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ABSTRACT. We use a white noise approach to Malliavin calculus to prove the following white noise
generalization of the Clark-Haussmann-Ocone formula

T
F(w) = E[F] + JO E[D:F|Ft] o W(t)dt

Here E[F] denotes the generalized expectation, D:F(w) = g—(i is the (generalized) Malliavin
derivative,¢ is the Wick product and W (t) is 1-dimensional Gaussian white noise. The formula
holds for all f € G* D L2(u), where G* is a space of stochastic distributions and y is the
white noise probability measure. We also establish similar results for multidimensional Gaussian
white noise, for multidimensional Poissonian white noise and for combined Gaussian and Poissonian
noise. Finally we give an application to mathematical finance: We compute the replicating portfolio
for a European call option in a Poissonian Black & Scholes type market.

Journal of Economic Literature index numbers. G12
Mathematics Subject Classification (MSC): 60H40, 60G20

1. Introduction

Let Bs(w) = B(t,w);t = 0, w € Q be a 1-dimensional Wiener process (Brownian motion) on
a probability space (Q, F, P) such that B(0, w) = 0 a.s. P. Fort > 0 let F; be the o-algebra
generated by {B(s, -);s < t}. Fix T > 0. The Clark-Haussmann-Ocone (CHO) theorem states
that if F = F(w) € L?(P) is Fr-measurable and F € D1 » (see definitions below), then

T
F(w) = E[F] +j0 ELD.FIF:1(w)dB: () (1.1)

where DF = 5—5)(t) denotes the Malliavin derivative of F at t. This result and its general-
izations have important applications in economics, where (basically) E[ D F| F;] represents
the replicating portfolio of a given T-claim F. (See, e.g., [K-O], [@])

Usually this result is presented and proved in the context of analysis on the Wiener space
Q = Co([0,T1]), the space of all real continuous functions on [0, T] starting at 0. Then
one can identify each Wiener process path B(-,w) with one element w(-) € €, which
is a computational advantage. It is in this setting that the Malliavin derivative and its
properties are usually studied. See, e.g., [N], [U]. However, the drawback with this setting
is that the Malliavin derivative only exists for F € D; 7. This excludes many interesting
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applications. For example, in mathematical finance one is interested in computing the
replicating portfolios of a given T-claim F. If, say, the claim is a digital option of the form

1 if Br(w) =K

0 if Br(w) <K (1.2)

F(w) = Xix.o) (Br (@) = {

then D:F does not exist and formula (1.1) cannot be applied. The purpose of this paper is
to present a new proof of the Clark-Haussmann-Ocone formula in the setting of white noise
analysis. One of the advantages with this approach is that it allows a generalization of the
Clark-Haussmann-Ocone formula which is valid for all Fr-measurable F € G*, a space
of stochastic distributions which contains L?(u), where u is the white noise probability
measure (u corresponds to P in the Wiener space setting). The generalization has the form
(See Theorem 3.15)

T
F(w) = E[F] +JO E[D.F|F:] o Wdt (1.3)

where ¢ denotes the Wick product and W; € (S)* is white noise. E[F] is the generalized
expectation of F € G*, E[D¢F|T:] is the generalized expectation and the integral on the
right hand side is an (S)*-valued (Bochner) integral. In view of the identity

T T
Jo Y(t,w)0B(t) = .[0 Y(t,w) ¢ Widt (1.4)

valid for all Skorohod integrable processes Y (t, w), we see that (1.3) is indeed a general-
ization of (1.1). In fact, if F € L?(u) then (1.3) simplifies to

T
F(@) = EF) + | EIDFIFdB(®) (1.5)
where D:F € G*,E[D:F|F:] € L?(u) for a.a. t and

T
E”O E[D.FIFi1%dt| < o (Theorem 3.11) (1.6)

We emphasize that in the Wiener space setting another generalization of (1.1) has been
obtained by S. Ustunel [U, Theorem 1 p.44]. His generalization is valid for all F € D_,
the Meyer-Watanabe distributions. Since D_q ig * our result is more general. Moreover,
our approach is entirely different. Recently other approaches to the Malliavin calculus and
the Clark-Haussmann-Ocone theorem have been given by F. E. Benth [B], M. de Faria, M. ].
Oliveira & L. Streit [dO-S], and G. Vage [V].

Our white noise setup can be easily modified to cover more general situations. This is
demonstrated in Sections 4-6. In Section 4 we prove the following multidimensional version
of the generalized Clark-Haussmann-Ocone theorem:

Let B(t,w) := (B1(t,w1),...,Bm(t,0m)); w = (W1,..., W) € Q be m-dimensional Brow-
nian motion with filtration f}m). Thenif F € (G*)™ is f}m)-measurable, we have

rr& OF (m)
F(w) :E[F]+J ZE[a—(t,w)\me}owj(t,wj) dt (1.7)
0 =1 w j
where we have used the notation (;TFI, . a(au—Fm) for the Malliavin gradient of F at t (The-

orem 4.2).
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If we replace the Gaussian white noise probability measure u by the Poissonian white noise
probability measure v (on the same underlying space S’ (R)), then we obtain a similar theory
where Gaussian white noise W (t) is replaced by Poissonian white noise V (t) and Brownian
motion B(t) is replaced by compensated Poisson process Q (t). The spaces G* = G*(v) can
be defined in a similar way as for the Gaussian case and the Malliavin gradient too. Thus
we obtain the following generalized Clark-Haussmann-Ocone theorem for the compensated
Poisson process:

If F € G*(vin) is measurable with respect to the filtration Ht(m) of the m-dimensional
compensated Poisson process Q(t), then

& OF (m)
F(w)=E[F]+JO SE |ty |25 | 0 Vit ;) | dt (1.8)
j=1

awj

This result is proved in Section 5 (See Theorem 5.3). We also point out how the above
theory can be modified to cover the case with combinations of Gaussian and Poissonian
noises. Finally, in Section 6 we apply our results to compute the replicating portfolios for
the European call option in a Poisson Black and Scholes type market: Consider a market
X(t) = (A(t),S(t)) consisting of two investment possibilities:

i) a bank account, where the price A(t) at time t is given by
dA(t) = p(H)A(t)dt ; A0) =1 (1.9)
ii) a stock, where the price S(t) at time t is given by
ds(t) =pu)s)dt +o(t)S(t)dQ(t); S(0)=x>0 (1.10)

where p(t), u(t), and o (t) are deterministic functions in L2[0, T] (T > 0 constant), o (t) = €
for some € > 0, and where Q(t) = P(t) — t is the compensated Poisson process. Let
(E(t,w),n(t,w)) denote the portfolio, i.e., E(t),n(t) gives the number of units of invest-
ments #1, #2, respectively, held by an agent at time t.

Consider u(t) = %, and find a new measure v such that Q (t) := fé u(s)ds + Q(t) is

a compensated Poisson process with respect to v. We will prove the following theorem.

THEOREM 6.1

The price V(0) of a European call option with payoff F(w) = (S(T) — K)* in the Poissonian

market defined by (1.9), (1.10) and satisfying u(t) < 1 — €, for some €, > 0, is given by
T

V(0) = e ho POYSELF]. Moreover, the replicating portfolio for this claim is given by

1 T
= ol pldsg, YY(T—-t)— (K-YY(T -t))*
n(t) a(t)S(t)e [(c ()Y (T -1t) —( (T-1)") (1.11)

XK/ (1+0(t)),00) YV (T =) 1y=st)

where

t t
YV (t) = yexp [J;) In[1 + o (s)1dQ(s) + Jo(u(s) —0(s)+In[l+o0(s)](1 - u(s)))ds]

(1.12)
and
V(t) —n(t)S(t)

&) = A

(1.13)
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2. Background from white noise theory

In this section we briefly recall some of the basic concepts and results from Gaussian
white noise theory. Our presentation and notation will follow that of [H-@-U-Z] closely.
More information about white noise analysis can be found in [H-K-P-S].

Let Q = S'(R) be the space of tempered distributions on the set R of real numbers and let
u be the Gaussian white noise probability measure on Q) defined (in virtue of the Bochner-
Minlos theorem) by the property

J ei<w,¢>du(w) _ e—%||¢>||2 (2.1)
Q

for all ¢ € S(R) (the Schwartz space of rapidly decreasing smooth functions on R), where
P12 = [r p?(x)dx and < w, P > denotes the action of w € S'(R) on ¢. (S'(R) is the
dual of S(R)). Note that if w € L?(R), then < w, P >= Jg w(x)p(x)dx. From (2.1) we
deduce that

E[< ¢ >]1=0 and E[<-, ¢ >*]=1¢l|*; ¢ € S(R) (2.2)

where E = E, denotes expectation with respect to yu. This isometry~allows us to de-
fine a Brownian motion B(t) = B(t,w) as the continuous version of B(t) = B(t,w) =
< w, X[o,1(+) > (which exist in L?(u)) where

1 if0<s<t
Xro(s) =4 -1 if-t<s=<0 (2.3)
0 otherwise

Then < w, @ >= [p @ (t)dB(t) for all g € L%(R). We let F; denote the o algebra gener-
ated by {B(s, ) }o<s<t. If f(t1,...,tn) € L2(RM), i.e., fn is symmetric and ||fnllfz(w) =
gn f2(t1,...,tp)dt; - - - dt, < o, then we can define the iterated Ité integral

LR" fndB®™ ;= n! J:c (rn e ( _t;f(th...,tn)dB(h)) .- -)dB(tn) (2.4)

— 00

In the following we let

_ 272 ar -x2/2\ . _
hn(x) = (=12 (e) s n=0,1,2,... (2.5)
be the Hermite polynomials and we let {&,},_, be the basis of L2(R) consisting of the
Hermite functions

Ea(x) =i ((n - D) 2e %2, 1 (V2x);n=1,2,... (2.6)

Several parts of the theory can be carried out without the explicit use of this particular
basis. In some cases, however, the choice of an explicit basis is important. For example,
explicit estimates of &, (t) are needed to deduce that the Gaussian white noise W(t, -)
defined in (3.12) belongs to the space (S)* of Hida distributions.

If f:R" - Rand g : R™ — R are two functions, we let f ® g : R"*" — R, resp. f®g :
R™*" — R, be the tensor product, resp. symmetric tensor product of f and g (see [H-@-U-Z,
Section 2.2]). Similarly we let f®" = f ® - - - ® f (n times) be the tensor powers of f. The
set of multi-indices &« = («y,...,&y) of nonnegative integers is denoted by 7 = (Ng‘)c.

4
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Here N = {1, 2,...} is the set of natural numbers and Ny = NuU {0}. If z = (z1,2»,...) is a
sequence of numbers or functions, we use the multi-index notation

z8 =21z oz i o= (g, ) €7
We list some of the basic results we need:

THEOREM 2.1

(Ito 1951 [I]) Suppose Y, ..., Y, are orthonormal functions in L?>(R). Then for all multi-
indices & = (1,...,0n) € 1, we have

L PR RABI ) = R (< 0,1 )+ (< 0, >)

COROLLARY 2.2

[ 8% ) 0x) = Haleo)

where Hy(w) = hy (< 0,81 >) -+ - hy, (< 0,8 >), x = (X1, ..., 0n) € 1.
COROLLARY 2.3
Let © denote the Wick product, defined by

(Hy © Hg) (w) = Hysp(w) ; o, B €1
and extended linearly ((HOUZ, Def.2.4.1]). Then if f, € I:Z(R"),gn € L2(R™), we have

(Z fndB®n> o (ZJ gndB®"> _ Z J fn®gmdB®(m+n)
n Rn n Rn mmn Rm+n

PROOF

Jﬂw géxqpelel o JRB E®PdB®'P = Hy o Hp = Husp

ZJ £é(cctB) gpoloctl _ J £oagEeB 4peIecth]
Rle+Bl R

la+Bl

using Corollary 2.2.

COROLLARY 2.4
<w, ¢ >°"=||plI"hn (57 ), where < w, p >"=< w,p > 0o < w,p > (n times)
PROOF

<w, P >N= (LR $dB)”" = J[Rn " dBe"

_ n i@n on _ n <w, P>
911" [ () B = Iimhn (<1505

by Corollary 2.2.

Recall that .
E[J u(s,w)dB(s)lft] =J u(s,w)dB(s)
R 0
From this we deduce that (see [HOUZ,p 47])
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LEMMA 2.5

E[|  fudB®™Ft| = |  faXiomdB®"
R"7 R"7

STOCHASTIC TEST FUNCTIONS AND STOCHASTIC DISTRIBUTIONS

The following spaces of stochastic test functions, G = G(u), and stochastic distributions
G* = G*(u), have been studied by J. Potthoff and M. Timpel. See [P-T] and the references
therein.

DEFINITION 2.6

(i) Let k € N. We say that f(w) = > ,;,_o Jgn fndB®" belongs to the space G (u) if

FNZ, i= > ] fl 122 gy @K™ < o0 (2.7)
n=0
We define
G =G= () Gk
keN

and equip G with the projective topology.

(ii) We say that a formal expansion

"0 Rn

belongs to the space G_4(u) (g € N) if

(o9

GG, = > nIfnllf2@nye " < oo (2.8)

n=0
We define
G*w =6¢*=1J G4

qeN

and equip G* with the inductive topology. Note that G* is the dual of G, with action
<G, f>=>nl JW Fn(X)gn(x)dx (2.9)
n=0

if G € G* and f € G is as above. Also note that the connection between the expansion

G(w) = ZJ GndB®" (2.10)
n=0 R™
and the Hermite expansion
G(w) = > caHu(w) (2.11)
64
is given by )
gn(x) = > caE®*(x); n=0,1,2,... (2.12)

lx|=n
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(see [HOUZ, (2,2.33)]). Since this gives

||I|RngndB®”llf2(“)=n!||gn||f2(w)= > i (2.13)

lx|=n

it follows that we can express the G,-norm of G in terms of the Hermite expansion as
follows:

(e

I1GlIg, = >, ( > cia!)e””; rez (2.14)

n=0 |u«l=n

Two important properties of these spaces are the following (see [P-T] for a proof):

f,geqg > fogeg (2.15)

and
fi,geg* = fogeg* (2.16)

We also recall the Hida stochastic test function space (S) and the Hida stochastic distribution
space (S)* as follows:

For a formal expansion f(w) = > ye7 caHx(w) define the norm

|| f] I(Z)’k = > cAal(2N)** for k € Z (the integers) (2.17)

el

where (2N)k& = (2. 1)k (2. 2)kea ... (2m)kem if ¢ = («xq,..., Xm). Let

(Sox:=1f5 IIfllox < oo} (2.18)
and define
(9) == [ (Sok (2.19)
keN
with projective topology, and
($*:= [ (8o, (2.20)
qeN

with inductive topology. Note that
(S)cGcL?(u) cG*c(9*

For more information about these and related spaces see [H-K-P-S] and [H-@-U-Z]. We now
extend the concept of conditional expectation to G*. This has been done in a different
context by Benth and Potthoff [B-P].

DEFINITION 2.7

Let F = Y7 o [gn fndB®" € G*. Then the conditional expectation of F with respect to F;
is defined by

ELFIF] = 3 | far XioandB®" (2.21)
n=0 R

Note that this coincides with the usual conditional expectation if F € L?(u). Also note that
IIE[F|Ftlllg, < ||Fllg, forallr € Z (2.22)

7
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In particular
E[F|F:] € G* forall t (2.23)

LEMMA 2.8

Let F,G € G*. Then
E[F © G|Ft] = E[F|Ft] ¢ E[G|F]

PROOF

We may assume, without loss of generality, that F = [gn fudB®" = X 4j=n Ca Jgn EE¥dB®"
and similarly with G. Then Corollary 2.3 and Definition 2.7 give

EF o GIF=E[ [ fadgndB® ™™ Fi]
= J Sn®gm - X[O,t]m+"dB®(m+n)
Rm-H'I,

N JRM+n fn - Xio,n®gm - Xio,eymdB® MM
=E[F|Ft] ¢ E[G| F¢]

O
From now on we will use the following notation:
As before let &1, &y, ... be the Hermite functions, and put
Xi=Xij(w) =< w, & >= J Ei(s)dB(s);i=1,2,... (2.24)
R
and
t
X (w) =j Ei(s)dB(s); i=1,2,... (2.25)
0
and
X = (X1, Xz,...), XO = xP xP )
Note that with this notation we have
X% w) = (X7 oo 0 X ™) (w) = Hy(w) if o= (xX1,y...,0m) (2.26)
for all multi-indices «.
COROLLARY 2.9
IfF =3 ycaX®% € G*, then
E[F|F] =D ca(X1)o
6.4
PROOF
We know that E[X;| F¢] = Xf). Now apply Lemma 2.8.
O
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DEFINITION 2.10
We say that F € G* is Fr-measurable if

E[F|Fr]l=F

COROLLARY 2.11
F € G* is Fr-measurable if and only if F can be written

F=> co(X' )% (convergence in G*)
(8.4

for some numbers c.

REMARK

A general discussion of G and G* and the related spaces G and G~# can be found in
[G-K-S].

3. The 1-dimensional case
Let us first recall the definition of a directional derivative:

DEFINITION 3.1
Let F: S'(R) — R be a given function and let y € §’. Then we say that F has a directional

derivative in the direction y if

DyF(w) := liz%%(F(w+ey)—F(w)) (3.1)

exists in(S)*. If this is the case, we call Dy F the directional (or Gateaux) derivative of F in
the direction y.

EXAMPLE 3.2
Let F(w) = [z ¢(t)dB(t) =< w, p > for some ¢ € L*>(R). Then, if y € L?(R), we have

DyF(w) = lifré% (<w+ey,p>—-<w,p>)=<y,¢>= J[Ry(t)qb(t)dt (3.2)

PROOF
By linearity we have < w + €y, >=< w,p > +€ < y, ¢ >. Hence

%(<w+ey,¢>—<w,¢>)=<y,¢>

O
Motivated by this example we make the following definitions:
DEFINITION 3.3
A function Z(t) : R — (S)* is (S)*-integrable if
<Z@t),f>cLYR) forall f e (S) (3.3)

Then the (S)*-integral of Z(t), denoted by [ Z(t)dt, is the unique (S)*-element such that
<J Z(t)dt,f>=J <Z({t),f>dt; fe(S) (3.4)
R R

9
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It is a consequence of Proposition 8.1 in [H-K-P-S] that (3.4) defines [ Z(t)dt as an element
of (S)*.

DEFINITION 3.4
We say that F : S'(R) — R is differentiable if there exists amap K : R — (S)* such that

K(t,w)y(t) is (S)*-integrable

and
DyF(w) = J K(t,w)y(t)dt forall y € L>(R) (3.5)
R
In this case we put
D:F(w) := d—F(t,w) =K(t,w);teR (3.6)
dw
The set of all differentiable F : S" — R is denoted by D.

EXAMPLE 3.5
If F(w) =< w, ¢ > as in Example 3.2, then we see by (3.2) that F is differentiable and

DiF(w) = ¢(t) (3.7)

If
P(x) =D cax®; x €eRN,cu €R (3.8)
6.4

is a polynomial, we define its Wick version at X = (X1,...,Xm) by

PO (X) = > caX®X (3.9)

Such (finite) sums are called (stochastic) polynomials.

LEMMA 3.6 (THE CHAIN RULE I)

Let P(x) = Y. ycaX® be a polynomial in n variables x = (x1,Xx2,...,Xn) € R". Then
P(X) e D,P°(X) € D and

DP(X) = > %(xl,...,xnm(t) = > ca > X E (D) (3.10)
i=1 "7t o i

and
DPo(X) = Y % (X1 X)) Ei(D) = S e S o X0 @€ (1) (3.11)
i=1 1 x i

Here and in the following, €'V = (0,0, ..., 1) is the i’th unit vector (with 1 on entry i).

PROOF
Put F(w) = P(X(w)) and choose y € L%(R). Then by the classical chain rule we have

% (F(w + €y) — F(w)) = % (P(X(w + €y)) — P(X(w)))

:% (P(X(w) +€e<y,&>)—P(X(w)))

roopP
5 oxi

(X(w)) <y, &> inL*(u), ase -0

10



The Clark-Haussmann-Ocone theorem

since
Ey[1X(w)IN] < o forall N € N

We conclude that
* oP
DyF(w) = — (X (w)) - Ei(t)) y(t)dt
Y JIR (E axl-

Similarly, let G(w) = P°(X) = X°*(w) for some « € 7, and choose y € L2(R). Then

%(G(w fey) - Glw)) = %(XW(w Fey) - X°%(w))

=%<Ha(w ey) - Halw)) = % (H he (< 0 + €y, & >) — [ [ ey (< 0, & >>)

e—0

ﬁzh (<w§l>)1_[h0((<ng c <Yy, & >

Jij#i

—Z(xlhal (< W, & >) [ hay(< 0, >)- <y, & >
Ju#i

zzaiXO([x_e )(w) < Y, Ei >,

i
where we have used the well known property
h,(x)=mhpy_1(x);, m=1,2,...

for Hermite polynomials.

O
Let .
W(t,w) = > & (t)Hei (w) (3.12)
i=1
be Gaussian white noise. We have W (t, -) € (S)* for all t and
T T
Jo X(t,w)o0B(t) = Jo X(t,w) © W(t,w)dt (integration in (S)™*) (3.13)

for all Skorohod integrable processes X (t). See [HOUZ, Theorem 2.5.9] and the references
therein. Note that if X; is as in (2.24), then

t— X;(t)

is differentiable in (S)* and

([ gans) - j E(W(s)ds) = EOW(D) € ($)*

By induction this gives

LEMMA 3.7 (THE CHAIN RULE II)

Let
P(x) = > cax®
X

11
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be a polynomial in R". Let

XJ' = JR Ej(S)dB(S)
be as in (2.24). Then

;PQ X(t) Z ( ) X(t)) > Ej(t)W(t)

LEMMA 3.8 (THE CLARK-OCONE FORMULA FOR POLYNOMIALS)

Let F(w) be Fr-measurable and suppose F(w) = P°(X) for some polynomial P(x) =
DaCax® X = (X1,...,Xn) With Xj; =< w,&; > as in (3.9). Then

(D) F(w) = P*(XT)) where X{" =< w,&; - X{o.11 >
and

(ii) F(w) = E[F] + [y E[DF|F:1dB(t

PROOF

We have F(w) = E[F|Fr] = P°(XD) by Corollary 2.9. Hence by Lemma 3.6 and Lemma
3.7

[ s = [ B[S (2 gz aso

_ i

J (—)O(X(t))gi(t)ow(t)dt

0Xi

:J iPQ(X(”)dt _ ‘TPO(X(l')) _ po(x(Dy — po(xO)
o dt 0
=F - P°(0) = F — E[F]
O

We proceed to consider a Clark-Haussmann-Ocone formula for the space L?(u). Suppose
that F(w) = > 4 caHx(w) € G*. Then as noted in (2.26), we may write

F(w) = > caX**(w)

Hence F is a limit in G* of stochastic polynomials. So in view of Lemma 3.6, it is natural
to make the following definition:

DEFINITION 3.9
Let F(w) = >y caHx(w) € G*. Then we define the stochastic derivative of F at t by

DF(w) := d—F(t,w)
dw
= %ca%aiHa,di)(w) - &i(t) (3.14)

= 3 (X cpren (Bi + DE() ) Hp(w)
B i

12



The Clark-Haussmann-Ocone theorem

REMARK

The stochastic derivative is also called the Hida derivative or - in the context of the Wiener
space - the Malliavin derivative.

The following result is crucial:

LEMMA 3.10
a) Suppose F € G*. Then D:F € G* for a.a. t € R.

b) Suppose F,Fy,, € G* for allm € N and
Fyn — FinG*
Then there exists a subsequence {Fy, };_, such that

D{Fy, — DiF inG*, fora.a. t >0

PROOF
a) Suppose F(w) = > 4 coHy(w) € G*. Then

D{F(w) = zctxz &iHy_eir () - &i(T)

=3 (X cprew (Bi + DE(H) ) Hp(w) =1 > gp(t)Hp(w)
B i B

where

i
Choose g < o s.t. ||F| Izgfq = D Xjal=m Caxle 4™ < oo (see (2.8)). We will prove that

IDFIIZ =D (> g3B)e " < w foraa. t

n - |pl=n
Note that
2
J[Rgf;(t)dt = JR (;Cmg(w(ﬂi + 1)§i(t)> dt = Zi:céﬁm(ﬁi +1)2
So
S (] gga)p= 3 (S chco Bt DB+
Bl=n R Bl=n i
<> m+DY g wBirDBreNN<m+1) Y Gl
IBl=n i lo|=1B]+1

Hence using the fact that (n + 1)e™" < 1 for all n, we get

JIR ||DtF| |2giq71dt = JR Z ( Z géB!)e‘z(Q+1)ndt

no|Bl=n

<>Sm+1( > clat)earhn (3.15)
n lx|=[B]+1

<>( Y ca)etm<||F|) <

noluxl=[Bl+1

13
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Therefore
||DtF||éfq7 < oo fora.a. t

1

So
DiF € G_4-1 CG* foraa.t

b) It suffices to prove that if G, — 0 in G_4, then there exist a subsequence {G,, };_; such
that D;Gy,, — 0 in G* as k — oo, for a.a. t. By (3.15) we see that [|[D;Gpllg_,, — O0in

L2(R). So there exist a subsequence {||D;Gm,|lg_, ,}r-; such that
IDtGmyllG_y., — O fora.a. task — oo

Hence D;Gy, — 01in G* for a.a. t as k — . The last part follows from (2.22).

THEOREM 3.11(THE CLARK-HAUSSMANN-OCONE THEOREM FOR L?(u))
Let A denote Lebesgue measure on R. Let F(w) € L2(u) be Fr-measurable. Then

(t,w) — E[D¢F| Fel(w) € L*(A x p)

and .
F(w) = E[F] + jo ELD.F|F:1dB(t)

PROOF
Let F(w) = > xe7 CaHx(w) be the chaos expansion of F and put

Fp(w) = > caHulw) = Y CaX°¥

xel, xely,

where 7, = {x €7 ; |x| < n & length (x) < n}. Then by Lemma 3.8, we have

T
Fn(w) = E[Fy] + Jo E[D:Fu|F:1dB(t) foralln

(3.16)

(3.17)

By the It0 representation theorem we know that there is a unique u(t,w) which is F;-

adapted and such that

E[ JOT u(t, w)dt] <

and such that .
F(w) = E[F] + Jo u(t, w)dB(t)

Since F,, — F in L?(u), we conclude that

T
E[ | EDRlF - uit, w))? dt]
0
=E[(F, — F — E[F,] + E[F])?] = 0 asn — o

So
E[DFy|F:] — u(t,w) in L2(A X p)

14
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The Clark-Haussmann-Ocone theorem

On the other hand, by Lemma 3.10 b), we know that, by taking a subsequence,
E[D:F,|F:] — E[D¢F|F:] in G* for a.a. t

By taking another subsequence, we obtain that
E[D¢Fn|F:] = u(t,w) in L?(u) for a.a. t

We conclude that
u(t,w) = E[DF|F;] fora.a.t
and the proof is complete.
O

We proceed to prove a Clark-Haussmann-Ocone theorem for G*. First we establish some
auxiliary results:

LEMMA 3.12
LetF € G_4 C (S)* and f € (S). Then, with || fllo,4 asin (2.17),

P
| <F,f>1=<IFllg, - Ilflloas a= 2

PROOF
Suppose F(w = >y acHa(w), f(w = X gagHg(w). Then

| <F,f>|=1> asbs!|
X

=13 ( Y asbect)l <> ( Y ada)

N|=

(S b))’

m |al=m m |xl=m lo|=m
(S S aa)e ) (S paar)erm)’
m  |x|l=m m |x|l=m

1
<IIFllg o ( X bact(@N)3)* = ||F|lg , - | fll04
(0.4

O
LEMMA 3.13
LetF € G, f € (S). Then
| <EiFIFLr o7 ar <o
R
PROOF
By Lemma 3.12 and (3.15), we have
| <R f 57 de < | IEDEIRIE, 11 pdt
* R (3.19)
<I1f 115 5 JR [ID¢FlIg_ dt < o for some p € N
O

15
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LEMMA 3.14
Suppose F,,,F € G* and F,, — F in (S)* asn — o. Then, asn — o

T T
JO E[D/Ey| Fo] o W(t)dt — JO E[D.F|F1] o W(Ddt in (S)* (3.20)

PROOF

Note that both integrals in (3.20) exist by Lemma 3.13. Moreover, by (3.19) and (3.15) we
also get for f € (S), for some p € N

T T
P JO E[D¢Fnl Fi] 0 W(D)dE — JO EIDFIFi] o W(t)dt, f > |

T T 1
= | V< B = FYFD £ > 1dE < VT llos( | 1D - PG a0

<VTIIfllop!|Fn —Fllg.,., =0 asn — oo
Since this holds for all f € (S), (3.20) follows.

O
THEOREM 3.15 (THE CLARK-HAUSSMANN-OCONE THEOREM FOR G*)
Let F(w) € G* be Fr-measurable. Then
D.F € G* and E[DF|F;] € G* fora.a.t
E[D:F|F:] o W(t) is integrable in (S)* and
T
F(w) = E[F] +j EID:FIFe] o W (t)dt (3.21)
0

where E[F] denotes the generalized expectation of F.

PROOF

Let Fy(w) = > yeg, caHx(w) be as in the proof of Theorem 3.11. Then by Lemma 3.8, we
have

T
Fp(w) = E[Fa] + L ELD¢Fnl Fel o W(D)dt

for all n. Therefore
T
F(w) = E[F] + lim J E[D(E, | Fi] o W(t)dt
— 00 0

The limit must exist in G* and hence in (S)*. The result then follows from Lemma 3.14.
O

EXAMPLE 3.16

Let ¢ : [0,T] — R be a deterministic function such that ||¢||%O,T] = fOT P2(s)ds < oo.
Define

t
Y(t) = Jo ¢p(s)dBs;, 0 <t <T (3.22)

16
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Then the Donsker delta function dy(1)(-) : R — G*, see [A-@-U], is given by the expression

_ o2
1 . {M] (3.23)

Oy(1)(y¥) = —————-exp 5
21Tl 11 11 21110,

In this case the generalized expectation is given by

2
E[éym(¥)] = —yi} (3.24)

1
\/ZTFHCI)H%(),T] |: 2||¢||[0,T]

and from the chain rule we get

E[D¢6y ()| Fil

1 J o-yaner] y-vo (3.25)
— —  .exp® |- o o ¢ (t)
Narre { 2l1p11f0,1y } o7

Using (3.24) and (3.25) in (3.21), we get a Clark-Haussmann-Ocone formula for this par-
ticular Donsker delta function. Moreover, the formula can be integrated to get explicit
formulas for T-claims of the form f(Y(T)) where f : R — R is bounded and measurable,
see the results in [A-@-U].

4. The multidimensional Gaussian case

The framework for multidimensional Gaussian white noise theory is based on the following
construction:

Let u be the Gaussian white noise probability measure on S’'(R), as defined in Section 2.
Fix a natural number m and put

Q:=8(R)x---xS8(R) (m factors)

and
Wm = U X ---Xu (mfactors) (4.1)

For w = (w,...,0y) € Qand ¢ = (Pp1,...,Pm) € S:= S(R) X - - - X S(R) we put

<w,p>=> <wiPi> (4.2)
i=1

Then we see that
J ei<w,¢>dum(w) _ e—%Hd’HZ (4.3)
Q

where ||| = >, ||¢i||1?:z(|R) if ¢ = (¢p1,...,¢Pm) € S. As in the case m = 1, we get that

B(t,w) = (El(tl wl)s---,ém(t,wm)) = (< wl!X[O,t] >""’< wm:-X[O,t] >)

has a continuous version B(t, w), which will be an m-dimensional Brownian motion on
R. Let 7™ = 7 x --- x 1 (m factors) be the set of all m-tuples I' = (yV,...,y™)) of
multi-indices y) € 7. For I € 7™ define

m
Hr = H{™ (w) = [T Hyw (4.4)
i=1

17
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Then the family {Hr}resm constitutes an orthogonal basis for L2 (u,,) and

1152, = TH=yM1 -y (4.5)
(see [HOUZ, Theorem 2.2.3]). We now proceed to define the spaces G and G* using Hr :
If G(w) = X reqm crHr(w) and v € Z, define

(o)

IGIE, = 1IGIIZ, = > (> cfIr)e?r™ (4.6)
n=0 |I'l=n
and
Gr = Gr(Um) = {G; ||Gllg, < o} (4.7)
Then put
G = G(um) = () G- with projective topology (4.8)
reN
and
G* = G*(um) = |J G-+ with inductive topology (4.9)
reN

The Hida spaces (S) = (S), and (S)* = (S);;, are defined similarly. The Wick product is
defined by

< Z arﬂ'ﬂr) <>< Z bA[H]A> = Zarb/\l]-l]n,\ (410)
reqm Aeqm I A

One verifies that (2.15) and (2.16) still holds in this setting. The multidimensional Gaussian
white noise is defined by

W(t,w) = Wi (t,wi),..., Wy (t,wm)) (4.11)

where o
Wi(t,wj) = Z Ex(t)Hew () (4.12)

k=0

(similar to (3.12). The directional derivative of F : Q — R in the directiony = (y1,...,¥Ym) €
(L2(R))™ is defined by

DyF(w) = 1615%%(}7(“) +€ey) — F(w)) (limitin (S);,) (4.13)

We say that F : Q — R s differentiable if there exists amap K = (Kj,...,Ky) : R = ((S)*)™
such that

DyF(w) = J K(t,w) - y(t)dt forall y € (L>(R))™ (4.14)
R
where K (t, w) - y(t) = 371 K;(t, w)y;(t). If this is the case, we put

OF

(t,w)=Ki(t,w); 1 <i<m (4.15)
awi
and we call the vector
OF OF
K(t,w) := (a—wl(t,w),...,m(t,w)> (4.16)

18
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the stochastic gradient of F (at t). The reader can easily verify that in this modified setting
the proofs in the 1-dimensional case carries over to the multidimensional case with only
minor modifications. Thus we obtain (compare with Theorem 3.11 and Theorem 3.15):

THEOREM 4.1 (THE CLARK-HAUSSMANN-OCONE FORMULA FOR L2 ()
Let F (w) € Lz(um) be measurable with respect to the o -algebra f}m) which is generated

OF (

S, (1) € G Gim ™7 € L2 (tm)
fora.a. t,1 < j < m. Moreover,
) (8 E)a] <

and we have

T m
F(w) = E,,, [F] +J0 (t,w)lft(m)]dBj(t,wj)

THEOREM 4.2 (THE CLARK-HAUSSMANN-OCONE FORMULA FOR G* (L))
Let F(w) € G*(up) be j—"}m) -measurable. Then

ai(t ) € G (k) and E[ (

m) *
S0 1€ 6™ (um)

foraa. t,1 <j<m. E[aa—ai(t,w)lj-"t(m)] is integrable in (S)* () and

F(w) = Ey, [F] + J ( ™) o Wyt w)))dt

5. The Poissonian case

The white noise machinery can also be adapted to the Poissonian case. To achieve this we
replace the measure u defined by (2.1) by the Poissonian white noise probability measure
v defined on S’ (R) by

J el <> gy (w) :exp[J (ei¢(X) —1)dx] ¢ € S(R) (5.1)
S’ (R) R
Then we obtain a Poisson process P(t, w) as the right-continuous version of

P(t,w) :=< w, X[o4(+) > (5.2)

This gives
<w b= jkqb(me(x) . S(R)

If we define
Q(t,w) =P(t,w)—t; teR
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(the compensated Poisson process), then we obtain that any F € L2(v) can be represented
as a sum of iterated integrals with respect to Q:

Flw) = Zj 9n(X)dQ®" (x) (5.3)
n=0 R

where g, € L2(R™) for all n. Moreover,

o0

HFIZ 0, = S nlllgnl (2 @) (5.4)

n=0

There is also a basis of polynomials analogous to the Hermite functionals Hy(w) in the
Gaussian case. These are called the Charlier polynomials and denoted by Cy(w); « € 1.
The first Charlier polynomials are

Co(w) =1, Cen (W) =< w,&; > —E; (5.5)
(Where E; = [ E;(t)dt),

Cetnpen (W) =< 0, & >< 0, & > - < 0, &&j > - < w0, & > &;— < w, & > §;-&;E; (5.6)

We have
Ev[Co(Cﬁ] = 0('50(’13

We refer to [B-G], [H-@-U-Z], [H-@], [IY] and the references therein for more information. We
now proceed as in the Gaussian case to define the Poissonian versions (S)y, G(v),G*(v),
and (S); of the stochastic test function and distribution spaces (S),G,G*, and (S)* we
defined in (2.19), (2.20), (2.7), and (2.8). For example, the Poissonian Hida test function
space (S), consists of all expansions

F(w) = > axColw)
xel
such that
||F||5;O,k = Z aZx!(2N)k¥ < 0 (5.7)

el

for all k € N. The Poissonian Wick product ¢ is defined on the Charlier polynomials by

(CadCp)(w)) = Casplw) 5 o, BET (5.8)

and extended linearly to (S)}. As in the Gaussian case, we get that all the four spaces
(S)v,G(v),G*(v), and (S)} are closed under Wick products and that the Wick product is a
commutative, associative and distributive (over addition) binary operation on these spaces.
In spite of the many similarities, there are important distinctions between the Gaussian
and the Poissonian case. For example, in the Gaussian case we have seen that with our
definition (3.1), (3.5) of directional derivative D, and Malliavin derivative D;, we have both
the ordinary chain rule (5.9) and the Wick chain rule (5.10)/(5.11):

Di(< w,& > =n<w,& >""1 &) (5.9)

and
Di(< 0, & > =n < w, & >V E(t) (5.10)

i.e.,
Di(Hyew (w)) = nH @y _1yemn (W) Ei(t) (5.11)
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See Lemma 3.6.

If we maintain our definitions (3.1),(3.5) in the Poissonian case, then as before we get that
the ordinary chain rule (5.9) holds. However, the Wick chain rule will fail. To see this,
consider the following example:

EXAMPLE 5.1
Let F(w) =< w, & >°2. Then by (5.5) and (5.6)

F(w) = (Cer (w) +§i)<32 = Coetn (W) + 2C€<i>(w)gi +Ef —<w,§>2-< w,gl? > (5.12)
Therefore, by (5.9),

Di(< w,& > =2 <w, &> &) —&(1)? #2 <w, & > &(t) (5.13)

Equivalently, using (5.5),

Dt (Coetn () = 2Cew () Ei (E) — E2 (L) # 2Cen (W) Ei (1) (5.14)

The reader may find these results contradictory in view of the following “argument”

1 A .
“lim = 02 L Uo2
61%€(<w+ey,§l> <w,& > )
1 A .
:lim—((<w,§i>+e<y,§i>)<>2—<w,§i>°2) (5.15)
e—0 €
=lin32<w,§i><%§i>+€<)’,§i>2=2<w,§i><)’,§i>"
6—’

which - if it were correct - would imply that

“Dt(< w,§i>52) =2 <w,&><y, &> (5.16)

which seemingly contradicts (5.13). However, there is a flaw in the argument leading to
(5.16), because if F(w) =< w, & >°2, then by (5.12)

<w+ey, & >?=F(w+ey) =<w +ey, & >> - <w +ey,E >

=<w, &> +26 < w,& ><y, & > +€2 <y, &> - <w,E > —€<y, & > (5.17)

<, &> 126 <, & ><y, & >+ <y, & >2 —e <y, E >

(< w,€i>+€<%§i>)62_€<%€$ >4 (< w,& > +e <y, & >)°?

which shows that the equality (5.15) is false.

Since it is the Wick chain rule and not the ordinary chain rule that is needed in our proof of
the Clark-Haussmann-Ocone formula, we must in the Poissonian case abandon the Malli-
avin derivative D; based on the directional derivative D, in the definitions (3.1), (3.5) and
replace D; by the stochastic derivative D; defined analogously to (3.14):
DEFINITION 5.2
Let F(w) = > ye7 axCx(w) € G*(v). Then we define the stochastic derivative of F at t by
. dF
DiF(w) = 2 (t, w) = D ca ) AuCoetn (W)Ei (1) (5.18)
o i
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Note that with this definition the ordinary chain rule does not hold. For example, from
(5.12) and the Wick chain rule, we get

Dy (< w, & >2> =Dy << w0, & > + <w, & >> =2<w,& > &)+ EXt) (5.19)

More precisely, D is a finite difference operator, cf. Th. 6.5 of [IY], and (I.12) in [D-K-W]. In
particular, from Prop. 1 of [N-V] we have

DiF(w) = F(w + 6;) — F(w), a.a.t,w

if F is in the L2 domain of D, where &; € $’(R) is the Dirac measure at t.

The Poissonian white noise is defined by

Vt,w) = > &(t)Cen (w)
j=1

We see that V (¢, -) € (S)} for all t and as in the Gaussian case we get

T T
J Y(t,w)oQ(t,w) =I Y(t, )3V (t,w)dt (5.20)
0 0
for all Q-Skorohod integrable Y (t, w). With these definitions the proofs of Section 3 carry
over to the Poissonian case. We omit the details.

In the multidimensional Poissonian case we put
Q=S8(R)x---xS(R) (k factors)

and
Vi =v x---xv (kfactors)

and proceed as in Section 4. Again one can verify that the proofs of Section 3 carry over
also to the Poissonian case. Again we omit the details. The results are:

THEOREM 5.3 (THE CLARK-HAUSSMANN-OCONE FORMULA FOR L2 (vy) and G* (vk))
Interpreted within the framework of D; and &, the Clark-Haussmann-Ocone formula applies
for L?(vy) and G* (vy).

REMARK

Other approaches to stochastic calculus/Malliavin calculus for jump processes can be
found in [B-C], [B-G-]J], and [E-T]. In [P], the CHO formula has been expressed using both the
finite difference operator and the derivation with respect to jump times of [C-P].

Similarly to obtain a white noise theory for the case with m Gaussian noises and k Poisso-
nian noises, we consider the measure
O =0Omik = Um X Vk
on
Q=S5(R)x---xS(R) (m+ k factors)

By considering appropriate tensor products of the Hermite polynomials H, and the Char-
lier polynomials Cg, we obtain an orthonormal basis for L2(0,, k) just as explained in the
beginning of Section 4. See [H-@] for more information about this construction. We en-
courage the reader to (once again) verify that the proofs of Sections 3 and 4 carry over.
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THEOREM 5.4 (THE CLARK-HAUSSMANN-OCONE FORMULA FOR THE SPACES

L?(pm X vi) and G* (U X Vi)

Interpreted within the framework of D; and &, the Clark-Haussmann-Ocone formula applies
for L2 (tm X vi) and G* (Um X Vi).

6. Application to mathematical finance: Hedging in a Poissonian market

As an application of the results above, consider a market X (t) = (A(t),S(t)) consisting of
two investment possibilities:

(i) a bank account, where the price A(t) at time t is given by

dA(t) = p(H)A(t)dt ; A0) =1 (6.1)

(ii) a stock, where the price S(t) at time t is given by

ds(t) = u@)s)dt + o (t)S(t)dQ(t); S(0) =x >0 (6.2)

where p(t), u(t), and o (t) are deterministic functions in L?[0, T] (T > 0 constant), o (t) = €
for some € > 0. As before Q(t) = P(t) — t is the compensated Poisson process. It is well
known (see, e.g., [HJ, Example 2.2]) that the solution of (6.2) is given by

t t
S(t) = x exp [Jo In[1+0(s)]dQ(s) + Jo (u(s) —o(s) +1In[1 + 0(5)])615] (6.3)

Let (&(t, w), n(t,w)) be a portfolio, i.e., E(t), n(t) gives the number of units of investments
#1, #2, respectively, held by an agent at time t. The total value V(t) at time t of such a
portfolio is then given by

V(t) = &E(t)A(t) + n(t)S(t) (6.4)

Assume that the portfolio is self-financing, in the sense that
av(t) = E(t)dA(t) + n(t)dS(t) (6.5)

From (6.4) we get
V(t) —n(t)S(t)

&(t) = A (6.6)
which substituted in (6.5) gives
av(t) = p)V(t)dt + o(t)n(t)S(t) (Mdt + dQ(t)) (6.7)
o(t)
Define ) )
_ Ko =p
u(t) = o) (6.8)
Suppose
ult)<1l-¢ for some €; > 0 (6.9)

Then by the Girsanov theorem for the compensated Poisson process (see [B-V-W]), we get:
If we define the measure v on H7 by

av(w) = Zr(w)dv(w),

where

T T T
Zr(w) = exp® [— Jo u(t)dQ(t)} = exp [Jo In[1 —u(t)]dP(s) + J u(t)dt] (6.10)

0
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(see, e.g., [HD,(2.43)]), then the process

t

Q(t,w) := J u(s)ds + Q(t, w) (6.11)

0

is a compensated Poisson process with respect to the measure v. Substituting (6.11) into
(6.7), we get )
av(t) = p(t)V(t)dt + o (t)n(t)S(t)dQ(t)

or
T T t ~
e~ o Py (T) = v (0) + JO e~ Pds g (tyn(t)S(t)dA (t) (6.12)

Suppose we want to hedge a given Hr-measurable claim F(w) > 0. Then we seek V (0)
and n(t) such that V(T) = F a.s., i.e.,

T T t ~
e o POASE () = V(0) + JO e o PSds G (ryn()S(1)d (t) (6.13)

Define -
G(w) = e o POASE ()

If G € L2(V), then by Theorem 5.1 applied to v we get (with D; denoting the stochastic
derivative w.r.t. v)

T
G(w) = E[G] +j0 E5[D,GI94,1d0 (t) (6.14)

(Observe that Q (t) and Q (t) generate the same filtration H; = ;). Comparing (6.13) with
(6.14), we get, by uniqueness,

V(0) = e o PS)SE,[F] (the price of the claim F) (6.15)

and ;
n(t) = e I POL (1) 1g(t) Ey [DiF| H, ] (6.16)

As an example, consider the European call option, i.e.,
F(w) = (S(T) -K)" (6.17)
where K > 0 is some constant (the exercise price). We may write
F(w) = f(S(T)) where f(x) = (x -K)*; x>0
From Prop. 1 of [N-V] we have
DiF(w) = F(w + ;) — F(w) = (S(T)(w + ;) —K)" — (S(T)(w) —K)* (6.18)
By (6.3) and (6.11) we have

T T
S(T) = x exp [Jo In[1+o(t)1dO(t) + Jo (u(t) —o(t)+In[l+o(t)]1(1 - u(t)))dt]

(6.19)
hence

S(T)(w +06¢) =1 +0(t))S(T)(w) (6.20)
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Combining this with (6.18), we getfor0 <t < T

DF = (1 + o (t))S(T) = K) Xik/(1+0t)),k1(S(T)) + 0 (£)S(T) X(k,00) (S(T))
=0 (O)S(T) Xik/1+0(t)),0) (S(T)) + (S(T) = K) X[k/(1+0(1)),k1(S(T))

6.21
=0 ()S(T)Xk/(1+0(1)),0) (S(T)) — (K = S(T)) " Xik/(1+0(1)),00) (S(T)) ( :
=(0(t)S(T) — (K = S(T) ") X[k/1+0(1)),00) (S(T)),

and
Ey[D¢F|H:] = E5[(0(8)S(T) — (K = S(T) ") X(k/(1+0(t)),00) (S(T)) [ Hr 1. (6.22)

By the Markov property of the process S(t) with respect to v (see (6.19)), we see that

Ey[(o(£)S(T) = (K = S(T)) ") Xik/(1+0(1),00) (S(T)) [ H¢]

6.23
=E;[(c®)YY (T —t) = (K=Y (T - t)) ) Xk/(1+0)),00) (Y (T =) 1y=s0t), ( :

where Y7 (t) is the process defined by

dy”(t) = YV (t)((u(t) —u(t) In[1+ o (t)]dt + o (t)dQ (1)) ; YV (0) = y (6.24)

i.e.

t t
YV (t) = yexp [Jo In[1+ o (s)1dQ(s) + Jo(u(s) —0o(s)+In[l1+0o(s)](1 - u(s)))ds]

(6.25)
Since the law of Q (t) is known, we can also write down an explicit formula for the expres-
sion (6.22). We summarize what we have found in the following

THEOREM 6.1
The price V(0) of a European call option with payoff

F(w) = (S(T) -K)"

in the Poissonian market defined by (6.1), (6.2) and satisfying (6.9), is given by (6.15). More-
over, the replicating portfolio E(t), n(t) for this claim is given by (6.6) and

1 T
__ - ,-fipsdsg. V(T _ ) _ VY(T _ +
(t)S(t)e E;[(c)Y’(T-t)—(K=-YY(T-1t))") (6.26)

Xik/(1+0(t)),000 (YT = ) ]y=s(t)

n(t)

with YY (t) given by (6.25).

REMARK

The formula (6.15) for the price V(0) is well-known. However, the hedging formula (6.25)
appears to be new. Note that the alternative approach often used to compute hedging
strategies (the PDE approach) seems difficult to apply here because it involves the calcula-
tion of 5
0x

where f(T — t,x) is the price at time T — t if S(t) = x. One can express f in terms of
an expectation with respect to v and this leads to a series expansion for f. This series,
however, cannot be differentiated term by term. Pricing in models described by pure jumps
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([Aa], [Ac]) and possibly also jumps and diffusions ([Ab]) is treated in many papers, see e.g.,
[Aa], [Ab] and [Ac] with references therein. To our knowledge no such paper to date solves
the question of finding replicating portfolios.
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