Chapter 2

Time Series

Time series provide another family of models for sequences of data points
indexed by discrete time. This chapter reviews the main time series models
(moving average, autoregressive, integrated) and their properties, such as
stationarity which is considered using autocovariance and unit root testing.
Several examples are presented via the fitting of time series models to financial
data in “‘R. We conclude with an application to a pair trading algorithm on
a financial market using the Dickey-Fuller stationarity test.
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2.1 Autoregressive Moving Average

We use a step-by-step approach to the construction of time series, starting
with the most basic setting of independent sequences, and building progres-
sively towards more interaction. In what follows, we let

Z={.,-3-2-10123, .1}

denote the set of all (signed) integers.
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White noise

A white noise sequence is a sequence (Zy)necz of independent, centered and
identically distributed random variables with unit variance, with

E[Z,) =0, and Cov(Zn,Zm) = Lin—m, n,m € Z.

Zn<-rnorm(100,0,1)
Zn

Moving Average (MA) model

Definition 2.1. In the MA(q) model of order ¢ > 1, the current state X,
of the system is expressed as the linear combination

Xn =Zn+b51Zpa1+-+ ﬁan—q
q
=Zn+ ) BiZuk, 120, (2.1)
k=1

of the q previous values Zn_1,...,Zn—q. Here, B1,...,Bq is a sequence of
deterministic coefficients such that 34 # 0.

We will use the “lag operator” or “backward time shift operator” L defined
as
LZy = Zn_1, n =1 (22)

library(zoo)

2 | N=5; Zn<-zoo(rnorm(N,0,1))
Zn

# Lag operator

lag(Zn,-1, na.pad = TRUE)

The lag operator L can be iterated as
L*Zy=Zyy,  nE€Z k20,
and can be used to rewrite (2.1) as

Xn=2Zp+ /BILZn +-ot ﬁquZn
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q
=Zn+) Bl Zn
k=1
= Zn+Y(L)Zn, nzq,

where

q
G(L) i= BiL 4+ Bl =Y BpLF

k=1

is the moving average operator given by the function
q
P(x) == Pra+ -+ Byl = Z Bra*.
k=1

Example: generating M A (2) samples in ‘R
The next ‘R code generates samples of the MA(2) times series
Xn i =Zp—07%x2Z,1+01XZp_9,

with g1 = —0.7 and 2 = 0.1.

n=41

ma.sim<-arima.sim(model=list(ma=c(-.7,.1)),n.start=100,n)

3 | x=seq(100,100+n-1);dev.new(width=12, height=6)

plot(x,ma.sim,pch=19, ylab="", xlab="n",main = 'MA(2) Samples',col='blue',cex.axis=1.8,
cex.lab=1.5,las=1)

lines(x,ma.sim,col="'blue');grid()

The ARIMA command uses a parameter “n.start”, here taken equal to 100,
which creates a “burn-in” initial time interval which ensures sufficient ran-
domness in the behavior of X,,.

MA(2) Samples

>
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Fig. 2.1: MA(2) Samples.
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Autoregressive (AR) model

In the simplest AR(1) model, the current state X,, of the system is expressed
in feedback form as

Xn = Zn +O¢1Xn,1, n 2 1, (23)

Definition 2.2. In the AR(p) model, p > 1, the state Xy, of the system is
expressed as the linear feedback combination

Xn=Zn+tarXpa1+---+ aPXTL*P (2-4)
P
=Zn+Y o Xok,  mZp,
k=1
of the p previous values Xp_1, ..., Xn_p of the time series, where a1, ..., qp €

R is a sequence of deterministic coefficients such that oy, # 0.
Using again the lag operator L defined in (2.2), we can rewrite (2.4) as
Xn=Zpn+oa1LXy+--+ CVprXn
2
=Zn+ Yy arlFX,

k=1
= Zn+¢(L)Xm nzp,

where

P
O(L) :=a1 L+ +apl? = ZakLk
k=1

is the operator given by the function
p
o(x) = a1z + -+ apa? = Z ozt
k=1

Proposition 2.3. The equation

Xn i =Zpn+a1 X1, neZ, (2.5)

defines an AR(1) time series (Xp)nez, and can be solved recursively in the
following cases:

a) When |a1| < 1, (2.5) admits the converging causal moving average solution

Xn =Y oV Zp s, nez, (2.6)
k=0
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with 1
Valul = 2l = yigg 2t neze @D
k>0
b) When |aq] > 1, (2.5) admits the converging non-causal moving average
solution

1
Xp = — Z JZR‘FISH nezZ, (28)
k=1
with
Var[X,] Z lag| 72 = =T ‘2 neZ. (2.9)
k>1 !

No such converging solutions exist when |ag| = 1.

Proof. a) When |a1| < 1 we may write, using backward induction,

Xn=2Zp+ a1 Xn-1
= Zn+ o (an] + Ct]Xn,Q)
=Zn+a1(Zn-1 +a1(Zn—2+ a1 Xp_3))
=Zn+ a1 (anl + Oq(Zn72 + Oq(Zn,3 + aan,4)))
=Zntoa1Zp-1+0iZn2+0a}Zn s+ atXn s

Ytz nez,
k>0

which converges when the solution z = 1/a; of the equation ¢(z) = ayz =1
satisfies |a1| < 1, i.e. |z| > 1.

b) When |aq| > 1, we write
Xp=—07"Zps1 + 07 Xns1,  n 20,
which can be solved by forward induction as
Xn = —a] Zn+1 + a7 Xpia

= —a] Znt1 + a7 (T Zngo + a7 X))
*aflzn+1 + afl(*aflszrZ + 04171(*04171Zn+3 + alen+3))

-1 -2 -3 —4
—ay Zn+1 — aq Zn+v2 — aq Zn+3 + Qy Xn+3
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1
= _Z7Zn+k77 n€Z,
k=1 1

when the solution z = 1/ay of the equation ¢(z) = a1z = 1 satisfies |z| < 1.

Example: generating AR(2) samples in R
The next ‘R code generates samples of the AR(2) times series
Xp =2, +09x X1 —02xX,,_9, (2.10)

with a1 = 0.9 and as = —0.1.

n=41; ar.sim<-arima.sim(model=list(ar=c(.9,-.2)),n.start=100,n)

x=seq(100,100+n-1); dev.new(width=12, height=6)

plot(x,ar.sim,pch=19, ylab="", xlab="n", main = 'AR(2) Samples',col='blue',cex.axis=1.8,
cex.lab=1.5,las=1)

lines(x,ar.sim,col="'blue');grid()

AR(2) Samples

INAPWATITA
/
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n

Fig. 2.2: AR(2) Samples.

Autoregressive Moving Average (ARMA) model

Definition 2.4. In the ARMA(p,q) model with orders p > 1 and q > 1, the
current state Xy, of the system is expressed as the linear combination

Xpn=Zn+aXp_1+--+ Oéan—p + ﬁlZn—l +-+ ﬁpZn—q

P q
= Zn+ Z O‘Ian—k' =+ Z ﬂan—ka (2'11)
k=1 k=1
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of the p previous values Xp_1,...,Xp_p and Zp_1, ..., Zn—p, n = Max(p,q),
and o, ..., ap, B1,..., By are sequences of nonnegative deterministic coeffi-

cients such that ap # 0 and Bq # 0.

Using again the lag operator L defined in (2.2), we can rewrite (2.11) as

P q
Xn=Zn+Y alFXn+Y BL¥Z,
k=1 k=1
= Zn+¢(L)X7z+"/)(L)Zn7 nz=1

Example: generating ARMA (2,2) samples in ‘R
The next ‘R code generates samples of the ARMA(2,2) times series
Xn=Z,+09%x X1 —-02%x X,—2—0.T%X Zp—1+0.1 X Z,_9,

with a1 = 0.9, ag = —0.1, and f; = —0.7, S = 0.1.

1 | n=41; arma.sim<-arima.sim(model=list(ar=c(.9,-.2),ma=c(-.7,.1)),n.start=100,n)

x=seq(100,100+n-1); dev.new(width=12, height=6)

plot(x,arma.sim,pch=19, ylab="", xlab="n", main = 'ARMA(2,2)
Samples',col='blue',cex.axis=1.8, cex.lab=1.5las=1)

lines(x,arma.sim,col='blue");grid )

©

ARMA(2,2) Samples
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n

100
Fig. 2.3: ARMA(2,2) Samples.

Autoregressive Integrated Moving Average

Consider the difference operator V defined as

Vi=I1-1L
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where I is the identity operator and L is the lag operator, so that
VX, =X, — X1, n>1.

In addition, the operation VX, = X,, — X;,_1 can be iterated as follows:

V32X, = VVX,
= V(Xn - anl)
=VX,—VXh_1

=Xn—Xp-1— (anl - Xn72)
=Xp—2Xp-1+ Xn,—27

and
V3X, = VViX,
=VX,-2VX,_1+VX,_2
= Xn - anl - Q(anl - Xn72) + X’n72 - Xn73
=Xp—3Xp-1+3Xp—2— Xp3.

The time series (Xp)r>1 can be recovered by integrating (VXj)g>1 using
the telescoping identity

n n
Z Xp— X)) =Xo+ Y VX,  n>1 (2.12)
k=1 k=1

More generally, the time series (X, ),>0 can be recovered by successive appli-
cations of the discrete integration formula (2.12) as in the next proposition,
where we use the convention V0 = L.

Proposition 2.5. a) The iterated operator V% satisfies

d

d

vixX, =3 <k> (- Xy, n=d>=0.
k=0

b) The time series (Xy)n>q can be recovered from VX, V2X,,...,ViX, as

d
d
Xn=Xn-a+ Z <k> Van+k7d7 nzdz0.
k
Proof. (a) This is a consequence of the binomial operator identity

vd = (1-1L)¢
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(b) Apply the binomial operator identity

d
I=(I-L+L)¢=(L+V)= AN pa-kgh.

O

Definition 2.6. In the ARIMA(p, d,q) model, the iterated difference process
(VIX,)ns0 s modeled as the ARMA(p, q) time series

VX, = Zp + VX1 + o+ VX,
+/81Zn71 +- 4+ Banfq

P q
= Zn+ Z akvan—k + Z BeZn—k» (2-13)
k=1 k=1

n > Max(p +d, g+ d), based on the p previous values ViXp_1,..., Van_p
and Zp_1,...,Zn—q, where and a1, ...,0p, B1,..., 04 are sequences of non-
negative deterministic coefficients such that ay, # 0 and g # 0.

Using again the lag operator L defined in (2.2), we can rewrite (2.13) as
V4X,, = Zy + ¢(L)VEX,, + (L) Zn,

n = Max(p + d,q + d), where the functions ¢(z) and 1(z) are given by

j4 /4
o(2) = Zakzk and ¥(z) = Zﬂkzk.
b=1 k=1

In other words, we have
(1= ¢(L)VI X, = Zy + (L) Zy,

n > Max(p + d,q + d). The time series (X,,)n>0 can then be recovered by
successive applications of the discrete integration formula (2.12) as in Propo-
sition 2.5-(b). Alternatively, we can start by recovering vi-1x, from V4X,
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as

n
VX, = VX + (vdflxk - vdflxk_l)
k=1
n
=VviXo+ ) VX,
k=1

followed by )
V72X, VI3 X, V2 X, VX, Xy,

by induction on n > d.
Example: generating ARIMA (1,2, 3) samples in R

The next ‘R code generates samples of the ARIMA(1,2,3) times series
(Xn)n>5 defined from (2.12) and

VXp:i=2Z,+05x X, 14+05X%x2Z,1+05%x Zp_92—0.5x%x Zp_3,

with a1 = 0.5 and 81 = 0.5, B2 = 0.5, 83 = —0.5.

n=41;d=2

2 | arima.sim<-arima.sim(model=list(ar=c(0.5),ma=c(0.5, 0.5, -0.5), order=c(1,d,3)), n.start=100,n)

x=seq(100,100+n+d-1); dev.new(width=12, height=6)

: | plot(x,arima.sim,pch=19, ylab="", xlab="n", main = paste("ARIMA(1,",d,",3) Samples", sep="
"),cex.axis=1.8, cex.lab=1.5las=1)

lines(x,arima.sim,col="'blue");grid()

ARIMA(1, 2 ,3) Samples

80 1

60 +

40

20 1

100 110 120 130 140
n

Fig. 2.4: ARIMA(1,2,3) Samples.

Note that the ARIMA graph of Figure 2.4 has more potential for prediction
than the ARMA graph of Figure 2.3 due to increased dependence on past
samples in the considered model, or longer memory.
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2.2 Autoregressive Heteroskedasticity

As above, we consider a white noise sequence (Z,,),ez of independent, cen-
tered and identically distributed with unit variance.

Autoregressive Conditional Heteroskedasticity (ARCH) model

Heteroskedasticity refers to time-dependent variance in a time series.

Definition 2.7. In the ARCH(p) model of order p > 1, the current state X,
of the system is expressed by the equation

X = 0nZn, n >0, (2.14)
where oy, > 0 is given by
P
o2 =ag+ Z apX? (2.15)
k=1
P
=ap+ Zakaikaghk, nz=p,
k=1
and ag,...,op = 0 is a sequence of nonnegative deterministic coefficients

such that app # 0.

Using the lag operator L defined in (2.2), we can rewrite (2.15) as

9
|

P
»=a0+ Y aplFX]
k=1
a0 +P(L)X7,  n>p,

where

P
P(L) =1L+ +aplf = ZakLk.
k=1

In particular, noting that oy, is independent of Z,, since o, depends only on
Zn-1,Zn—2,. .., we have E[X,] = 0 and

E[X}] = Elo; Z;] = E[Z}]E[0}] = E[o7],

hence the recursion

14 14
Elop] = ao+ Y axE[X7 4] = a0+ Y axE[o]_].
k=1 k=1
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Example: generating ARCH(2) samples in ‘R

The next ‘R code generates samples of the ARCH(2) times series (Xp,)n>5
with variance process given by

2 =ap+02x X2 +04x X2,  n>2 (2.16)

with a1 = 0.2 and oo = 0.4.

library(fGarch)

arch.spec<-garchSpec(model=list(alpha0 = 10E-6,alpha=c(0.2,0.4),beta = 0))

n=100; arch.sim<-garchSim(arch.spec,n); x=seq(1,n); dev.new(width=12, height=6)

plot(x,arch.sim,pch=19, ylab="", xlab="n", main = 'ARCH(2) Samples', col='blue',
cex.axis=1.5, cex.lab=1.7, las=1)

lines(x,arch.sim,col='blue');grid()

ARCH(2) Samples
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Fig. 2.5: ARCH(2) Samples.

Generalized Autoregressive Conditional Heteroskedasticity
(GARCH) model

Definition 2.8. In the GARCH(p,q) model with orders p > 1 and q > 1,
the current state X, of the system is expressed by the equation (2.14), where
op >0 is given by

p q
2 =0t St + Y hu )
k=1 k=1
P q
=ag+ Z aro2_ 73+ Z Brol_, n=Max(p,q),
k=1 k=1
and g, ...,ap =0, B1,..., 04 = 0 are sequences of nonnegative deterministic

coefficients such that oy # 0 and B4 # 0.
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Using the lag operator L, we can rewrite (2.17) as

I

14 q
a0+ Y opLEX2+ " BpLron
k=1 k=1
=ao+¢(L)Xs +¢(L)oy,  n>Max(p,q),

where v
O(L) ==L+ +agl? = Z o, LF
k=1
and .
W(L) = PLL+ -+ Byl =) fL".

k=1

As above, we have
E[X7] = E[0} 2] = E[Z}]E[o}] = E[o7],

hence

14 q
a0+ aB[X2 4]+ Y BE[on ]
k=1 k=1

» q
=ao+ Y _ axElon 4]+ > BiElor ], n>Max(p,q).
k=1 k=1

E[X]

Example: generating GARCH(2,1) samples in ‘R

The next ‘R code generates samples of the GARCH(2, 1) times series times
series (Xp)n>5 with variance process given by

02 =ap+02x X2 | +04xX2 ,403x02_y, n>=2 (2.18)

where a; = 0.2, ag = 0.4, and 57 = 0.3.

library(fGarch)

garch.spec<-garchSpec(model=list(alpha0 = 10E-6,alpha=c(0.2,0.4),beta = c(0.3)))

n=100; garch.sim<-garchSim(garch.spec,n); x=seq(1,n); dev.new(width=12, height=6)

plot(x,garch.sim,pch=19, ylab="", xlab="n", main = 'GARCH(2,1) Samples', col='blue',
cex.axis=1.5, cex.lab=1.7, las=1)

lines(x,garch.sim,col='blue");grid()
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ARCH(2) Samples

M

n

Fig. 2.6: GARCH(2,1) Samples.

Similarly to Proposition 2.3, we have the following result.

Proposition 2.9. The equations X, = 0, Z, and

2 ._ 2 2
op =+ X, +pro,_, neZ,

with ay, B1 = 0 and aq + B1 < 1, define a GARCH(1,1) time series (Xpn)nez
which admits the causal solution

n—1
o%:aoz H (a1Z12+61), nez, (2.19)
k<n l=k
with
21 _ k _ g
Elop] = a0 ) (a1 +51)F = a5 "E€Z (2.20)

k=0

No such converging solution exists when aq + 51 > 1.

2.3 Time Series Stationarity
Strict stationarity

Definition 2.10. A time series (X, )nez 4s strictly stationary with order
p = 1 if the equality in distribution

d
(Xm Xn—1,..- 7Xn—p) =~ (Xn+ma Xntm—1,--- 7Xn+m—p)7

holds for alln € Z and m,p > 0.
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In other words, Definition 2.10 states that the random vectors

(X7L7 X7L717 v 7Xn7p) and (X7L+TVL) Xn+m717 e 7X'rb+mfp)
have same distribution for all m € Z and p > 1.

Example. The MA(q) time series
Xn = Zn+ ﬂlznfl +-+ /Banfq

q
=Zn+ Zﬁkznflw nz=q,
k=1

is strictly stationary, due to the equality in distribution

q q
Zn+ > BrZn—ir- s Znp+ Y BeZnp
k=1 k=1

q q

d

jad Zn+7n + Z ﬂan+mfk7 cee yZTH»mfp + Z Ban#»mfpfk
k=1 k=1

as (Zn)n>0 is an i.i.d. sequence.
‘Weak stationarity

Definition 2.11. A time series (Xp)n>0 is weakly stationary if
i) E[X,] = E[Xo], n >0, and

ii) the autocovariance *

(n,m) — Cov(Xpn, Xm)
depends only on the absolute difference |n —m|, n,m > 0.

The autocovariances Cov (X, X,,+;) and cross-covariances Cov (Y, X;,4+;) of
time series with lag parameter | € Z can be respectively estimated as follows:

n=1000; ar.sim<-arima.sim(model=list(ar=c(.9,-.2)),n.start=100,n); dev.new(width=12,
height=6)

ar.acf<-acf(ar.sim,type="covariance",plot=T,col='blue' lwd=4); dev.new(width=12, height=6)

ar.ccf<-ccf(ar.sim,ar.sim,type="covariance",plot=T,lwd=4,col='blue',main="",cex.axis=1.8,
cex.lab=1.5,las=1);grid()

* The covariance Cov(X,Y) is defined as Cov(X,Y) := E[XY] — E[X]E[Y].
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Fig. 2.7: Autocovariances of AR(2) Samples.
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By representing an AR (g) series as a vector-valued AR(1) series we can obtain
the following result, see e.g. Theorem 3.1.1 page 89 of Brockwell and Davis
(1991) and Theorem 4.4 page 119 of Pourahmadi (2001).

Theorem 2.12. Consider the AR(q) time series (Xpn)n>q solution of
Xn i =Zp+ ¢(L)Xn =Zpnt+tarXp1+---+ 0(an—(17

with
O(z) = a1z + -+ g2t zeC.

1) Unit root test. The AR(q) time series (Xy)n>0 is weakly stationary with
lag order q if and only if no (complex) solution of the equation ¢(z) =1
lies on the complex unit circle {z € C : |z| = 1} in the complex plane
C.*

2) Causality. The AR(q) time series (Xpn)n>q admits a causal expression if
and only if the equation ¢(z) = 1 has no solution inside the complex unit

disk {ze€ C : |z| <1}
Examples

i) In the AR(1) example
Xn = Zn + aan—l = Zn + ¢(L)X7Lv n = 1»

with ¢(z) = ayz, the unique solution z = 1/a; of the equation ¢(z) =
ajz = 1 lies on the complex unit circle if and only if a3 # 1, i.e.
|a1| # 1. Hence, by Theorem 2.12 the time series (X, )n>2 is (weakly)
stationarity if and only if |a1| # 1.

* See (MOE and UCLES 2022, page 15) and (MOE and UCLES 2020, page 20).
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In this case, by Proposition 2.3 we have the series representations

X, = Zo/on_k, lan| < 1, (2.21a)
k>0
1
Xn==Y —Zniks  loa|>1, (2.21b)
k=1 1

which converge when || # 1, with

1
Var[X,,] = IE[X,QL] = T o) n>1,

see (2.7) and (2.9).

a) In the case of (2.21a) with |a1| < 1, the causal solution

Xo=) olZuy, >0,
k=0

satisfies

Cov(Xn, Xm) =E | > afZ, Y @l Z

k=0 >0
=af™"y Jaa
k>0
n—m
[0}
1
= ——0, n>=m>0.
1— a]

b) In the case of (2.21b) with |ag| > 1, the non-causal solution

1
Xo==3 ~Zur. 020,

k=1
satisfies
1 1
Cov(Xpn, Xm) =E Z T ntk T Zm+l
k>1 91 >1 Y1
o " >m>0
= —a n=m .
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We note that the expressions (2.6)-(2.7) in the case |a1]| < 1 correspond
to strictly stationary times series, while (2.8)-(2.9) in the case |ai| > 1
correspond to weakly, but not strictly, stationary times series.

In the AR(2) example

Xn =Z,+09xX,,.1-02xX,,_o

of Figure 2.2 with ¢(z) = 0.9z — 0.222, the solutions

L _09+V097—4x02 _5 _0.97\/0.9274><0.2_2
T 2% 0.2 T2 T 2%0.2 -

of the equation ¢(z) = 1 do not lie on the complex unit circle, hence by
Theorem 2.12 the time series (X,,),>2 is (weakly) stationarity.

Consider the AR(2) time series
Xn=Zn+Xn1—-Xn2=2,+ ¢(L)Xn7 nz 27

with ¢(2) = z — 22.

3(2)

<3

149V3
2

The solutions z = (1+1iv/3)/2 of the equation ¢(2) = 1 lie on the unit
circle, hence by Theorem 2.12 the time series (X, ),>2 is not (weakly)
stationarity. The next Figure 2.8 presents a simulation of non-stationary
time series according to the attached ‘R code.*

* Right-click to save as attachment (may not work on G)
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library(tseries)

N=50; t <- 0:(N-1);
a1=1.0;a2=-1.0; # Not weakly stationary 
ar.sim<-arima.sim(model=list(ar=c(a1,a2)),n.start=100,N)
Z <- rnorm(N,mean=0,sd=1);X <- c(1,N);
X[1]=1;X[2]=2;
for (k in 3:N){X[k]=Z[k]+a1*X[k-1]+a2*X[k-2];}
dev.new(width=12, height=8)
plot(t,X,pch=19, ylab="", xlab="n", col = "blue",cex.axis=1.8, cex.lab=1.5,las=1)
lines(t,X, col = "blue")
grid()

N=20000; t <- 0:(N-1);
a1=1.0;a2=-1.0; # Not weakly stationary
Z <- rnorm(N,mean=0,sd=1);X <- c(1,N);
X[1]=1;X[2]=2;
for (k in 3:N){X[k]=Z[k]+a1*X[k-1]+a2*X[k-2];}
dev.new(width=12, height=8)
plot(t,X,pch=19,cex=0.1, ylab="", xlab="n", col = "blue",cex.axis=1.8, cex.lab=1.5,las=1)
# lines(t,X, col = "blue")
grid()

a1=0.9;a2=-0.2; # Weakly stationary
ar.sim<-arima.sim(model=list(ar=c(a1,a2)),n.start=100,N)
Z <- rnorm(N,mean=0,sd=1);X <- c(1,N);
X[1]=1;X[2]=2;
for (k in 3:N){X[k]=Z[k]+a1*X[k-1]+a2*X[k-2];}
dev.new(width=12, height=8)
plot(t,X,pch=19, ylab="", xlab="n", col = "blue",cex.axis=1.8, cex.lab=1.5,las=1)
lines(t,X, col = "blue")
grid()

a1=2.0;a2=0; # Weakly stationary, no causal solution 
ar.sim<-arima.sim(model=list(ar=c(a1,a2)),n.start=100,N)
Z <- rnorm(N,mean=0,sd=1);X <- c(1,N);
X[1]=1;X[2]=2;
for (k in 3:N){X[k]=Z[k]+a1*X[k-1]+a2*X[k-2];}
dev.new(width=12, height=8)
plot(t,X,pch=19, ylab="", xlab="n", col = "blue",cex.axis=1.8, cex.lab=1.5,las=1)
lines(t,X, col = "blue")
grid()

a1=2.0;a2=-2; # Weakly stationary, no causal solution 
ar.sim<-arima.sim(model=list(ar=c(a1,a2)),n.start=100,N)
Z <- rnorm(N,mean=0,sd=1);X <- c(1,N);
X[1]=1;X[2]=2;
for (k in 3:N){X[k]=Z[k]+a1*X[k-1]+a2*X[k-2];}
dev.new(width=12, height=8)
plot(t,X,pch=19, ylab="", xlab="n", col = "blue",cex.axis=1.8, cex.lab=1.5,las=1)
lines(t,X, col = "blue")
grid()
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(a) 50 time steps. (b) 20,000 time steps.

Fig. 2.8: Nonstationarity of AR(2) time series with a; = 1 and ag = —1.

Stationarity test

The Dickey-Fuller test allows us to test the null (nonstationarity) hypothesis
Hy, i.e. “|ai| = 17, against the alternative (stationarity) hypothesis “|a;| #

17

a) Under the alternative (stationarity) hypothesis |a1| # 1, consider the

residual

n
S (X — X )’

t=1

representing the quadratic distance between (X¢)1<i<n and (@1 X¢—1)1<t<n-
By Ordinary Linear Regression (OLS), the value of a; that minimizes this
distance is given by

n
ZXt—lXt
=1

&gn) =, n>1,
2
> X
t=1
which can be rewritten as

n n
ZXt—l(Zt+041Xt—l) ZXt—lzt
~(n) _ t=1 —ag + t=31

Q= n
> X > X
t=1 t=1
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When |aq| # 1, by (2.7), (2.9) and the Central Limit Theorem the renor-
malized test statistics
V(e = ay)

converges in distribution to A(0,1 — |a1|?), see Chapters 8 and 17 of
Hamilton (1994), since

> Xz
V(@ - an) = vt ——

>t

1—|a
ol ‘ZXt 7

sz
\/m/\/(o n)

= N0, |1~ e [*?),

as n tends to infinity.
b

=

Under the null (nonstationarity) hypothesis Hy, i.e. |o1| = 1, the test
statistic

n
ZXFth
=1

>

n n
A 2
DX (K- Xi)*/ (n 1)
t=1 k=1
converges in distribution of as n tends to infinity to the random variable
1
J,, BsdB
1 k)
2
o Bids
where (Bjs) sel0,1] 1 a standard Brownian motion, see Equation (17.4.11)
in § 17.4 of Hamilton (1989). This asymptotic distribution can be used

to test the null hypothesis Ho, i.e. “|a1| = 17, against the alternative
stationarity hypothesis “|ay| # 17
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The (Augmented) Dickey-Fuller stationarity test uses an additional lag pa-
rameter and is implemented in the ’tseries’ ‘R package, as follows:

install.packages('tseries')
library('tseries')
adf.test(ar.sim)
adf.test(arima.sim)

0.3 Most likely observation ]

) ! g
i) 2
S o2} b |
= &
E 0.1 3 1
= |

0 L

-5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11
Possible results

Fig. 2.9: Hypothesis testing.

The output of the adf.test command leads us to reject the nonstationarity
(null) hypothesis Hp at the level 1% for the AR(2) time series (2.10) of Fig-
ure 2.2:

Augmented Dickey-Fuller Test
data: ar.sim
Dickey-Fuller = -13.765, Lag order = 16, p-value = 0.01
alternative hypothesis: stationary
Warning message:
In adf.test(ar.sim) : p-value smaller than printed p-value

Applying the Augmented Dickey-Fuller Test to the ARIMA time series of
Figure 2.4 would not allow us to reject the nonstationarity (null) hypothesis

Hy. Other stationarity tests for time series include the Kwiatkowski-Phillips-
Schmidt-Shin (KPSS) test, which relies on linear regression.

2.4 Fitting Time Series to Financial Data

Market data can be fitted to an ARIMA(p, d, ¢) model using the auto.arima
command in ‘R.
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Fitting market returns

1| arima(data,order=c(p,d,q))

For an example based on market returns, we can use the following data set.

library(quantmod)
getSymbols("1800.HK",from="2013-01-01",t0="2014-11-30",src="yahoo")
3 | stock=Ad(" 1800.HK"); stock=stock[!is.na(stock)];
stock.rtn=(stock-lag(stock))/lag(stock)[-1]; dev.new(width=12, height=6)
stock.rtn=stock.rtn[lis.na(stock.rtn)];
chartSeries(stock.rtn,up.col="blue",theme="white")

7 | n = length(stock.rtn)

stock.rtn [2013-01-03/2014-11-28]
Last 0.0128866473351509

L oo

L oos

I F 000

]
an0s  Maro1 May 02 20102 Aug 01 octoz Decoz Feb 04 AproL unos AugoL octo3 Nov2s
2013 2013 2013 2013 2013 2013 2013 2014 2014 2014 2018 201 201

Fig. 2.10: Graph of stock returns.

library(forecast)
auto.arima(stock.rtn)
3 | acf(stock.rtn,type="covariance",plot=T,col='blue' lwd=4);

The output of the auto.arima command identifies these data to a white noise,
as ARIMA(0,0,0).

Series: stock.rtn

ARIMA(0,0,0) with zero mean

sigma2 estimated as 0.0003266: log likelihood=1219.37
AIC=-2436.74 AICc=-2436.73 BIC=-2432.58
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We can also fit these data to an MA(3) time series using the command

1 | arima(stock.rtn,order=c(0,0,3))

which yields the output:

Coeflicients:
mal ma2 ma3

0.0029 0.0470 -0.0416
s.e. 0.0452 0.0467 0.0465

and AIC=-2430.19. Sample data from this time series can be generated (up
to rescaling) from

n=length(stock.rtn);

arima.sim<-arima.sim(model=list(ma=c(0.0029, 0.0470, -0.0416),order=c(0,0,3)),n.start=100,n)
x=seq(100,100+n-1); dates <- index(stock.rtn)

ma<-xts(x =arima.sim, order.by = dates)*sd(stock.rtn);

5 | myPars <- chart_pars();myPars$cex<-1.4

myTheme <- chart_theme();myTheme$col$line.col <- "blue"

7 | myTheme$rylab <- FALSE; dev.new(width=16,height=8)

par(mfrow=c(1,2));chart_ Series(stock.rtn,theme=myTheme,pars=myPars)

graph <-chart_ Series(ma,theme=myTheme,pars=myPars); myylim <- graph$get_ylim()
myylim[[2]] <- structure(c(min(stock.rtn),max(stock.rtn)), fixed=TRUE)
graph$set_ylim(myylim); graph

stock.rin 2013-01-03/ 2014-11-28 ma 2013-01-03/ 2014-11-28
010 010
.08 o008
0.06 006
0.04 004
002 002
0.00 0.00
002 002
004 004
0.06 006
0.08 008
Jan03 Apro2 02 OCtO2 Jan02 AprOl Jul02  Oct03 Jan03 Apro2 Jul02 OctlO2 Jan02 AprOl Jui02  Octo3
2013 2013 2013 2013 2014 2014 2014 2014 2013 2013 2013 2013 2014 2014 2014 2014

Fig. 2.11: ARIMA(0,0, 3) samples.

Next, we fit these data to an ARMA(2,2) time series using the command

1| arima(stock.rtn,order=c(2,0,2))
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with the following output:

Coefficients:
arl ar2 mal ma2

-1.0593 -0.9048 1.0509 0.9508
s.e. 0.0679 0.0444 0.0474 0.0273

and AIC=-2432.57. Sample data from this time series can be generated (up
to rescaling) from

n=length(stock.rtn);

arima.sim<-arima.sim(model=list(ar=c(-1.0593,-0.9048),ma=c(1.0509,0.9508) ,order=c(2,0,2)),
n.start=100,n)

x=seq(100,100+n-1); dates <- index(stock.rtn)

ar<-xts(x =arima.sim, order.by = dates)*sd(stock.rtn);

myPars <- chart_ pars();myPars$cex<-1.4

myTheme <- chart_theme();myTheme$col$line.col <- "blue"

7 | myTheme$rylab <- FALSE; dev.new(width=16,height=8); par(mfrow=c(1,2));

chart_ Series(stock.rtn,theme=myTheme,pars=myPars)

9 | graph <-chart_ Series(ar,theme=myTheme,pars=myPars); myylim <- graph$get_ylim()

myylim[[2]] <- structure(c(min(stock.rtn),max(stock.rtn)), fixed=TRUE)

11 | graph$set_ylim(myylim); graph

stock.rtn 2013-01-03/ 2014-11-28 ar 2013-01-03/ 2014-11-28
010 010
008 oos
008 006
o0 004
ooz ooz
000 000
002 002
004 004
006 008
008 008
sano3 Aproz w0z Octoz Danoa Aprol w0z Octo3 | Jamo3 Apr02 02 Ocioa banoa Aprol w0z Octod |
f o1 ou s soin  Zous f Jors o dous Zois  Zoua

Fig. 2.12: ARIMA(2,0,2) samples.

These data can also be fit to a GARCH(1,1) time series using the following
command.

library(fGarch)
garchFit(~ garch(1,1), data = stock.rtn, trace = FALSE)

with the following output.

Coefficients:
mu omega alphal betal

-1.593e-04 9.124e-06 4.522e-02 9.308e-01
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Sample data from this time series can be generated (up to rescaling) from

1 | n=length(stock.rtn);

2 | garch.spec<-garchSpec(model=list(alpha0 = 9.124e-06, alpha=c(4.522e-02),beta = c(9.308e-01)))
garch.sim<-garchSim(garch.spec,n);

x=seq(100,100+n-1); dates <- index(stock.rtn)

garch<-xts(x =garch.sim, order.by = dates)#*sd(stock.rtn)/sd(garch.sim);

6 | myPars <- chart_pars(); myPars$cex<-1.4

myTheme <- chart_theme();myThemeg$col$line.col <- "blue"

s | myTheme$rylab <- FALSE; dev.new(width=16,height=8)

par(mfrow=c(1,2));chart_ Series(stock.rtn,theme=myTheme,pars=myPars)

10 | graph <-chart_Series(garch,theme=myTheme,pars=myPars); myylim <- graph$get_ylim()
myylim[[2]] <- structure(c(min(stock.rtn),max(stock.rtn)), fixed=TRUE)

12 | graph$set_ylim(myylim); graph

stock.rtn 2013-01-03/ 2014-11-28 garch 2013-01-03/ 2014-11-28
010 010
008 oos
006 006
004 004
ooz ooz
000 000
002 002
004 004
006 008
-o08 008
Jano3 Aoz 02 Octoz Danoa Aprol Gwoz Octo3 | Jamod Apr03 02 Octos Janos Aprol oz Octod |
Tors W3 Zois  Tois sow Boia sous  ois Sois ol Zois  Jots ous dous  ois  Zoua

Fig. 2.13: GARCH samples.

Fitting market prices

Next, we fit market price data to an ARIMA time series.

library(quantmod)

2 | getSymbols("1800.HK",from="2007-01-03",t0="2011-12-02",src="yahoo")
stock=Ad("1800.HK")

1 | chartSeries(stock,up.col="blue",theme="white")

n = length(stock)

6 | arima(stock,order=c(2,1,2))
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stock [2007—01—0O3/2011—12—02]

san oz san o= San 01 San o1 san oz Dec oz
2607 Zooa 2605 2610 2613 Zoaa

Fig. 2.14: Cumulative stock returns.

The output of the auto.arima(stock) command identifies these data to an
ARIMA(2,1,0) time series of integrated order one.

Series: stock

ARIMA(2,1,0)

Coefficients: arl ar2 0.0605 -0.0006 s.e. 0.0288 0.0288
sigma® = 0.05082: log likelihood = 84.47
AIC=-162.94 AICc=-162.92 BIC=-147.63

We may also fit these data to an ARIMA(2,1,2) time series using the com-
mand arima(stock,order=c(2,1,2)).
Coefficients:
arl ar2 mal ma2
-0.3073 -0.9626 0.3452 0.9783
s.e. 0.0137 0.0178 0.0092 0.0155
sigma2 estimated as 0.04987: log likelihood = 94.49, aic = -178.98

I | n=length(stock)-1

2 | arima.sim<-arima.sim(model=list(ar=c(-0.3133,-0.9464),ma=c(0.3535,0.9637) ,order=c(2,1,2)),
n.start=100,n)

x=seq(100,100+n)

1 | dates <- index(stock); ar<-xts(x =arima.sim, order.by = dates)

myPars <- chart_pars();myPars$cex<-1.4

6 | myTheme <- chart_theme();myThemeg$col$line.col <- "blue"

myTheme$rylab <- FALSE; dev.new(width=16,height=8)

par(mfrow=c(1,2));chart_ Series(stock,theme=myTheme,pars=myPars)

chart_ Series(as.vector(stock[1])+ar,theme=myTheme,pars=myPars)

%
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stock 2007-01-03 / 2011-12-01 as.vector(stock[1]) + ar 2007-01-03 / 2011-12-01
15
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Fig. 2.15: ARIMA(2,1,2) Samples.”

2.5 Application: Pair Trading

Pair trading data

We consider two assets that can be traded in pairs.

install.packages("quantmod");library(quantmod)

symbols = c("1800.HK","KO","PEP");symbols = c¢("1800.HK","MSFT","AAPL")

3 | getSymbols(symbols, from=Sys.Date()-365, to=Sys.Date());ClosePrices <- lapply(symbols,
function(x) Ad(get(x)))

getSymbols(symbols, from="2017-01-01", to="2018-01-01");ClosePrices <- lapply(symbols,
function(x) Ad(get(x)))

5 | stock<-do.call(merge, ClosePrices);stock.price<-stock[rowSums(is.na(stock[ , 1:3])) == 0, |;

chartSeries(stock.price[,2],up.col="purple",theme="white",name = symbols(2])

7 | chartSeries(stock.price[,3],up.col="blue",theme="white",name = symbols[3])

myPars <- chart_ pars();myPars$cex<-1.4;myTheme <- chart_theme();
myTheme$col$line.col<-"blue"

9 | dev.new(width=16,height==8);par(mfrow=c(1,3))

chart_ Series(stock.pricel,2],up.col="purple",theme=myTheme,name = symbols[2],pars=myPars)

11 | chart_ Series(stock.price[,3],up.col="blue",theme=myTheme,name = symbols(3],pars=myPars)

add__TA(stock.pricel,2], col='purple', lw =2, on = 1)

* The animation works in Acrobat Reader on the entire pdf file.
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stock price [EEr e P o stock price [2017-01-03/2017-12-20]

(a) MSFT graph. (b) AAPL graph.

Fig. 2.16: MSFT vs. AAPL graphs.

Linear regression

As the two assets may evolve within different price ranges, we use a linear
regression to put them both on the scale of the second asset.

AAPL 2017-01-03 / 2017-12-29
80 80
75 75
70 70
65 65
60 60
55 55
50
5
40
35
30
Jan Feb Mar Apt May Jun Jul Aug Sep oct Nov Dec
Jn03 FeboL  Marol Apr‘ 03 Ma‘y @ nor 03 M; o1 Sep‘ 01 ode3 N0l  DecOl Dee2
2017 2017 2017 2017 2017 2017 2017 2017 2011 2017 2017 2017 2017

Fig. 2.17: Comparison graph before linear regression.

Letting
'rgl) = 1og(St<1)) and 7'52) = log(St@)), t>1,

by an Ordinary Least Square (OLS) regression using the ‘R command Im
(linear model), we derive a linear relationship of the form

@ =ator 4 x, t>1, (2.22)
between (7“,(61))1€>1 and (r,(f))kﬂ, where X}, is a random remainder term, by

minimization of the quadratic residual distance
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- 2
> (1 —a-br?)
t=1

,, and (a + ngl)) ) i.e.

between (r?)) _ t=1,2,..n

n n n
Z 7',&1)1‘,(62) — % Z 7“121)7’1(2) Z r,(cl Z
— 1 =1

.

23)

/b\ k=1 k=1 k
n n 2
SeEer T Elge
k=1 = k=1 [
see Exercise 2.6. The coefficient a in (2.22) is called the premium.
price.pair <- stock.pricel,2:3]["2017-02-01::"]
reg <- Im(log(price.pairl,2]) ~ log(price.pair[,1]))
hedge.ratio <- as.numeric(reg$coef(2]);premium <- as.numeric(reg$coef[1])
myPars <- chart_ pars();myPars$cex<-1.4
myTheme <- chart_theme();myThemeg$col$line.col <- "blue"; dev.new(width=16,height=8)
chart__Series(price.pair(,2],theme=myTheme,pars=myPars,name = symbols[3])
add_ TA(exp(premium-+hedge.ratioxlog(price.pair[,11)), col='purple', lw =2,on = 1)
2017-02-01/2017-12-29
a2 42
a1 a1
40 40
39 39
38 38
a7 a7
36 36
35 35
34 34
) 3
32 32
31 31
Feb Mar Apr May Jun ul Aug Sep oct Nov Dec
FebOL M0l ApIG3  May02  WmOL W3 AQOL  Sepol  OG03  Novon  Decol  Deo2s
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Fig. 2.18: Comparison graph after linear regression.

This allows us to define the spread (X;);>1 via the linear relationship
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o

X; = log(85”)) — (a+blog(s")),

spread <- log(price.pair[,2]) - ( hedge.ratio * log(price.pair[,1]) + premium )
list(premium = premium, hedge.ratio = hedge.ratio)
dev.new(width=16,height=7)

plot(spread,col='blue', main = "Spread",cex.axis=1.3)

Spread 2017-02-01/2017-12-29

-0.06

Fetf 01 Maf 01 Apl 03 May 02 Jud o1 Jul03. Aug 01 Sep 01 Ocl03 Nov 01 Ded 01 Det 29
2017 2017 2017 2017 2017 2017 2017 2017 2017 2017 2017 2017

Fig. 2.19: Spread graph.

Next, we model the spread X; using an AR(1) time series and check for its sta-
tionarity, in which case the log-price processes log (St(1>)1,>0 and log (St(Q))/,>0

are said to be cointegrated.

This will be interpreted as the existence of a statistically significant con-

nection between (St(l)) 150 and (St(Q)) 150> also named cointegration. See Engle

and Granger (1987) and Chapter 6 of Enders (2009) for more information on
cointegration.

Dickey-Fuller test
Consider an AR(1) time series (X,,)n>0 given by
Xn =Zp+a1Xn-1.

The Dickey-Fuller test allows us to test the null hypothesis Hy, i.e. “|ai| = 17,
against the alternative stationarity hypothesis “|a;| # 17
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install.packages('tseries'); library('tseries')
adf.test(spread)

Its output would lead us to reject the nonstationarity (null) hypothesis Ho
at the confidence level 5% when the p-value is lower than 0.05.

Augmented Dickey-Fuller Test
data: spread
Dickey-Fuller = -2.8771, Lag order = 6, p-value = 0.2077
alternative hypothesis: stationary

Pair trading

The trading signal is {—1, 1}-valued and determined by the alternating cross-
ing times of a threshold level by the spread.

|| signal<-spread;threshold <- 0.02
> | signal[1] = sign(as.numeric(spread[1]));i=1;threshold=-as.numeric(signal[1])*threshold
while (i<length(spread)){i=i+1;

1 | while (i<length(spread) &&
sign(as.numeric(spread[i+1])-threshold)
{signal[i]=sign(as.numeric(spreadli-1])-threshold);i=i+1;}

signalli]=sign(as.numeric(spreadli-1])-threshold);threshold=-threshold;}

6 | signalli]=sign(as.numeric(spread[i-1])-threshold);threshold <- abs(threshold)

ratiol=range(spread)[1]/threshold;ratio2=range(spread)[2]/threshold

s | tblue <- rgb(0, 0, 1, alpha=0.8);tred <- rgh(1, 0, 0, alpha=0.5)

dev.new(width=16,height=7)

10 | barplot(spread,col = tblue,lwd = 3, main = "",cex.axis=1.4,cex=1.6,las=1);par(new=TRUE);

barplot(-signal,offset=(range(spread)[1]+range(spread)[2])/threshold,ylim=c(ratio2,ratiol), xpd
= FALSE, col=tred,space = 0, border ="blue",xaxt="n",yaxt="n",xlab="",ylab="")

=sign(as.numeric(spread|[i])-threshold))

2017-02-01 2017-03-14 2017-04-26 2017-06-09 2017-07-20 2017-08-29 2017-10-11 2017-11-20

Fig. 2.20: Pair trading signals.
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We construct a discrete-time self-financing portfolio strategy (gt(l),gt@)) 1

where f,@ denotes the (possibly fractional) quantity of asset n° k held in
the portfolio over the time interval (¢ — 1,¢], t = 1, 2. Note that the portfolio
allocation ~ W .o
ft = (ﬁt 7&,5 )
is decided at time ¢ — 1 and remains constant over the interval (¢ — 1, ¢] while
the stock price changes from S,@l to St(m over this time interval. In other
words, the quantity
k) olk
&5y
represents the amount invested in asset n® k at the beginning of the time
interval (¢t —1,¢], and
k) olk
&"si"

represents the value of this investment at the end of the time interval (¢ —1,¢],
t=1,2,...,N.

Self-financing portfolio strategies

The opening price of the portfolio at the beginning of the trading period
(t—1,t] is
1) o(1 2) (2
Vst + s,

At the end of the time interval (¢ —1,¢], it takes the closing value
1) o1 2) o(2
&V + 75, (2:24)

t=1,2,...,N. After the new portfolio allocation (ft(i)lv fﬁ)l) is designed we
get the new portfolio opening price

Vst 1 es?, (2.25)

at the beginning of the next trading session (¢,t+1],¢t=0,1,...,N — 1.
Definition 2.13. The portfolio prices at timest = 0,1,..., N — 1 are given
by
1) o1 2) o2
Vii= g5 4628, t=0,1,... N -1.

We say that the portfolio strategy (.’;‘,5(1)7552)))5:1 9 N
when (2.24) coincides with (2.25) for ¢ = 0,1,..., N — 1.

is self-financing

Definition 2.14. A portfolio strategy (fé“,{ém)t:m y Us said to be self-
financing if o
66 @)
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(Vs 4¢P = eM g 4 e g® i —12. N-1. (226)

Closing value Opening price

The next figure is an illustration of the self-financing condition.

Portfolio value &Si1 ———&51=E1 S — 11511
Asset value (St—l St—HVSt St+1—‘
Time scale t—1 t]t t+1
Portfolio allocation | &t §t+1 Et+1
Start End “Start” “End”

Fig. 2.21: Tlustration of the self-financing condition (2.26).
By (2.24) and (2.25) the self-financing condition (2.26) can be rewritten as
1 1 2 2 1 1 2 2
Vs 4¢P = eV s e s® =01, N -1,
or
(gD —eM)st + (€2 - ¢P)sP =0, t=01... N-1

Note that any portfolio strategy ({}1),552))
time is self-financing by construction.

=12, N which is constant over

Under the self-financing condition (2.26), the portfolio closing values V; at
times t = 1,2,..., N rewrite as

Vi=6&+8; = gt +§ , t=1,2,...,N. (2.27)
Letting

52
hedge.ratio; := %,
S

we define the portfolio strategy as

hedge.ratio,

W) gignal, x ——ecI8%
§1 ‘= signaly 1 + hedge.ratiog

1
1 + hedge.ratiog”’

1/ = (—signal;) x
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and subsequently

5(1) o 5(1) " signal, , ; — signal, hedge.ratio,
trl Tt 2 1 + hedge.ratio,

5(2) o 5(2) B signal, ;; — signal, 1
(At 2 1 + hedge.ratio,’

t=1,2,...,N =1, so that
St 65 =0,

and

(e — )5 + (€2 — ) s

__ signal, | — signal, « hedge.ratio; (1)
2 1 4 hedge.ratio;
_ signaly 4 — signal 1 o)
2 1 + hedge.ratio, *

=0, t=12,...,N,
i.e. (gt(l)’£§2))t:1,2,,..,N is self-financing.

Backtesting

The performance of the pair trading algorithm can be estimated by the fol-
lowing code.

hedge.ratio=price.pair[,1]/price.pair[,2]; diff.xil=diff(signal)[-1]/(1+hedge.ratio)/2
diff.xi2=-diff(signal)[-1]¥hedge.ratio/(1+hedge.ratio)/2;

3 | xil=cumsum(c(signal[1]/(1+hedge.ratio[1]),diff.xi1))
xi2=cumsum(c(-signal[1]¥hedge.ratio[1]/(1+hedge.ratio[1]),diff.xi2))
dev.new(width=16,height=7); portfolio=xil*price.pair[,1]+xi2*price.pair[,2]
benchmark=as.numeric(xil[1])*price.pair[,1]+as.numeric(xi2[1]) *price.pair[,2]

7 | plot(benchmark,col='orange',main = "",lwd = 3, cex.axis=1,cex=1,las=1)
lines(xil,col='purple',main = "Xil",lwd = 3, cex.axis=1,cex=2,las=1)

o | lines(xi2,col='blue',main = "Xi2",lwd = 3, cex.axis=1,cex=2,las=1)
lines(portfolio,col='red',main = "Portfolio performance" ,lwd = 4, cex.axis=1,cex=2,las=1)
11 | legend("topleft", legend=c("Pair trading", "Benchmark", "Xil", "Xi2"), col=c("red", "orange",
"purple”, "blue"), lty=1:2, cex=0.8,xpd=TRUE)

The performance of the pair trading portfolio return is plotted in Figure 2.22.
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Fig. 2.22: Pair trading performance.

The portfolio strategy used as benchmark is built by investing a constant
allocation in Stock 1 and Stock 2, and its return from time 0 to time n, given
by

Bri=eMsM 4 ePs® 4 =1,.. N,

is compared to the pair trading portfolio performance. The ADF test allows
us to reject the non-stationarity hypothesis at the level p = 8.5%.

> source("pairtrading.R")

Examples of pairs: 005930.KS vs AAPL, 2600.HK vs 1919.HK
Enter Stock 1 (Ex: GOOG):1800.HK

Enter Stock 2 (Ex: AAPL):1919.HK

Augmented Dickey-Fuller Test
data: spread
Dickey-Fuller = -3.2232, Lag order = 6, p-value = 0.08465
alternative hypothesis: stationary

Figure 2.23 presents another example of pair trading backtesting.*

* Download the corresponding ‘R code.
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# install.packages("quantmod")
# install.packages("tseries")
# install.packages("ggplot2")
# install.packages("gridExtra") 
# install.packages("directlabels")

library(quantmod)
library(tseries)
library(ggplot2)
library(gridExtra) 
library(directlabels)

graphics.off()

cat('Examples of pairs: 005930.KS vs MSFT, 2600.HK vs 1919.HK\n')
# KO / PEP
# AMZN / MSFT

stock1<-readline(prompt = "Enter Stock 1 (default: GOOG or try 1800.HK):");
if (stock1=="") {stock1<-"GOOG"}
stock2<-readline(prompt = "Enter Stock 2 (default: AAPL or try 1919.HK):");
if (stock2=="") {stock2<-"AAPL"}
symbols = c(stock1,stock2)
today <- as.Date(Sys.Date(), format="%Y-%m-%d")
startdate=today-365 # as.Date("2020-01-01")
getSymbols(symbols, from=startdate, to=today,src="yahoo")
ClosePrices <- lapply(symbols, function(x) Ad(get(x)))
stock<-do.call(merge, ClosePrices)
stock.price<-stock[rowSums(is.na(stock[,1:2])) == 0,]
price.pair <- stock.price[,1:2]["::"]

chartSeries(stock.price[,1],up.col="purple",theme="white",name = symbols[1])
readline(prompt = "1. Press <Enter> for second graph.")

dev.new()
chartSeries(stock.price[,2],up.col="blue", theme="white",name = symbols[2])
readline(prompt = "2. Press <Enter> for comparison graphs.")

graphics.off()

myTheme <- chart_theme()
myTheme$rylab <- FALSE
myTheme$col$line.col <- "purple"
par(mfrow=c(1,3))
plot(chart_Series(stock.price[,1], theme=myTheme,name = symbols[1]))
myTheme$col$line.col <- "blue"
plot(chart_Series(stock.price[,2], theme=myTheme,name = symbols[2]))
plot(add_TA(stock.price[,1], col='purple', lw =2, on = 1))

readline(prompt = "3. Press <Enter> for linear regression.")

# Linear Regression
# MH3510 Regression Analysis

reg <- lm(log(price.pair[,2]) ~ log(price.pair[,1]))
hedge.ratio <- as.numeric(reg$coef[2])
premium <- as.numeric(reg$coef[1])

dev.new()
myTheme <- chart_theme()
myTheme$col$line.col <- "blue"
plot(chart_Series(price.pair[,2],name="",theme=myTheme))
plot(add_TA(exp(premium+hedge.ratio*log(price.pair[,1])),col='purple', lw =2,on = 1))

readline(prompt = "4. Press <Enter> for spread display.")

spread <- log(price.pair[,2]) - ( hedge.ratio * log(price.pair[,1]) + premium )
dev.new()
plot(plot(spread,col='blue', main = "Spread"))

print(adf.test(spread))

readline(prompt = "5. Press <Enter> for signal display.")

threshold<-readline(prompt = "Enter threshold value (default: 0.02):");
if (threshold=="") {threshold<-0.02}
signal<-spread;
signal[1] = sign(as.numeric(spread[1])); i=1; threshold=-as.numeric(signal[1])*threshold
while (i<length(spread)){i=i+1;
while (i<length(spread) && sign(as.numeric(spread[i+1])-threshold)==sign(as.numeric(spread[i])-threshold)) {signal[i]=sign(as.numeric(spread[i-1])-threshold);i=i+1;}
signal[i]=sign(as.numeric(spread[i-1])-threshold);threshold=-threshold;}
signal[i]=sign(as.numeric(spread[i-1])-threshold);threshold <- abs(threshold)
ratio1=range(spread)[1]/threshold;ratio2=range(spread)[2]/threshold
tblue <- rgb(0, 0, 1, alpha=0.8);tred <- rgb(1, 0, 0, alpha=0.5)
dev.new(width=16,height=7)
barplot(spread,col = tblue, lwd = 3, main = "",cex.axis=1.4,cex=1.6,las=1);par(new=TRUE);
barplot(-signal,offset=(range(spread)[1]+range(spread)[2])/threshold,ylim=c(ratio2,ratio1), xpd = FALSE, col=tred,space = 0, border ="blue",xaxt="n",yaxt="n",xlab="",ylab="")

readline(prompt = "6. Press <Enter> for backtesting returns.")

pricepair1norm = data.frame(exp(premium+hedge.ratio*log(price.pair[,1])))
pricepair2 = data.frame(price.pair[,2])
pricepair1norm$date = as.Date(rownames(pricepair2))
pricepair2$date = as.Date(rownames(pricepair2))
colnames(pricepair1norm)[1] = 'Prices'
colnames(pricepair2)[1] = 'Prices'

plot1<-ggplot(data=pricepair1norm, aes(x=date, y=Prices)) + geom_line(color='purple') + geom_line(data=pricepair2, aes(x=date, y=Prices),color='blue') + theme_bw() + xlab(NULL) + annotate(geom="text", x = as.Date(today, "%Y-%m-%d"), y=as.numeric(last(pricepair1norm$Prices)), label=stock1,color="purple") + annotate(geom="text", x = as.Date(today, "%Y-%m-%d"), y=as.numeric(last(pricepair2$Prices)), label=stock2,color="blue") 

Spread = data.frame(spread)
Spread$date = as.Date(rownames(Spread))
colnames(Spread)[1] = 'Spread'

signal2<-signal
for (i in 1:length(spread)) {signal2[i]=-threshold*signal[i]}
signal2 = data.frame(signal2)
signal2$date = as.Date(rownames(signal2))
colnames(signal2)[1] = 'signal2'
plot2<-ggplot(data=Spread, aes(x=date, y=Spread)) + geom_line(color='blue') + geom_area(data=signal2, aes(x=date, y=-signal2),fill='red',color='red',alpha=0.2) + theme_bw() + xlab(NULL)

return.pairtrading=(lag(signal)*(price.pair[,2]-lag(price.pair[,2]))-lag(signal)*hedge.ratio*(price.pair[,1]-lag(price.pair[,1])))/(hedge.ratio*lag(price.pair[,1])+lag(price.pair[,2]))
return.pairtrading<-return.pairtrading[2:length(return.pairtrading)]

hedge.ratio=price.pair[,1]/price.pair[,2]
diff.xi1=diff(signal)[-1]/(1+hedge.ratio)/2
diff.xi2=-diff(signal)[-1]*hedge.ratio/(1+hedge.ratio)/2
xi1=cumsum(c(signal[1]/(1+hedge.ratio[1]),diff.xi1))
xi2=cumsum(c(-signal[1]*hedge.ratio[1]/(1+hedge.ratio[1]),diff.xi2))
portfolio=xi1*price.pair[,1]+xi2*price.pair[,2]
benchmark=as.numeric(xi1[1])*price.pair[,1]+as.numeric(xi2[1])*price.pair[,2]

Performance = data.frame(portfolio)
Performance$date = as.Date(rownames(Performance))
colnames(Performance)[1] = 'Performance'
Benchmark = data.frame(benchmark)
Benchmark$date = as.Date(rownames(Benchmark))
colnames(Benchmark)[1] = 'Benchmark'

Xi1f = data.frame(xi1)
Xi1f$date = as.Date(rownames(Xi1f))
colnames(Xi1f)[1] = 'Xi1'
Xi2f = data.frame(xi2)
Xi2f$date = as.Date(rownames(Xi2f))
colnames(Xi2f)[1] = 'Xi2'

plot3 <- ggplot(data=Performance, aes(x=date, y=Performance)) + geom_line(color='red',linewidth=1) + geom_line(data=Xi1f, aes(x=date, y=Xi1),color='purple') + geom_line(data=Xi2f, aes(x=date, y=Xi2),color='blue')  + geom_line(data=Benchmark, aes(x=date, y=Benchmark),color='orange') + annotate(geom="text", x = as.Date(startdate+20, "%Y-%m-%d"), y=as.numeric(last(Performance$Performance)), label="Pair trading",color="red") + annotate(geom="text", x = as.Date(startdate+80, "%Y-%m-%d"), y=as.numeric(last(Performance$Performance)), label="Xi1",color="purple") + annotate(geom="text", x = as.Date(startdate+120, "%Y-%m-%d"), y=as.numeric(last(Performance$Performance)), label="Xi2",color="blue") + annotate(geom="text", x = as.Date(startdate+180, "%Y-%m-%d"), y=as.numeric(last(Performance$Performance)), label="Benchmark",color="orange") + theme_bw() + xlab(NULL) 

dev.new(width=16,height=7)
grid.arrange(plot1, plot2, plot3, ncol=3)

# pdf("pairtradingGOOG_AAPL.pdf",width=16,height=6)
# grid.arrange(plot2, plot3, ncol=2)
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Sprea

Fig. 2.23: Pair trading performance.
See also the ‘R PairTrading package in Takayanagi and Ishikawa (2017).
Exercises

Exercise 2.1  Consider the MA(1) time series (X;,)nez defined as
Xn:=Zn+aZp—1, ne-Z,

where (Zn)ninz is a white noise sequence and a € R.

a) Compute the autocovariance function
p(k) = COV(XnaX7L+k)

forall k € Z ={...,-3,-2,-1,0,1,2,3,...}, and plot it on the graph
below when a = 2.

6
5
4
3
s 2
S 1
L 0 T T T T T T T T T T T
S 11 s 4 3 2 1 0 1 2 3 4 5
< 2
-3
-4
-5
-6
Lag
b) Is the time series (X, ),cz weakly stationary? Strictly stationary?

Exercise 2.2 Let (Z,)n>1 denote a discrete-time white noise.

a) Check the (weak) stationarity of the AR(1) time series (Xp)n>1 given by
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Xn=2n+Xn-1, n =1

b) Check the (weak) stationarity of the AR(2) time series (Yy)n>1 given by

3 1
Yn:Zn+ZXYn71_§XYn727 nz2.

Hint: Consider the roots of ¢(z) = 1 where ¢(z) is the polynomial defined
by X, = Z, + ¢(L)X,, and L is the lag operator LX,, = X,,_1.

Exercise 2.3 Let o € R. Consider an 4.i.d. white noise sequence (Zy)n>0
with mean E[Z,] = 0 and variance Var[Z,] = 1, n > 1, and the AR(1) time
series (Xp)n>0 given by Xo := 0 and

Xpi=Zn+aX, 1, n>=L (2.28)

a) Find a recurrence relation for the mean E[X,] in the parameter n > 0,
and deduce the value of E[X,,] for all n > 0.

b) For fixed n > 1, find a recurrence relation in the parameter k > 0 for the
covariance
Cov(Xptk, Xn) = E[Xp1£.Xn] — E[X 11 E[X0], k>0.

N

¢) Find a recurrence relation in the parameter n > 1 for the variance
Var[X,] = E[X2] - (E[X,])?, n>0.
d) When is the time series (X;,)n>0 weakly stationary?

Exercise 2.4 Consider an i.7.d. white noise sequence (Z,),>0 with mean
E[Z,] = 0 and variance Var[Z,] = 1, n > 1, and the AR(3) time series
(Xn)n>3 given by

Xni=2Zn1—Zn2+aZ, s, n = 3.

a) Find the autocovariances

Cov(Xy, X,,) = Var[X,,],
COV(Xn+17 Xn)»

COV(Xn,+27 Xn)»

WV
w

Cov(X 1k, Xn), k
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b) Show that (X}, ),>3 has same distribution as an MA(g) time series (Y},)>3
of the form

q
Yo=2,+ Z BrZn—k»
k=1

whose order g and coefficients (ﬁk)lgkgq will be determined.

Exercise 2.5 Consider an AR(1) time series (X, )n>0 given by Xo = 0 and
Xn i =Zn+a1 X1, nz=l1,

and the difference operator
VX, =X,— X1, n>1,

also written V = I — L, which can be integrated by the telescoping identity
n n
Xp=Xo+ > (Xpg—Xp1) =Y VXp, n>0.
k=1 k=1

a) Show that the first-order difference process (VX )n>1 = (Xn — Xn—1)n>1-
forms an ARMA(1,2) time series.
b) Show that the second-order difference process

(VQXH)n>2 = (VXn - Vanl)n>2

forms an ARMA(1,3) time series.

(2)

Exercise 2.6  Consider two sequences (r,il) ) p>q and (rk of market

)k>1
returns. We aim at deriving a linear relationship of the form

v —aror) 4 X, k>0,
between (r,il))k>1 and (r,(cz))kﬂ, where X}, is a random remainder term, by
minimization of the quadratic residual distance

= 2
(r,(f) —a— br,(;)) (2.29)
k=1
, and (a + br]il))

between (r,(f) )

k=12,..., k=1,2,...,n"

a) Compute the partial derivatives of (2.29) with respect to the parameters
a and b.
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b) By equating the derivatives to zero, find the least square estimates @ and b

of the parameters a and b based on the sequences (r,il) and (r,(f)

)izt )izt

Exercise 2.7 Consider the following ADF test output on a time series:

Augmented Dickey-Fuller Test
data: series
Dickey-Fuller = -2.8771, Lag order = 6, p-value = 0.02377
alternative hypothesis: stationary

Does this test result allow us to reject the nonstationarity (null) hypothesis
Hy at a 5% confidence level?

Exercise 2.8 Let (Z,)nez denote a white noise sequence with zero mean
and variance o2, and consider the AR(2) time series (X, )nez given by

Xn=Zn+a1Xp-1+aX,—2, ne-4z.

a) Assume that o := a and ag := 2a? for some a > 0. For which values of
the parameter a is the time series (X, ),z stationary?

Hint: Consider the solutions of the equation ¢(z) = 1, where ¢(z) is the
polynomial defined by X,, = Z, + ¢(L)X,, and L is the lag operator
defined by LX,, = Xp—1.

In the sequel, we assume that the time series (X ),ez is stationary.
Show that E[X,] =0, n € Z, if a1 + a2 # 1.

We assume that (X,,)nez is causal, i.e. for any n € Z, X,, depends only
on (Zg)g<n- Show that Cov(X,, Z,) = o2 for all n € Z.

o
e

d

=

given that Cov(X,, X,) = 16, n € Z.
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Taking a1 := 1/4 and ap := 1/2, compute the autocovariance Cov(Xy+1, X;,)
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