21) and L, in (22) can be simplified
as [34]

2m2 272
Lr.(s) =exp ( #(;)(SPF) > L, (s) =exp ( #(;)(SPD)?M> , (27)

We remark here that proceeding as in the proof of Theorem 2, one can prove the convergence
of the quantities in (21)-(22) to those in (27), which is due to the fact that the 3-GPP tends to
the PPP in law as (3 goes to zero, cf. [32].

In addition, when &, ~ PPP(Ap) and ®r ~ PPP(A\r), the Laplace transform of I, in (9)

is computed as

Lo, (8, [Xpnoll) = Liy, (5 1%80 1) L7, (5), (28)

Li, (s, xp,.ll) =E |exp | —s Z Prgrllxe | ™ Ll lxm, o1}

X E@Fm



& T
= exp —27r77Fm)\F/ —— 5~ dr |,
( Ixpy ol L2/ (sPF)

2 (1 — k) Ak
L =F — P | = — m Pp)e | .

XkEéFm

Similarly to (28), the Laplace transform of I  in (6) becomes

m

Lip, (8:1xD,0 1) = L5, (51D, [D L5, (5), (29)

[e.9]

T 4,
xpy ol L+ 2%/(sPp) )

2 1 —
L3, (5) = exp (—2” L ”S:”D<5PD>2/&>.
m « S1n (E)

T
Li, (s 1xD,l1) = exp (—27T77Dm/\D/
H

ITI. PERFORMANCE ANALYSIS
In this section, we introduce expressions for the coverage probabilities in Section II-D. First,

we examine the D2D, the F-AP and the cooperative modes. Then, the performance of mode

selection algorithm will be investigated.

A. D2D mode

When the user requests the content ¢, and it is associated with the nearest D2D transmitter
which has the content ¢,,,, we rewrite the SIR vp,_ in (4) as
—a/2
PDthvOBD%m,o

B —a ) (30)
2 keN\ (Do} thBD,k/ *Epi + Ip

VDm

where Irp = Zzozl PngB;’i/ = rk- The expression for the coverage probability Pp,, in (11) is

identified in the following theorem.

Theorem 1. When the typical user requests the content c,,, the coverage probability Pp, in (11)

is expressed as

"D Yenz® TApZ2 TApZ2 TApZ?
Pp,, =2 A L — T A dz,
D = Z10m D/o IF( Pp )exp( B ) Dm( 6o )"\ "B )7

€19

where L, (s) is defined in (21) and, for any x > 0, we have defined

o0

! -1
To,(2) = 3 55y (v oal@, ya™?) (32)

=1




Ap, () = [ [ Auo,, 00 (@, yen®’?), (33)
k=1

> nbvktexp(—v) > (1 —n)bvFLexp(—v)
Appi(z,7)=1- b—l—/m T0R) (1 ro=o/2) dv + /0 T0) (1 ro-o/2) dv. (34)

Proof. See Appendix A. 0

When &, ~ PPP(\p) and & ~ PPP(Ar), we obtain an expression for the coverage

probability Pp, by letting 5p — 0 and Br — 0, as presented in the following theorem.

Theorem 2. When ®p ~ PPP(\p), the coverage probability Pp,, in (11) is given by

" Yenz® VenZ”
Pp,. :/0 Lr, ( Py )EIDm <—PD ,z> f”xDm’OH(Z) dz, (35)

where Lr,., Lr, and [x, | are defined in (21), (29) and (26), respectively. When ®p ~
PPP(\r), the Laplace transform Lr,.(s) is equal to (27).

Proof. See Appendix B. [

B. F-AP mode

When the user is connected to the closest F-AP located at xp,, ,, the SIR v, in (7) is written
as

—a/2
PFgFm,oBF,Fm,O

Vo (36)

= —a/2— ’
Ip + ZkeN\{Fm,o} PngBEk/ =k
where Ip =3 77, PthB[_)?,;/ = p,k- We derive an expression for the coverage probability Pp,,

in the following theorem.

Theorem 3. When the typical user requesting the content c,, is associated with the nearest F-AP
which has the content and is within the distance rp, the coverage probability Pr, in (12) is

written as

TRk o )\ 2 /\ 2 )\ 2
Ppm = 27T7]Fm)\F/ ,C]D (’}/thz ) exp(—ﬁ L )Tpm (ﬂ- P2 )AFm (ﬂ' il > z dZ, (37)
0 PF BF /BF BF

where Ly, (s) is defined in (22) and for any x > 0 we set

0 i—1 1

Tr, (z) = Z ;_(z) (Anpy i (@ 7nz™?)) (38)

=1

A, () =[] Aoy, e (@ 70027, (39)
k=1



Here, Ay, 3, is defined in (34). In addition, if p ~ PPP(\p), Ly, is equal to (27).

Proof. We omit the proof since it is similar to that of Theorem 1. O

When &, ~ PPP(Ap) and ®r ~ PPP(Ar), Pg,, is given by the following theorem.

Theorem 4. When & ~ PPP(\p) and ®p ~ PPP(\r), the coverage probability Pg,, in (12)

PF’":/ L, e 2| L Jrz_ fixm,,1(2) dz, (40)
0 PF PF ’

where Lg,. , L1, and f|x, | are defined in (28), (27) and (26), respectively.

is expressed as

Proof. We skip the proof as (40) is obtained by proceeding precisely as in the proof of Theorem 2.
]

C. Cooperative mode

In the cooperative mode, as can be seen in (10), the desired signal and the interference terms
are correlated, and thus it is difficult to derive an exact expression for the coverage probability
Pc. To circumvent this difficulty, we neglect the interference . s Prgk|xi/|~® since the
interferers in ® r are located farther than the distance ro. The SIR ~¢ in (10) is consequently

approximated as

 Dxpedy Prgelxel

o ~ - @1)
Then, an approximation of the coverage probability P¢ in (13) is given by
> xpcdp Prellxel =
Pc~P ( £E0F 7 > %h) =P(Q > Ipvn)
D
- [ P@zowin@d = [ (- Folu) fi@)dn @)
0 0

where Q = > xpcdbp Prelxk]| = Note that the Laplace transform of I is given by (22) and

the Laplace transform of () can be derived as

,CQ(S) =E exp (—S Z PngB;,%/2EF7k1{BF7k§r%})]

k=1
. N 1
=E |[Jexp (—sPngB;;‘;/QEF,kﬂ b o2 )] =E ][] —
k=1 {Prasrt e 1+ sPeBgy Skl (B, <2}
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/0 1+ sPra— a/2]1{z<r }fBFk(l“) T+ 5F>

/0 1+3PF$ 0‘/2fBFk( )dx—f—ﬂF/ fBFk )dx‘l‘l—ﬁF)
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—

ég

k=1
) 7T/\F 2
e Br 7 (k’ Br TC)
= — de +1—-pp——-—2 . 43
11 /0 1+ sPpa—a/? Jpp (@) de+ 1= fr T (k) (43)

e
Il
—

Note that Fio(x) and f;,(x) in (42) can be evaluated by using the inverse Laplace transform
(ILT) [35]. For a function F, the ILT is defined as L™ '{F'}(z) = 5= hmT_,oofCHTexp(sx)F(s) ds
where i 2 \/—1 and c is a constant. Then, by applying the ILT, we have

Foe) = [~ £ a1t = £ { 2oto)} o), )

fio(@) = £7{ L1, (5)} @) (45)

Finally, by substituting (43)-(45) into (42), we obtain an approximation of P¢ in (42). We remark
that the ILTs in (44) and (45) can be readily computed by modern techniques, see e.g. [36].

As a special case, when &, ~ PPP(\p), ®p ~ PPP(Ar) and r¢ — o0, Fg(x) and fr, (x)

are expressed in closed-forms as [37]

oo q o2 P 2/« 22 P 2/
Fo(x) = —/ —exp | —ux — Ll F2u) sin ( ™ Ap(Pru) ) du, (46)
0 TU atan( “) «
> 1 27T2)\D(PDU)2/a . QFQAD(PDU)WO[
frp(x) = /0 — exp (—ua: E—— =) sin o du. (47)

Although we can evaluate the approximation of P in (42) using the ILTs with the method
in [36], motivated by the fact that Fiy(x) and f;, (x) have closed-form expressions when ®p ~
PPP(\p), ®r ~ PPP(Ar) and rc — 00, we introduce an approximation of P for the scenario
where &p ~ PPP(\p) and ®r ~ GPP(Ar, fr), which has a low computational complexity.
First, assuming that o — oo allows us to derive upper-bounds of F(x) when ®p ~ PPP(\r)
and ®p ~ GPP(\r, Br). When & ~ PPP()\r), we have

=P (Z Prgel|xk|| ™ < x) <P (Vk € N, Ppgillx]| ™ < '75)
< o) . ey
HP( H l—exp| ———F——
k=1 Fr

S . 2mArT (2) ( Pe\*®
= exp (—271')\}7/ exp (—E) rdr) = exp (—WF—<°‘) (—F) . (48)
0 Pr o} x

=K




On the other hand, if & ~ GPP(Ap, fF), an upper-bound of Fy(x) is given by

Fo(z) < P (Vk € N, Ppgg||xi]| ™ < z) = P (Vk €N, PrgiBys/*Epy < x)

00 Ba/2 0 Ba/Q

H(ﬁFP (gk< ;;x> +1—5F> —H(ﬂFE I —exp <— ;§x> +1—5F>
h1 P

O oo a/2 B

H (1 — Bp / exp <_upr) Frp () du> 2 Fo(z). (49)

We then choose the intensity of the PPP A\ which makes the upper-bounds in (48) and (49)

equal. By comparing (48) and (49), \r can be identified as

v =52 () i (7)

Finally, by replacing \p in (46) with r(z) in (50), and by using the results in (42) and (47), we

can compute an approximation of Po when & ~ PPP(Ap) and ®p ~ GPP(\p, Br) without
using the ILTs in (44) and (45). We confirm in our numerical simulations in Fig. 8 that this

approximation is tight.

D. Mode selection

In this subsection, we examine the coverage probability for the mode selection algorithm
in (16). When &, ~ GPP(Ap,Sp) and ®p ~ GPP(Ap, Br), we derive an expression for 75Fn

in (18) in the following theorem.

Theorem 5. When & ~ GPP(Ap, fp) and ®p ~ GPP(Ap, Br), 75Fm in (18) is expressed as

. TFo fythz"‘) ( 7T/\FZ2) (W)\FZQ) (W)\FZQ)
Pr =2 A L — T — A dz,
Frm, TNE,AF /0 Ip ( Py exp Br Fr, Br Fm Bp z dz

(S1)
where Y, (z) and Ap, (z) are deﬁned in (38) and (39), respectively. Here,
L = 21np, A
A Apz? A Apz?
xexp( TADZ ) D, (W D% ,22,T)ADm (7T D% ,22,7) z dz, (52)
Bp Bp
7 2 xd” ! a/2 ,—a -1
TDm(w7 z 77-) - Z F(q) (AUDmﬂqu (l’, TPDx z )) ) (53)

q=1

ADm(x 227) HA,]D Bpl(x 7 Ppx®/? O‘), (54)

=1



where A, s, 4 is defined in (34). When ®p ~ PPP(\p), Ly, is given by

A > 1

EID (7') = /TD mﬁjl)m (T, Z)f”xDm’U”(Z) dZ (55)
Proof. See Appendix C. [

When &, ~ PPP(\p) and ®p ~ PPP(\r), we compute 75Fm in (18) in the following

theorem.

Theorem 6. When &p ~ PPP(\p) and ®p ~ PPP(A\p), 75Fm in (18) is given by

- " Venz® Venz®
_ ) dz, 56
Pr,, /O Lr, < B, )EJFm ( B, ,Z> fixe, () dz (56)

where ﬁID and Ly, ~are defined in (55) and (28), respectively.

Proof. We omit the proof since the proof is similar to that of Theorem 2. O

Now, we focus on Pc, in (19). Unlike in the PPP setting, the event {ve > v} is not
independent of the events {|xp, || > 77} and {|xp,,.|| > 7p}, and therefore it is difficult to
obtain an exact expression for 75(;m. To overcome this difficulty, we assume that the three events
are independent. More precisely, our approximation of 750m is given by

Pe, =P (ve = v | 1x5,]l > 1r, 10,1 > 70) P (I%£,,, | > 77) P (XD, > D)

=P
~P (Yo > vin) (1 - anFm,on(?"F)) (1 - FHXD,,L,OH(TDD , (57)

where Fjy, (x) and FHXFm’o”(x) are defined in (23) and (24), respectively. Here, 7o =

Q/ (et Proxllxil ™ + In) = Q/Ip where Q £ 3" 4. ProwllXkll Ly, |>rp) and
Ip = 220:1 PthBB?,‘fED,kIl{HXDm .I>rp}- Note that, similarly to (42), we have

P (e > 1) ~ / (1 = Folava) fi (@) da. (58)

The Laplace transforms of () and I can be respectively represented as

o0

]_ _
Lo(s)=E H ZZ”BF + ( Zgn)ﬁF +1—fr
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TABLE II

SYSTEM PARAMETERS

Symbol | 7p TR re Bp | Br Pp Pr M | «
Value I5m | 100 m | 500 m 1 1 3 dBm | 23 dBm | 100

A A
+1- % (7 (k WB—FF%) —0p, <k %r%)) ) (59)

o0 1 _
L1,(s)=E|]] "f’;;f > ;L "Dm)_ﬁa S5+ 1-0p
k=1 14 SPDBD,k 1{7’%<BD,I¢} 14 SPDBD,k;

— H (/roo Mfgm(x) dx+/ooo %ﬁ;w(m)d$

e 2 1+ sPpx—a/2 1+ sPpx—a/?

anﬂD’Y (ka ?_;)TQD> )

+1—fp+ (60)

(k)

By adopting the ILTs in (44) and (45), 756’,” in (57) can be evaluated.

IV. SIMULATION RESULTS

In this section, we illustrate numerical simulation results to validate our analysis. In Figs. 2-10,
the lines and symbols are used to indicate the analytical and simulated results, respectively. For
brevity of presentation, we denote by the networks with PPP distributed D2D transmitters and
(5-GPP distributed F-APs as PPP-GPP. Also, PPP-PPP and GPP-GPP are defined in the same
manner. Unless otherwise stated, we use the network parameters listed in Table II.

Figs. 2-4 exhibit the coverage probability for the D2D mode when A\ = 5 x 107, In Fig. 2,
we evaluate the coverage probability Pp_ in (31) when Ap = 0.01 and 7p, = 1. We observe
that Pp,, is a decreasing function of ;. Also, Pp,, increases when 7p grows as the probability
that there exist D2D transmitters having the accessed content becomes higher when rp gets
larger. Since a growth of the degree of repulsion results in a decrease of the contact distance,
Pp

it 1s shown that the impact of the distribution of the F-APs is marginal when rp = 5 and 7 m

., 1s enhanced when the distribution of the D2D transmitters follows a 3-GPP. In addition,

since Pp, is dominated by the signal from the associated D2D transmitter when rp is small.
Fig. 3 plots Pp,, in (31) in networks with -, = —15 dB. First, we see that Pp,_ is an increasing

function of A\p and 7p,, as the intensity of the D2D transmitters caching the requested content

is equal to Apnp,,. Note that Pp,, becomes lower when the spatial distribution of the F-APs is
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a $-GPP. This is due to the fact that the probability that interfering F-APs are located near the
typical user gets higher when there exists repulsion among the locations of the F-APs. Moreover,
it is observed that the influence of 5 decreases as 1p,, decays.

The average coverage probability Pp .., in (14) for PPP-GPP networks is examined in Fig. 4
when vy, = —5 dB. Since the intensity of the D2D transmitters having the accessed content
grows as Ap and sp become bigger, Pp .., decreases as A\p and sp get smaller. Also, an increase
in ¢ leads to a growth of {np,, }, and therefore Pp .., is an increasing function of J. Moreover, by

comparing the cases “PCS (6 = 0)" and “RCS", we can infer that a higher Pp .., can be achieved
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by employing the PCS even when the content popularity follows the uniform distribution.
Figs. 5 and 6 present the coverage probability for the F-AP mode when \p = 1073 and
v, = —5 dB. In Fig. 5, we plot the coverage probability Pr,_ in (37) for various values of
NE,,. As Ap and ng, grow, the probability that there exist F-APs caching the requested content
becomes larger and the contact distance decreases, and hence Py, is an increasing function of
Ar and np . We remark that the interference from the F-APs gets bigger as Ar increases. From

the observation that Pr,  is increased with A\r, we deduce that the impact of the contact distance

is more pronounced than that of the interference. In addition, since the contact distance gets
smaller if there exists repulsion among the locations of the F-APs, Pr_ is enhanced when @
follows a 3-GPP.

Fig. 6 evaluates the average coverage probability for the F-AP mode Pr.,, in (15) for the
networks where the locations of the D2D transmitters follow a PPP, A\ = 10~ and the PCS
strategy in (2) is employed. Since increases in sy and § lead to a growth of the intensity of
®p,., Preow decays as sp and 6 become lower. As expected, Pp ., increases as Jp goes to one.
It is shown that Pr,, is sensitive to 6 when sy is small. Also, the coverage probabilities with
different values of sp converge as ¢ increases since a small number of contents are frequently
requested by users when ¢ is large.

In Figs. 7 and 8, we illustrate the coverage probability for the cooperative mode Po in (13).

Fig. 7 establishes P for the networks with A\ = 10~* and ~,, = —5 dB for different values of
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rc. Note that our approximation in (42) is tight when r¢ > 150 m, which is a practical case.
The coverage probability P decreases as Ap increases since a higher A\p results in a bigger
interference. In Fig. 8, we exhibit the coverage probability for the cooperative mode P for
networks with \p = 1073, It is shown that our approximation of P. for PPP-GPP networks
using (50) is accurate for various values of v;, and Ar. Moreover, we see from Figs. 7 and 8 that
‘Pc decreases as the repulsion among the locations of the F-APs (or D2D transmitters) reduces
(or grows).

Figs. 9 and 10 examine the coverage probability for the mode selection algorithm when
rp =10m, rp = 50 m, sp = 30 and sp = 50. In Fig. 9, we demonstrate the coverage probability
P in (17) for GPP-GPP networks where the RCS in (1) is adopted and v, = —10 dB. In Fig. 9,
we consider the case where a typical user selects one of the D2D and the F-AP modes, and
therefore the coverage probability P, in (17) is P,, = Pp,, + 75pm. First of all, it is confirmed
that our analysis for 75Fm in (51) is valid. In addition, we observe that 75Fm is increasing and
decreasing functions of Ap and \p, respectively. A similar interpretation can be made for Pp, ..
An important point to note here is the fact that the trends of P,, with respect to A\p for the
cases with A\p = 107* and A\p = 4 x 10~* are different. More specifically, when \r = 10~*
(or A\p = 4 x 107%), P,, grows (or decays) as \p becomes larger. This phenomenon can be
explained by the fact that Pp_ (or 75Fm) dominates P,, when A\r is low (or high).

Fig. 10 evaluates the coverage probability P., in (16) for the PPP-GPP networks where
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the PCS in (2) is employed, A\p = 2 x 1073 and A\ = 2 x 10~*. Here, we define P,,, as
75601) = Z%;lfm(PDm + 75Fm) which indicates the coverage probability for the case where
the typical user selects one of the D2D and the F-AP modes. In Fig. 10, it is shown that the
approximation in (57) exhibits only negligible gaps compared to the simulated results. Also,
we see that by employing the mode selection algorithm, a high coverage probability can be
achieved, which is insensitive to . For example, when ¢ is low, the probability that there is no
D2D transmitter or F-AP having the accessed content increases, and therefore the user is more
likely to choose the cooperative mode. As a result, although Pp .., and 75601) with 6 = 0 are

smaller than those with § = 1, P,,, with § = 0 is almost identical to that with § = 1.

V. CONCLUSION

In this paper, we have studied F-RANs where the locations of D2D transmitters and F-APs are
modeled as 5-GPPs in order to reflect the repulsive nature of the networks. We have considered
three types of access modes, namely D2D, F-AP and cooperative modes. In the D2D and the F-AP
modes, requested contents are delivered by exploiting the proactive caching. In the cooperative
mode, data is transferred by leveraging a cloud processing. We have analyzed the coverage
probabilities for the three modes. Additionally, we have examined the coverage probability of the
mode selection algorithm which judiciously selects one of the three mode and takes full advantage
of the centralized processing and the edge caching. Numerical simulations have verified the

accuracy of our analytical results.
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APPENDIX A

PROOF OF THEOREM 1

We begin by defining a sequence of discrete random variables {ep ; };en Which are independent
marks of ®p such that ep; € {0,1} and P(ep; = 1) = np,,. Here, {ep, = 1} and {ep,; = 0}
are the events wherein the D2D transmitter at x; has the content ¢,, and does not have it,
respectively. For any 7 € N, we set

ﬂ {Bpy > Bp, orepy =0or Zp; =0},
keN\{i}
as well as
Ji = IZ N {EDJ == 1} N {ED,i = 1},
and it is easy to check that the events {J;};cy are disjoint almost surely. Additionally, on the

event .J; we have ||xp,, . ||> = Bp,;. Consequently, we have

P, = P(vp,. = Y, 1XD,., 1l < 7D)

P(vp,, = vn, Bpi <rh, epi=1, Ep; =1, )

i=1

0 Pph;Bp%? ) ~

ZP Z Vth, BD,i S py, €Di = ]-7 ZDi = 17 Iz
i1\

(61)
> ’YthBa/-z
= ZP h; > D Z PthB[_)O;;/QED,k +1Ir |, Bpi<ry, I
, Pp . '
=1 keN\{:}
X Plep; =1, Zp,; =1)
= [ 'YthBD/Q /2
=np,. Bp Z E |exp | — B Z PphyBp . "Zp i + Ir H{Bmg%’ Ii}
=1 L kEN\{Z}
00 [ a/2
%hBD,i
= 1p,.Sp ZE L, < P ) H exp <—%th1 hiBp) k = k) H{BDJ-ST%, L}
=1 | keN\{i}
00 /2
fythBDz
- E(L
w38 e (5 1y, s

1
X 1
Oz/2»—~ {BD,szD,i or GD,kZO or EDykZO}

a/2
keN\{i} L + 4 Bpi By "Ebk
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r ’YthB%{f 1
I PD {BD,iST'QD}

1
Ty 1 Y1, )]
kelN_\[{i} L + ’YthB%{fBZ)i/QED,k ( :kazl} {BD”“ZBDJ or 6Dv’€:0} {:D,kzo} ]

= Np,.Bp Z E
i—1

X

S ’Ytth/-z
X H |:1—6D—|- ﬁS/Q —a/gl{B SBh . 0}]] (62)
keN\{i} 1+ %hBD,i BD,k p.k>Bp. or €p =
We remark that H{BD’kZBD’i or ep,;=0} = :H'{BD,kZBD,i and ep =1} T ]]-{€D,i:0}’ and therefore Pp,

in (62) is computed as

- %th/-Z
= E(L 11
PDm anﬁD; Ir ( PD > {BD,iST%)}
np,, 5 1—np,.)Bp
< 11 [1_5D+ = —2lp, om0, T ( a/2) _Q/QH
keN\{i} 1+ %hBDﬂ- BDJ€ *kZ D, 1+ %hBDﬂ. BD,k

)fBD,xu) 1 (1—5[)

© % ua/2

.03 [ (2
— Jo D )
i=1 keN\{i}

> ND.wBD * (1—mnp,)Bp
—l—/u Ry fBp,(7)dx +/0 T fBp,(x) do | du

- QanﬁDZ/OTD Lr, (72205 f5p. () H (1 —Bp
=1

kEN\{i}

*  np,Bp > (1-mnp,)Bp
+/22 1 _i_%hzaxfa/QfBD,k(x) d:B+/0 . —|—fythzaa:*a/2fBD”“($) dz |z dz. (63)

Here, by (20) and a change of variable, the inner integral terms in (63) can be rewritten as

*  np,Bp OO I, BpV* " exp(—v)
/2 1+ 7thzax_a/2 fBD,k (.I) dz = / , , /2 dV, (64)
z wApz2/Bp F(k) (1 + Yen <%> Va/2)
* (L=9p.)bBp /°° (1 =np,) Bpv* " exp(—v)
. dz = . dv. 65

/2
) (140 (222) " or)
By plugging (64) and (65) into (63), we obtain

[o'e) D o (W)\DZQ)i_l exp<_ﬂ')\D22)
Pp,, = QWHDMADZ/ E]F (%hz ) or . e
i=1 70

Pp I'(4)
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o0 k—1 o
< 11 (1—6D+ / DBV exp(a/QV) v
keN\{i} mAp2*/8p (k) (1 + Yin (WW ) V—a/Z)

> (1—np,)Bpr* texp(—v)
“

o2 du) zdz,
o) (14 (222) o)

which concludes the proof.

APPENDIX B

PROOF OF THEOREM 2

The aim of the proof is to compute the limit of (31) as Sp goes to zero. First, note that for

any z > 0 we have

* np,.Bor* ! exp(—v) /OO np,, Bpr* L exp(—v)
0= ¥ dv < i dv = 66
- /z (k) (1 + ypao/2v—2/2) V= 0 T(k) v =np,.bp, (66)

and similarly

* (1 —=np,,)Bpv' ' exp(—v)
0< s dv < (1 - . 67
< | Tty W 06 “
Thus, taking z = TApz?/Sp we obtain
2
1 <exp (—70\ )TDm (WADZ ) <(1-8p), (68)
Bp Bp
which implies
7T)\DZ2 7T)\DZ2)
- T 1. 69
2 () -

Second, let us fix £ > 0 and = > 0. By (66) and (67), for any k£ > 1 we have

[ D, BpV* ! exp(—v) [ (1 =np,)Bpr" " exp(-v)
0= /mer(k)(lwhxa/?(uﬂw—a/?)d” / R0 s o) o) & < o

(70)
and additionally we note that
= D, Bpr* " exp(—v) * (1 =np,)BpV* " exp(—v)
Bp — 5 > dv — 5 o dv
o/pp L(F) (1 4+ yaa/2(vfp)=/?) o L(k)(L+yuma/?(vfp)=/?)
x/Bp k-1 . oo k—1 .
:/ 0,0V exp(7v) dl/+/ Pov—esplv) ., (g
o T(k)(L+mze?(vfp)—2/?) o T'(k)(1+ (vBp)*2z=o/2 )

For x sufficiently small, the inequalities —(1+¢)x < In(1—2x) < —z hold, and therefore by (70)

and (71), for Bp sufficiently small we have

z/Bp anﬁDVk_l exp(—z/) 0o BDyk—l exp(—V)
~{+e) (/0 L(k) (1 4+ yua/?(vfp)=2/2) w /0 U'(k) (14 (vBp)*/2x=/2 [y) dy)
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o np,, Bpr* L exp(—v) >* (1 —np,,)BprFtexp(—v)
<ta(1-7 o] T O e e ) T e B T )

@/Pp np,, Bov* " exp(—v) > Bpr*texp(—v)
= _/0 L(k) (1 + ynx/2(vBp)=*/?) v /0 U(k) (1 + (vBp)*/2x=2/2 [y,)

for all £ > 1. We deduce from the above inequalities that for S sufficiently small the following
holds:

z/Bp no,. Bp dv o Bp dv .
o (_(1+€) (/0 14y (vBp) =/ +/O 1+ (Vﬁp)a/%“ﬂ/%h)) = A0 (E_D)

< exp<— / o 11D 0D dv — / N Fp du)
- o L4+yma?(vBp)=? o L+ Wpp)lPa=ol /vy )

dv,

and so by change of variable,

’ np,, dy = dy a
sl et [ ot ) s ()

‘ np,, dy / * dy
< e — — . (72
B Xp( /0 L4 ypae2y=a/2 fo 1+ y>20=e/ 2/%) 72)

Since the above is true for all ¢ > 0, we obtain
x ! Np,, dy / °° dy
A — | —— exp| — —
Dy, (/BD) 8p—0 p( /[) 1 _l_,ythxoé/Qy—oc/Q 0 1 +ya/2x—a/2//yth>
(oo [ (- T ) 9= | i)
= €XpP\ "D, - = Y- -
P "D 0 1 + ya/QZE a/2/,yth 0 1 + ya/Qx a/2/,yth

=exp|( —"1p,T —1N /OO - _/OO e
Dm D . L+ yel2e=el2 /vy o 1+y2e=22 /vy )

By taking z = mApz? in the above series of equations, we get
y g q g

2
> (%)

—— exp(—mnp, Apz>—1p /OO dy _/oo (1—np,,)dy

o AT | TR ) o TR A 2) 2
> v dv N *  du

( 7T77Dm)\D22—27T)\D77Dm/ ——(1—77Dm)7t2}{ W)\DZQ/ )
z 0

[EETy Tru
> d 22 (1 — el 2/a)\
= exp 7T77Dm>\DZ2 — 27T/\D7)Dm/ v dv s ( 77Dm)(’7th2’ ) D)

1+ v*/(yn2®) asin(27/a)

D
= exp

Za
= exp(—mnp, Apz?) Ly, (7}}; ,Z>' (73)
D

By the bounds given in (68) and (72) and the almost sure convergence proved in (69) and (73),
one may apply the dominated convergence theorem to prove the convergence of (31) to (35) as

Bp goes to zero.
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Lastly, when the locations of the F-APs are modeled by a PPP, £, is given by (27), and this

concludes the proof.

APPENDIX C
PROOF OF THEOREM 5
We define the sequence {ef; }icn analogously to {ep;}ien in Appendix A. Additionally, for
any ¢ € N we set

Ki:= () {Brr>Br;orepp=0or Zp; =0},
keN\{:i}
as well as

L'i = Kz N {GF,'L' == 1} N {EF,'L' == 1}

Letting Ip = Pph,Bj, a/2 + Zliq PDhlBB?l‘/QED,Z and proceeding as in (61), we have

PFm — IED (’YFm Z ,Yth’ ||XFm,o|| S TF, ||XDm,o|| > TD)

—a/2—

0o o P zB a/2
- zzp( °g > e Bra <13 By >
Ip + 3 hemiy PngBFk ZFk

i=1 ¢=1

€Dgq = 1, ZD,g — 1, ]q7 €Fi = 1, SFi = 1, Ki)

= 1F,,8FND,, B Z Z T q- (74)

=1 g=1

Additionally, 7; , above can be computed as

/2
YenBE; —0/2—
—_— Z PngBFgﬁ:F,k +1Ip |, Bri <71}, Ki, Bpy>r}h, I,

,-Tz',q £ P gi Z
Pr keN\{i}
| fythB;/? /2
=FE |exp | ———% PrgiBo5 "Ere + 1 1 1
i ' Pr keNZ\{z‘} PSR SRR {Brasrt. K} " {Bou>rh. 1}
a/2
a —a/2— /ythBFz «a
H exXp <_FythBFv/'529kBF’k/2:F’k) IL{BF7L'<7“2, Kl} o <_ P pDh B /2>
keN\{i} eE r
a/2
PYthBFZ
< 1 exp< PphiBpS )1 ) ]
B re, I
leNV{a) {Boarb 1}
_E H{BF,Z-ST%, K} 1 H{Bn,q>r%7 1}

a/2 p—a/2— a/2 o a/2 o
ken(iy L T %nBri Bpy "Zrk 1 4 %PDBD@/ 2 1em{a} 1 + %hIfFF‘l PpBpy”?
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=K

1 a/2
r By,
H {BF1< i K} Tq <’7thPFF,z ) 7 (75)

a/2 a/2—
keN\{i} 1+ VthBF/z BFk/ ZFk

where, recalling that A, 5, ; is defined in (34), we set

ﬂ 2
T,(r) 2 E ! I1 (oo 1)

L+ 7PpBpY* \aviy L+ 7PoBpY

! B
=K 1— BD + 1 r2
1+ 7']31731_7?:1/2 IGNH\{q} ( 1+ 7PpBp; o‘/2 {BD1>BD‘1 or €p = 0}> {B0.4> D}]

=FE _ L 1 nDMﬂDﬂ{BDPBDq} (1 =np,)8p
14 rPyB " II {1=6v+ 1+ 7Pp B T P, o2 | {Bou>rh}
| LT TEDDbp g ien(g) +TIp +7Pp :
> 1 TADY TAD Oc/2>
= PR p— A — 7P, ( ) dy. (76)
/T‘QD 1+ TPDy_a/Q fBD‘q (y) ZGNH\{ T]DmﬁD’l( BD D /BD Y
a}

Here, we have skipped some steps since the arguments are identical to those in (62). Defining
L, (7) =1p, Bp Y ae1 Ty(7), by the change of variables z = ,/y, we find that Ly, (7) is equal
to (52).

Then, by plugging (75) into (74) and again proceeding as in Appendix A, we rewrite 75Fm as

a/2 1
Ven B {Bri<r2, K}
_nFmBFanﬁDZZE ( P, ) 11 . ol gali= ]
=1 g=1 keN\{i} -+ T VnDpi Drg =Fk

o0 /2 1
Z A thhB i Bp;<r?, K;

= nFrn/BF E £ID ( P a ) I I { Fa/2 = a/i;—‘
i=1 F ey L+ 7B By "Zrk

= Np, BF o Fﬁ <%h (@)a )exp(—u) Tr,, (u)Ap, (u) du, (77)

0 Pr \mAp
where Tr (z) and Ag, (z) are defined in (38) and (39), respectively. Finally, by the change of
variable z = /fru/(mAr), we obtain (51).
It remains to prove that ﬁID is given by (55) when &, ~ PPP(\p), and we prove this by
taking the limit as Jp goes to zero. For this, it suffices to note that the proof of Appendix B
can be adapted to our setting by replacing ~;, with 7Ppz~%; indeed this is clear by comparing

the definitions (32)-(33) with those in (53)-(54). In particular, for any fixed z > 0, by (69) we

TAp22\ < TApz? 9
exp| — Tp,, 20T —— 1,
BD BD Bp—0

deduce
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and by (73) we get

N Ap22

Ap. M, 2.7 ——
Bp Bp—0

exp| — TApz? — / —/
p( NDy, TAD D, ﬂ—)\Dz21+ya/2(77)\D)_a/2/(7_PD) 0 1+ya/2(7r)\D)—o¢/2/(7—PD)

= exp(—mnp, Apz°) L1, (T,2).

(1 —np,.)dy >

The dominated convergence theorem along with the almost everywhere convergence yields (55).
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