Background on Probability Theory

In this appendix, we review a number of basic probabilistic tools that are
needed in option pricing and hedging. We also refer to Jacod and Prot-
ter (2000), Devore (2003), Pitman (1999) for additional relevant probability
background material.
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A.1 Probability Sample Space and Events

We will need the following notation coming from set theory. Given A and
B to abstract sets, “A C B” means that A is contained in B, and in this
case, B\ A denotes the set of elements of B which do not belong to A. The
property that the element w belongs to the set A is denoted by “w € A”,
and given two sets A and Q such that A C Q, we let A° = O\ A denote
the complement of A in (). The finite set made of n elements wy,...,w, is
denoted by {wi,...,wn}, and we will usually distinguish between the element
w and its associated singleton set {w}.

A probability sample space is an abstract set () that contains the possible
outcomes of a random experiment.

Examples
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i) Coin tossing: QO = {H,T}.

ii) Rolling one die: Q = {1,2,3,4,5,6}.
iii) Picking one card at random in a pack of 52: QO = {1,2,3,...,52}.
iv) An integer-valued random outcome: Q = N = {0,1,2,...}.

In this case the outcome w € IN can be the random number of trials
needed until some event occurs.

v) A nonnegative, real-valued outcome: () = R..

In this case the outcome w € Ry may represent the (nonnegative) value
of a continuous random time.

vi) A random continuous parameter (such as time, weather, price or wealth,
temperature, ...): QO = R.
vii) Random choice of a continuous path in the space Q = C(R4) of all

continuous functions on R .

In this case, w € Q) is a function w : Ry — R and a typical example is
the graph ¢ — w(#) of a stock price over time.

Product spaces:

Probability sample spaces can be built as product spaces and used for the
modeling of repeated random experiments.

i) Rolling two dice: QO = {1,2,3,4,5,6} x {1,2,3,4,5,6}.

In this case a typical element of () is written as w = (k,[) with k,l €
{1,2,3,4,5,6}.

ii) A finite number n of real-valued samples: ) = R".

In this case the outcome w is a vector w = (z1,...,2,) € R® with n
components.

Note that to some extent, the more complex () is, the better it fits a practical
and useful situation, e.g. Q = {H, T} corresponds to a simple coin tossing
experiment while Q) = C(IR4) the space of continuous functions on Ry can
be applied to the modeling of stock markets. On the other hand, in many
cases and especially in the most complex situations, we will not attempt to
specify ) explicitly.
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Events

An event is a collection of outcomes, which is represented by a subset of Q). In
what follows we consider collections of events, called o-algebras (or o-fields),
according to the following definition.

Definition A.6. A collection G of events is a o-algebra provided that it
satisfies the following conditions:

(i) beg,

(i) For all countable sequences (Ap)n>1 such that A, € G, n > 1, we have

U 4neg,
n=l1

(iii) Ae G = (Q\ A) € g,
where Q\ A:={weQ : w¢ A}

Note that Properties (ii) and (4ii) above also imply the stability of o-algebras
under intersections, as

() An = ( U A;) €g, (A1)

n=1 n=1l

for all countable sequences A, € G, n > 1.

The collection of all events in () will often be denoted by F. The empty set
() and the full space Q) are considered as events but they are of less importance
because Q) corresponds to “any outcome may occur” while () corresponds to
an absence of outcome, or no experiment.

In the context of stochastic processes, two o-algebras F and G such that
F C G will refer to two different amounts of information, the amount of
information associated to F being here lower than the one associated to G.

The formalism of o-algebras helps in describing events in a short and precise
way.

Examples
i) Let Q= {1,2,3,4,5,6}.
The event A = {2,4,6} corresponds to
“the result of the experiment is an even number”.
ii) Taking again Q = {1,2,3,4,5,6},

F:={Q0,0,{2,4,6},{1,3,5}}
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defines a o-algebra on Q) which corresponds to the knowledge of parity
of an integer picked at random from 1 to 6.

Note that in the set-theoretic notation, an event A is a subset of Q), i.e.
A C Q, while it is an element of F, i.e. A € F. For example, we have
0 D{2,4,6} € F, while {{2,4,6},{1,3,5}} C F.

iii) Taking
G:={0,0,{2,4,6},{2,4},{6},{1,2,3,4,5},{1,3,5,6},{1,3,5}} D F,

defines a o-algebra on () which is bigger than F and includes the parity
information contained in F, in addition to information on whether the
outcome of the experiment is equal to 6 or not.

iv) Take
Q={HT}x{HT}={(H H),(HT),(T,H),(T,T)}
In this case, the collection F of all possible events is given by

F=A0.{(H, H)},{(T, )}, {(H,T)},{(T, H)}, (A2)
{(T, 1), (H,H)},{(H,T),(T,H)},{(H,T),(T,T)},

(T, 1), (T, T)},{(#,T),(H,H)},{(T, H), (H, H)},
{(#,H),(T,T),(T,H)},{(H,H),(T,T),(H,T)},
o (T.7)}.Q}.

);
T), (T, H),(H,H)},{(H,T),(T,H),
A

Note that the set F of all events considered in (A.2) above has altogether

1= (g) event of cardinality 0,
events of cardinality 1,
events of cardinality 2,
events of cardinality 3,

event of cardinality 4,

AAFA
N N

with n = 4, for a total of

4
16:2":Z< > =1+446+4+1
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events. The collection of events
G:=1{0,{(1,7),(H,H)},{(H,T),(T,H)}, 2}

defines a sub g-algebra of F, which corresponds to the restricted information
“the results of two coin tossings are different”.

Exercise: Write down the set of all events on Q) = {H,T}.

Note also that (H,T) is different from (T, H), whereas {(H,T), (T, H)} is
equal to {(T, H), (H,T)}.

In addition, we will distinguish between the outcome w € Q) and its associated
event {w} € F, which satisfies {w} C Q.

A.2 Probability Measures

Definition A.7. A probability measure is a mapping P : F — [0, 1] that
assigns a probability P(A) € [0,1] to any event A € F, with the properties

a) P(Q)) =1, and
b) P U A, | = ZIP(An), whenever ALNA; =0, k#1.

n=1 n=1

Property (b) above is named the law of total probability. It states in particular
that we have

P(A1U---UA,) =P(A1) +---+P(Ay)
when the subsets Ay, ..., A, of O are disjoint, and
P(AUB) =P(A) +P(B) (A.3)
if AN B = (). We also have the complement rule
P(A%) =P(Q\A4) =P(Q) —P(4) =1-P(4).
When A and B are not necessarily disjoint we can write
P(AUB) =P(A)+P(B)-P(ANB),

which extends to arbitrary families of events (4;);c; indexed by a finite set
I as the inclusion-exclusion principle
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P (U Ai> =y (- L ) 4], (A.4)

iel JciI jeJ
and
P4 ] =Y (e (U Ai> . (A.5)
jeJ icJ icl
The triple

(Q, F,P) (A.6)

is called a probability space, and was introduced by A.N. Kolmogorov (1903-
1987). This setting is generally referred to as the Kolmogorov framework.

A property or event is said to hold P-almost surely (also written P-a.s.) if
it holds with probability equal to one.

Example

Take
Q={(1.7),(H,H),(H,T),(T,H)}

and
F={0.{(T,7),(#,H)},{(H,T),(T,H)},Q}.

The uniform probability measure IP on (Q), F) is given by setting
1 1
]P({(Ta T)7 (H7 H)}) = 5 and IP({(Ha T)7 (T7 H)}) = 5
In addition, we have the following convergence properties.

1. Let (An)nen be a non-decreasing sequence of events, i.e. A, C Apt1,
n > 0. Then we have

P ( U An> = lim P(4n). (A7)
neN e

2. Let (Ap)nen be a non-increasing sequence of events, i.e. Ayy1 C Ap,
n > 0. Then we have

P ( N An> = lim P(An). (A.8)

neN

Theorem A.8. Borel-Cantelli Lemma. Let (Ay)n>1 denote a sequence of
events on (Q, F,P), such that
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> P(4,) < o

n=1

Then we have
113( Ny Ak> =0,
n=lk>=n

i.e. the probability that A, occurs infinitely many times occur is zero.

A.3 Conditional Probabilities and Independence

We start with examples.

Consider a population (O = M U W made of a set M of men and a set W of
women. Here the o-algebra F = {Q, ), W, M} corresponds to the information
given by gender. After polling the population, e.g. for a market survey, it turns
out that a proportion p € [0, 1] of the population declares to like apples, while
a proportion 1 — p declares to dislike apples. Let A C Q) denote the subset
of individuals who like apples, while A¢ C Q) denotes the subset individuals
who dislike apples, with

p=P(A) and 1-p=1DP(4°),

e.g. p = 60% of the population likes apples. It may be interesting to get a
more precise information and to determine

ANW
- the relative proportion ]P(T)) of women who like apples, and
P(ANM
- the relative proportion W of men who like apples.

Here, P(ANW)/IP(W) represents the probability that a randomly chosen
woman in W likes apples, and P(AN M )/P(M) represents the probability
that a randomly chosen man in M likes apples. Those two ratios are inter-
preted as conditional probabilities, for example P(ANM)/P(M) denotes
the probability that a given individual likes apples given that he is a man.
For another example, suppose that the population () is split as Q =Y UO
into a set Y of “young” people and another set O of “old” people, and denote
by A C Q the set of people who voted for candidate A in an election. Here
it can be of interest to find out the relative proportion

P(Y NnA)

PAIY) =5

of young people who voted for candidate A.
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Definition A.9. Given any two events A, B C Q with P(B) # 0, we call

P(AN B)

IP(A | B) = b

the probability of A given B, or conditionally to B.

Remark A.10. We note that if P(B) = 1 we have P(ANB°) < P(B¢) =0,
hence P(AN B¢) =0, which implies

P(A) = P(ANB) +P(ANB°) = P(AN B),

and P(A| B) =P(A).

We also recall the following property:

]P(Bn U An> _1P< U(BﬂAn)>

n=1 n=1
=) P(BNA4,)
n=1
= ZIP(B ‘ An)IP(An)
n=1
= > P(4, | B)P(B),
n=1

for any family of disjoint events (Ap)p>1 with A;NA; = 0, ¢ # j, and
P(B) > 0, n > 1. This also shows that conditional probability measures are
probability measures, in the sense that whenever IP(B) > 0, we have

a) P(Q| B) =1, and

b) H’(UAn

n=1

B) = Z P(A, | B), whenever A, NA; =0,k #1.

n=1l

In particular, if U A, = Q, (An)n>1 becomes a partition of Q) and we get
n=1
the law of total probability

P(B) = ZIP(BmAn) = Z]P(An | B)P(B) = ZIP(B | An)P(An),

n=1 n=1 n=1
(A.9)
provided that A;NA; =0, 4 # j, and P(B) >0, n > 1.
Remark. In general we have
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P (A
even when B N B; = 0, k # 1. Indeed, taking for example A = Q = By U By
with By N By = 0 and P(B1) = P(B2) = 1/2, we have

U Bn> #y P(A] By),

n=1 n=1

1=P(Q|B1UB) #P(Q| B1) + P(Q | B2) = 2.
Independent events

Definition A.11. Two events A and B such that P(A),P(B) > 0 are said
to be independent if
P(A | B) = P(A). (A.10)

We note that the independence condition (A.10) is equivalent to

P(AN B) = P(A)P(B).

A.4 Random Variables

A real-valued random variable is a mapping*
X:0—R
wr— X (w)
from a probability sample space () into the state space R. Given

X:0—R

a random variable and a (measurable)! subset A of R, we denote by {X € A}
the event
{XeA}={weQ : X(w)e A}

Examples

i) Let O :={1,2,3,4,5,6} x {1,2,3,4,5,6}, and consider the mapping

X:0—R

* See (MOE and UCLES 2022, page 14) lines 4-5 and (MOE and UCLES 2020, page
19) lines 4-5.

 Measurability of subsets of R refers to Borel measurability, a concept which will not
be defined in this text.
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(k1) — k+ 1.
Then X is a random variable giving the sum of the two numbers appear-
ing on each die.

ii) the time needed everyday to travel from home to work or school is a
random variable, as the precise value of this time may change from day
to day under unexpected circumstances.

iii) the price of a risky asset can be modeled using a random variable.
In what follows, we will often use the notion of indicator function 14 of an
event A C Q.

Definition A.12. For any A C Q, the indicator function 1 4 is the random
variable

14: Q0 —{0,1}
wr— Ty(w)
defined by

La(w) = {1 ifw€ A,

0 ifwé A
Indicator functions satisfy the property
Lynp(w) = 1a(w)lp(w), (A11)
since
Iang(w) =1<=weANB
<~ we€AandweB

<= Iy(w)=1and 1p(w) =1
= I4(w)lp(w) =1.

We also have
lav=1a+1p—1lanp=1a+1p—14ylp,

and
Lavg =14+ 1p, (A.12)

it ANB=10.
For example, if O = N and A = {k}, for all [ > 0 we have
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1ifk=1,

Ty () =
0 ifk#£L

Given X a random variable, we also let

1 if X =n,
Lix=ny =
0 if X #mn,
and
1 if X <n,
Lix<ny =
0 if X >n.

A.5 Probability Distributions
The probability distribution of a random variable X : () — IR is the collection
{P(X € A) : Ais a measurable subset of R}.
As the collection of measurable subsets of R coincides with the o-algebra
generated by the intervals in R, the distribution of X can be reduced to the
knowledge of the probabilities
{Pla<X<b)=P(X<b)—P(X <a) : a<beR},
or of the cumulative distribution functions
{P(X<a) : aeR}, or {P(X>a): acR}

see e.g. Corollary 3.8 in Cilar (2011).

Two random variables X and Y are said to be independent under the
probability IP if their probability distributions satisfy

P(XcA,YeB)=P(X e AP €B)
for all (measurable) subsets A and B of R.
Distributions admitting a density

We say that the distribution of X admits a probability density distribution
function ¢x : R — Ry if, for all a < b, the probability P(a < X < b) can
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be written as ,
Pla <X <b) = [ x(o)dr.

0.4r

e o
o w

Probability density

Fig. A.1: Probability density function ¢ x.

We also say that the distribution of X is absolutely continuous, or that X
is an absolutely continuous random variable. This, however, does not imply
that the density function ¢ x : R — R4 is continuous.

In particular, we always have
o0
f px(z)dz =P(—o < X <o0) =1
—00

for any probability density functions ¢x : R — R.
Remark A.13. Note that if the distribution of X admits a probability density
function px, then for all a € R we have

P(X =a) = ["px(a)dz =0, (A.13)

a
and this is not a contradiction.

In particular, Remark A.13 shows that
Pla<X<b)=PX=a)+Pla<X <b)=Pla< X <b)=Pla< X <b),

for a < b. Property (A.13) appears for example in the framework of lottery

)

games with a large number of participants, in which a given number “a
selected in advance has a very low (almost zero) probability to be chosen.

The probability density function ¢ x can be recovered from the Cumulative
Distribution Functions (CDFs)

zr— Fx(z):=P(X <2) = Jfoo ox(s)ds,
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and
v 1= Fx(n) =P(X > 2) = [~ px(s)ds,
x
as

COFx, 0 (a 9
pr(x)7W(I)7%I7mgax(s)d577%fz ox(s)ds, zeR.

Examples
i) The uniform distribution on an interval.

The probability density function of the uniform distribution on the in-
terval [a,b], a < b, is given by

ii) The Gaussian distribution.

The probability density function of the standard normal distribution is
given by
1 —z2/2
) = ——e ,
o(x) Nz
More generally, the probability density function of the Gaussian distri-
bution with mean p € R and variance o > 0 is given by

z € R.

L —@—w?/(20?) 2 eR.

() = ‘ ;
V2ro?
In this case, we write X ~ N (u, 02).
iii) The exponential distribution.

The probability density function of the exponential distribution with
parameter A > 0 is given by

o(x) = Ajg,o0) (z)e ™ = - (A.14)
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o 1 2 3 a s

(a) Exponential CDF. (b) Exponential PDF.
Fig. A.2: Exponential CDF and PDF.

We also have
P(X>t)=e¢  t>0. (A.15)

iv) The gamma distribution.
The probability density function of the gamma distribution is given by
A

a A—1_—ax
T e , =20
A—le—az — 1"()\)

a

p(z) == Wﬂ[o,m)(l’)ﬂﬁ
0, z <0,

where a > 0 and A > 0 are scale and shape parameters, and

() = j0°° e %dz,  A>0,

is the gamma function.
v) The Cauchy distribution.
The probability density function of the Cauchy distribution is given by

1
= zeR.
() ity C€

vi) The lognormal distribution.

The probability density function of the lognormal distribution is given
by
1 o (n—logz)?/(20%)
1 ef(y,flogz)Q/(2a2) _ roy/ 2T
roV2m

p(x) = Ljg o) ()
0, z < 0.
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Exercise: For each of the above probability density functions ¢, check that

the condition o
f p(z)de =1

—00

is satisfied.
Joint densities

Given two absolutely continuous random variables X : 3 — R and Y :
QO — R, we can form the R?-valued random variable (X,Y") defined by

(X,Y): 0 — R?
wr— (X (w),Y(w)).

We say that (X,Y) admits a joint probability density
Plxy) i RP— Ry
when
P((X,Y)€AxB)=P(XcAand Y € B) = jB fA o(x.v) (@, y)dxdy

for all measurable subsets A, B of R, see Figure A.3.

Fig. A.3: Probability P((X,Y) € [-0.5,1] x [~0.5,1]) computed as a volume integral.

The probability density function ¢y yy can be recovered from the joint cu-
mulative distribution function

(2,9) — Fy)(@,y) = P(X <zand Y <y) = [* |7 oy y)(s t)dsdt,
—00 J—00

and
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(z,y) — P(X Zzand Y > LL L ox,y) (s, t)dsdt,
as
82
ox (T y) = 8$70JF(X vy (@, y) (A.16)
= &LayJ j (s, t)dsdt (A.17)
- may] , P (s t)dsdt,
z,y € R.

The probability densities ¢ x : R — Ry and gy : R — Ry of X : O — R
and Y : ) — R are called the marginal densities of (X,Y"), and are given
by

px(z) = f_o:o oxy)(@y)dy, xER, (A18)

and o
ey (y) = _Lm oxy) (@ y)de, yeR.

The conditional probability density ¢x|y—, : R — Ry of X given Y =y is
defined by

oy (@)
Px|y=y(7) = L L

ey (y)

provided that ¢y (y) > 0. In particular, X and Y are independent if and only
if

, z,y €R, (A.19)

oxly=y(®) = px(2), e, pxy)(@y) =ex@ey(y), zyeR
Example

If X1,...,X,, are independent exponentially distributed random variables
with parameters A1,..., A\, we have

P(min(Xy,...,X,) >t) =P(X1 > ¢,..., X, > t)
=P(X;>t)---P(X, >1t)
= At >0, (A20)

hence min(Xj, ..., X)) is an exponentially distributed random variable with
parameter A\ + -+ Ay

From the joint probability density function of (X7, X2) given by
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Px1,%0) (@, 1) = 0, (2)9x, (y) = A dae 5722, z,y 20,
we can write
P(X) < X3) = P(X; < X3)
= fj; fio O(x1,%0) (@, y)dxdy
=AM\ jooo foy ef)‘“”*)‘zydmdy

A1

- M A21
AL+ A2 ( )

and we note that

P(X; = X2) = ,\1A2j

Mz B
{(z,y)€R? : z=y} e T dydy = 0.

Discrete distributions
We only consider integer-valued random variables, i.e. the distribution of X
is given by the values of P(X = k), k > 0.
Examples
i) The Bernoulli distribution.
We have

P(X=1)=p and P(X =0)=1-p, (A.22)

where p € [0,1] is a parameter.

Note that any Bernoulli random variable X : QO — {0, 1} can be written
as the indicator function
X=14

onQwithA={X=1}={weQ : X(w) =1}
ii) The binomial distribution.

We have
P(X =k) = <Z>pk(1 - k=01,...,n,

where n > 1 and p € [0,1] are parameters and (3) = n!/(k!(n — k)!),
0<k<n.
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iii) The geometric distribution.

In this case, we have

where p € (0,1) is a parameter. For example, if (X )renN is a sequence of
independent Bernoulli random variables with distribution (A.22), then
the random variable,*

To:=inf{k >0 : X =0}

can denote the duration of a game until the time that the wealth X}, of a
player reaches 0. The random variable Tj has the geometric distribution
(A.23) with parameter p € (0,1).
iv) The negative binomial (or Pascal) distribution.
We have
k+r—1
r—1

P(X =k) = < )(1 —p)pk, k>0, (A.24)

where p € (0,1) and r > 1 are parameters. Note that the sum of r > 1
independent geometric random variables with parameter p has a negatlve
binomial distribution with parameter (r,p). In particular, the negative
binomial distribution recovers the geometric distribution when r = 1.

v) The Poisson distribution.

We have

where A > 0 is a parameter.

The probability that a discrete nonnegative random variable X : Q —
IN U {400} is finite is given by

P(X < o0) = > P(X (A.25)
k=0

and we have

1=P(X = 00) + P(X < 00) =P(X = 00) + Y P(X = k).
k>0

* The notation “inf” stands for “infimum”, meaning the smallest n > 0 such that
Xpn =0, if such an n exists.
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Remark A.14. The distribution of a discrete random variable cannot admit
a probability density. If this were the case, by Remark A.13 we would have
P(X =k)=0 forallk >0 and

1=P(X €eR)=P(X eN)=> P(X =k) =0,
k=0
which is a contradiction.

Given two discrete random variables X and Y, the conditional distribution
of X given Y = k is given by

P(X =nandY =k)

P(X=nl|Y =k)= PY = F) )

n =0,
provided that P(Y = k) >0, k > 0.

A.6 Expectation of Random Variables

The ezpectation, or expected value, of a random variable X is the mean, or
average value, of X. In practice, expectations can be even more useful than
probabilities. For example, knowing that a given equipment (such as a bridge)
has a failure probability of 1.78493 out of a billion can be of less practical use
than knowing the expected lifetime (e.g. 200000 years) of that equipment.

For example, the time T'(w) to travel from home to work/school can be a
random variable with a new outcome and value every day, however we usually
refer to its expectation E[T] rather than to its sample values that may change
from day to day.

Expected value of a Bernoulli random variable

Any Bernoulli random variable X : Q — {0,1} can be written as the
indicator function X := 14 where A is the event A = {X = 1}, and the
parameter p € [0,1] of X is given by

p=P(X =1) = P(A) = E[14] = E[X].

The expectation of a Bernoulli random variable with parameter p is defined
as

E[14] :=1xP(A) +0 x P(A°) = P(A). (A.26)
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Expected value of a discrete random variable

Next, let X : O — N be a discrete random variable. The expectation E[X]
of X is defined as the sum

E[X] =Y kP(X =k), (A.27)
k=0

in which the possible values k£ > 0 of X are weighted by their probabilities.
More generally we have

E[¢(X)] =Y ¢(k)P(X = k),

k>0
for all sufficiently summable functions ¢ : N — RR.

The expectation of the indicator function X = 14 = 1{x_1} can be recovered
from (A.27) as

E[X] =E[1l4] =0xP(Q\A)+1xP(A) =0+P(A) =P(A4).
Note that the expectation is a linear operation, i.e. we have
ElaX + bY] = aE[X] + DE[Y], a,beR, (A.28)
provided that
E[IX|] + E[|Y]] < oo.
Examples
i) Expected value of a Poisson random variable with parameter A > 0:
“a AP e AR
E[X] =) kP(X =k)=e Zkﬁ = e ZH =X (A29)
k>0 k>1 k=0

ii) Estimating the expected value of a Poisson random variable using R:

Taking A := 2, we can use the following ‘R code:

poisson_samples <- rpois(100000, lambda = 2)
poisson__samples
mean(poisson_ samples)

Given X : O — INU {400} a discrete nonnegative random variable X, we

have
P(X <o0) = > P(X
=)
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and

1=P(X = 0) +P(X <00) =P(X =00) + Y P(X =k),
k>0

and in general

E[X] = 400 x P(X = 00) + > kP(X = k).
k>0

In particular, P(X = oo) > 0 implies E[X] = oo, and the finiteness condition
E[X] < oo implies P(X < oco0) = 1, however the converse is not true. For
example, assume that X has the geometric distribution

P(X = k) = —

= oy k20, (A.30)

with parameter p = 1/2, and

k 1 k 1 1
E[X] :ZQk:+1 = ZZQk—l :1(1_1/2)2 =1<co.
k>0 k>1

Letting ¢(X) := 2%, we have

P(9(X) < o0) = P(X <o0) = 3" oy =1,
k=0

and

ok 1
E[p(X)] = Z¢(k)P(X =k)= Z RFT Z 3= +00,
k>0 k>0 k>0
hence the expectation E[¢(X)] is infinite although ¢(X) is finite with prob-
ability one.*

Conditional expectation

The notion of expectation takes its full meaning under conditioning. For ex-
ample, the expected return of a random asset usually depends on information
such as economic data, location, etc. In this case, replacing the expectation
by a conditional expectation will provide a better estimate of the expected
value.

* This is the St. Petersburg paradox.
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For instance, life expectancy is a natural example of a conditional expec-
tation since it typically depends on location, gender, and other parameters.

The conditional expectation of a finite discrete random variable X : Q) —
IN given an event A is defined by

E[X [ A] =3 KP(X =k | 4) = ka

k=0 k>1

Lemma A.15. Given an event A such that P(A) > 0, we have

E[X | 4] = E[X14]. (A.31)

L
IP(A4)
Proof. The proof is done only for X : 3 — IN a discrete random vari-
able, however (A.31) is valid for general real-valued random variables. By
Relation (A.11) we have

E[X [A] =) KkP(X =k|A)

k=0
= v )Zkll’ (X =k}nd) = (— KE [1{x gyl
k=0
= ﬁZkrﬁ Liyopyla] = E |14) klix_g
k=0 k=0
1
— M115[11/1)(],

where we used the relation

X =D klix=p
k=0
which holds since X takes only integer values. d
Example
i) For example, consider Q = {1,3,—1,—2,5,7} with the non-uniform

probability measure given by

P({-1}) = P({-2)) = P({1}) = P({3}) = =, P({5}) = 2, P({7}) =

and the random variable
X:QO—Z
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given by
X(k) =k,  k=1,3-1,-2,5T.
Here, E[X | X > 1] denotes the expected value of X given

A={X>1}={3,5,7} C Q,

i.e. the mean value of X given that X is strictly positive. This conditional
expectation can be computed as

E[X | X > 1]
=3xP(X=3|X>1)+5xP(X =5|X>1)+7xP(
3+2x5+7
e
3454547
T Tx4/7
1
:mﬂ?[}ﬂl{xx}},

X=7]X>1)

where IP(X > 1) = 4/7 and the truncated expectation E[X1;x51y] i
given by E[X1ix>13] = (3+2x5+7)/7.

Estimating a conditional expectation using R:

geo_samples <- rgeom(100000, prob = 1/4)
mean(geo_samples)

mean(geo_samples[geo_samples<10])

Taking p := 3/4, we have
E[X] = p) Y kpk = =3,

k>1

and

1
IE[X ‘ X < 10] = mE[Xl{X<IO}]
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9
p(l—p) 9 k
=T, 100 ,—Zp
1-p dpk:()

_p(l—=p) & (1-p"°

S 1-p0op\ 1-p

_ p(1—p"—10(1 - p)p”)
(1—p)(1-p'0)

~ 2.4032603455.

If the random variable X : ) — IN is independent™ of the event A, we have
E[X14] = E[X]E[L4] = E[X]P(4),

and we naturally find
E[X | A] = E[X]. (A.32)

Taking X = 14 with
14:0—{0,1}

1= 1 ifweA,
WP RATE N0 ifw ¢ A,

shows that, in particular,

E[ls| Al =0xP(X=0]|A)+1xP(X =1]A)

=P(X=1]A)
—P(A] A)
=1.

One can also define the conditional expectation of X given A = {Y = k}, as

]E[X|Y:k]:z:nII"(X:n\Y:k)7
n=0
where Y : O — N is a discrete random variable.

Proposition A.16. Given X a discrete random variable such that E[|X|] <
00, we have the relation

E[X] = E[E[X | Y]], (A.33)

which is sometimes referred to as the tower property.

*pe, P({X = k} N A) = P({X = k})P(A) for all k > 0.
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Proof. We have

E[E[X | Y]] =Y E[X|Y =kP(Y =k)
k=0

=33 aP(X =n|Y =k)P(Y =k)

k=0n=0

:ZnZ]P(X:nandY:k)

n>0 k>0

=Y nP(X =n) =E[X],

n=0

where we used the marginal distribution

P(X=n)=) P(X=nandY =k), n>0,
k=0

that follows from the law of total probability (A.9) with A, = {Y =k}, k > 0.
d
Taking

Y = kly,,

k>0

with Ay = {Y = k}, k > 0, from (A.33) we also get the law of total
expectation

E[X] = E[E[X | Y]] (A.34)
=) E[X|Y =kP(Y =k)
k>0
=Y E[X | A]P(4).
k>0

Example
Life expectancy in Singapore is E[T] = 80 years overall, where T denotes
the lifetime of a given individual chosen at random. Let G € {m, w} denote
the gender of that individual. The statistics show that
E[T|G=m|=78 and E[T|G =w]=28109,

and we have

80 = E[T]
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= E[E[T|G]]
=P(G=w)E[T|G=w]+P(G=m)E[T|G=m]
=81.9xP(G =w)+ 78 xP(G =m)

=819 x (1—P(G = m)) + 78 x P(G = m),

showing that

80 = 81.9 x (1 —P(G = m)) + 78 x P(G = m),

81.9-80 1.9
P(G=m) = o2 — =7 (487
(G=m) =9 7~ 39

Variance
The variance of a random variable X is defined by
Var[X] := E[X?] - (E[X])?,

provided that IEUXP} < oo. If (Xg)g=1,..n is a sequence of independent
random variables, we have
_ (E
k=1

(&) |-G

n

> X

k=1
—E znjxkznjx, ~E zn:Xk E znjxl}
k=1 =1 k=1 =1
=E iiXle} *ii E[X,]E[X)]
k=11=1 k=11=1
=Y E[Xp]+ Y EXeX) =Y (B[X])’— > E[XJE[X)]
k=1 1<kAl<n k=1 1<kAl<n
= (E[x7] - (E[X4])?)
k=1
= ZVar [Xk]- (A.35)
k=1
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Random sums

In what follows, we consider Y : 3 — IN an a.s. finite, integer-valued ran-

dom variable, i.e. we have P(Y < o00) = 1 and P(Y = oo) = 0. Based on the

tower property of conditional expectations (A.33) or ordinary conditioning,
Y

the expectation of a random sum ZXk, where (X;)ren is a sequence of
k=1

random variables, can be computed from the tower property (A.33) or from

the law of total expectation (A.34) as

Y
PIR
k=1

Y

Zxk‘y
ZX]C‘Y_H
ZXk‘Y—n

_ZlE

n=0

_Z]E

n=0

and if the sequence (Xi)ren is (mutually) independent of Y, this yields

Y n
ZX,Q} =) E|) X |P(Y =n)
k=1 n=0 k=1
=Y P(Y =n) > E[X].
n=0 k=1

Random products

Similarly, for a random product we will have, using the independence of Y’
with (Xk)keN,

E =n) (A.36)

f[ } HZN)]E ka

— Ry =) [[ B,
k=1

n=0

where the last equality requires the (mutual) independence of the random
variables in the sequence (Xj)g>1-
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Distributions admitting a density

Given a random variable X whose distribution admits a probability density
px : R — R4 we have

E[X] = fjooo zpx (z)dz,
and more generally,
E[6(X)] = [~ é(a)ex(@)da, (A.37)

for all sufficiently integrable function ¢ on R. For example, if X has a standard
normal distribution we have

E[6(X)] :L"; ¢(x)6712/z%_

Examples

a) In case X has a Gaussian distribution with mean p € R and variance
o2 > 0, we have

1 00 2 2
E[¢(X)] = — z)e@=m*/(20%) gy, A.38
[600) = = | ¢(@) (A.38)

b) The uniform random variable U on [0, 1] satisfies E[U] = 1/2 < oo and

P(1/U <o0) =P(U >0) =P(U € (0,1]) =1,
however we have
1dx
— = 400,
0z

and P(1/U = 4o00) =P(U =0) = 0.

E[1/U] =

¢) If the random variable X has an exponential distribution with parameter
1> 0 we have

- L}\ < oo if u> A,
E [e’\X] =u fo Mgy =
+o0, if p <A

Exercise: In case X =~ N (u, 02) has a Gaussian distribution with mean u € R
and variance o2 > 0, check that

p=E[X] and o =E[X?] - (E[X])2
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When (X,Y) : Q — R? is a R2%-valued couple of random variables whose
distribution admits a probability density pxy : R> — R4 we have

Elp(X, V)] = [~ 7 é(a.y)ex.y(@y)dzdy,

for all sufficiently integrable function ¢ on R2.

The expectation of an absolutely continuous random variable satisfies the
same linearity property (A.28) as in the discrete case.

The conditional expectation of an absolutely continuous random variable can
be defined as

00
EX Y =y = [ wpxjy—y(@)ds
o0
where the conditional probability density @x|y—,(z) is defined in (A.19),
with the relation
E[X] =E[E[X | Y]] (A.39)
which is called the tower property and holds as in the discrete case, since
o0
E[ELX | Y]] = [ ELX|Y = yloy(y)dy
o0 (o]
= [T 7 wexpy=y (@)ey (y)dady
—00 —00
oo o0
= LOO x LOO e(x ) (@, y)dydx
oo
= [ wox(a)ds = B[],
—00

where we used Relation (A.18) between the probability density of (X,Y) and
its marginal X.

For example, an exponentially distributed random variable X with prob-
ability density function (A.14) has the expected value

_ o0 A AT _ l
IE[X]fz\J'O ze dxf/\.
Proposition A.17. (Fatou’s lemma). Let (F,)pen be a sequence of non-
negative random variable. Then we have
E [lim inf Fn] <liminf E[F,].
n—o0 n—oo

In particular, Fatou’s lemma shows that if in addition the sequence (F,)peN
converges with probability one and the sequence (E[F},])nen converges in R
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then we have
]E[ lim Fn] < lim E[F,].
n—o0 n—o00

Moment Generating Functions
Characteristic functions

The characteristic function of a random variable X is the function
¥Yx:R—C
defined by
Yx(t) =E[e"*], teR
The characteristic function ¥x of a random variable X with probability

density function f : IR — Ry satisfies

Yx(t) = IOQ eto(z)dr, teR.

—00
On the other hand, if X : ) — IN is a discrete random variable we have
¥x(t) =) e™P(X=n), teR.
n=0

One of the main applications of characteristic functions is to provide a char-
acterization of probability distributions, as in the following theorem.

Theorem A.18. Two random variables X : QO — R and Y : O — R have
same distribution if and only if

Tx(t):‘fy(t), teR.

Theorem A.18 is used to identify or to determine the probability distribution
of a random variable X, by comparison with the characteristic function ¥y
of a random variable Y whose distribution is known.

The characteristic function of a random vector (X,Y) is the function
Yxy: R? — C defined by

Yxy(st)= ]E[eisxﬂ‘ty}, s,t € R.

Theorem A.19. The random variables X : Q3 — R and Y : Q3 — R are
independent if and only if

Tx,y(s,t) :‘Px(s)‘ffy(t), s, t € R.
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A random variable X has a Gaussian distribution with mean g and variance
o2 if and only if its characteristic function satisfies

E [emx] = plon—0?0?/2 aeRR. (A.40)

From Theorems A.18 and A.19 we deduce the following proposition.

Proposition A.20. Let X ~ N (p,0%) and Y ~ N(v,02) be independent
Gaussian random variables. Then X +Y also has a Gaussian distribution

X+Y ~N(u+v,0% +02).

Proof. Since X and Y are independent, by Theorem A.19 the characteristic
function ¥x 1y of X +Y is given by

Py (t) = Px(t)Py (?)
_ O’ituftzag( /2Cit1/7t2<7€ /2

_ eit(u+u)—t2(0§(+a§)/27 tER,
where we used (A.40). Consequently, the characteristic function of X +Y is
that of a Gaussian random variable with mean p + v and variance ag( + a%,
and we conclude by Theorem A.18. O

Moment generating functions

The moment generating function of a random variable X is the function

®yx : R — R defined by
@x(t) := E[eX],

for ¢ in a neighborhood of 0. In particular, we have

"

, 0
E[X"] = BT

provided that E[|X|"] < oo, and

Px(0), n=l,
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provided that ]E[et‘X ‘] < 00, t € R, and for this reason the moment gen-
erating function Gx characterizes the moments E[X"] of X : QO — N,
n = 0.

The moment generating function ®x of a random variable X with probability
density function f:R — R, satisfies

D (t) = Jm e“to(z)da, teR.

For example, the moment generating functions (MGF) of a Gaussian random
variable X with mean y and variance o2 is given by

E[e"X] = e te**/2 qeR, (A41)

Note that in probability, the moment generating function is written as a
bilateral transform defined using an integral from —oo to +o00.

A.7 Conditional Expectation

The construction of conditional expectations of the form E[X | Y] given
above for discrete and absolutely continuous random variables can be gener-
alized to o-algebras.

Definition A.21. Given F a o-algebra on Q), a random variable X : (3 —»
R is said to be F-measurable if

{X<z}={weQ : X(w) <z} eF,

for all z € R.

Intuitively, when X is F-measurable, the knowledge of the values of X de-

pends only on the information contained in F. For example, when F =

o(A1,...,Ap) where (Ap)n>1 is a partition of Q) with U A, = Q, any
n=1

F-measurable random variable X can be written as

n
X(L«J):chll,qk(o.z)7 w e,
k=1

for some c1,...,c, € R,

Definition A.22. Given (Q,F,PP) a probability space we let L*(Q, F) de-
note the space of F-measurable and square-integrable random variables, i.e.

LX(Q,F)={X:Q—R : E[|X]*] <oo}.
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More generally, for p > 1 one can define the space L?(Q), F) of F-measurable
and p-integrable random variables as

LP(O,F)={X:0—R : E[|X]] <oo}.
We define a inner product (-,-)2(q,F) between elements of LY(Q), F), as
(X,Y) 12007 = E[XY], XY € L*(Q,F). (A.42)

This inner product is associated to the norm [| - || ;2(q) by the relation

1X0 20 = VEX?] = [, X 2y, X € 120, F).
The norm || - || 2(q) also defines the mean-square distance
X = YllL2(q) = /E[(X - Y)?]

between random variables X,Y € L?(Q, F), and it induces a notion of or-
thogonality, namely X is orthogonal to Y in L2(Q7.7:) if and only if

(X, Y) 20,7 =0.

Proposition A.23. The ordinary expectation E[X] achieves the minimum
distance

2 .
1%~ EIX]|[ 2y = min | X — cllZ2q)- (A.43)
Proof. 1t suffices to differentiate
9 2
&]E[(Xfc) ] =—2E[X - =0,

showing that the minimum in (A.43) is reached when E[X —¢] = 0, d.e.
c=E[X]. O

Similarly to Proposition A.23, the conditional expectation will be defined by
a distance minimizing procedure.

Definition A.24. Given G C F a sub o-algebra of F and X € L?(Q,F),
the conditional expectation of X given G, and denoted

E[X | g],

is defined as the orthogonal projection of X onto L?(Q,G).

S 305

This version: May 3, 2024
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

:
0 E[X | G] L0.9)

As a consequence of the uniqueness of the orthogonal projection onto the
subspace L2(Q, G) of L2(Q, F), the conditional expectation E[X | G] is char-
acterized by the relation

(Y, X —E[X | G])12(0,7) =0,

which rewrites as

E[Y(X -E[X |F])] =0,

E[YX] = E[YE[X | d]],
for all bounded and H-measurable random variables Y, where (-,-) L2(Q,F)

denotes the inner product (A.42) in L2(Q, F). The next proposition extends
Proposition A.23 as a consequence of Definition A.24. See Theorem 5.1.4
page 197 of Stroock (2011) for an extension of the construction of conditional
expectation to the space L' (Q), F) of integrable random variable.

Proposition A.25. The conditional expectation E[X | G] realizes the mini-
mum in mean-square distance between X € L?(Q, F) and L*(Q,G), i.e. we
have

X —E[X |G]llL2(q) = ye3m o X =Yz (- (A.44)

Proof. This is a consequence of the Pythagorean theorem written as
X =YLz () = IX —E[X | Glllr2(q) + IEX | G] = Y2(0),
for any Y € L%(Q, G). O

The following proposition will often be used as a characterization of E[X | G].

Proposition A.26. Given X € L}(Q,F), Z := E[X | G] 4s the unique
random variable Z in L?(Q, G) that satisfies the relation

E[YX] =E[YZ] (A.45)

for all bounded and G-measurable random variables Y .
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We note that taking Y =1 in (A.45) yields

E[E[X | G]] = E[X]. (A.46)

In particular, when G = {0, Q} we have E[X | G] = E[X | {0,Q}] and

E[X [ {0,0}] = E[E[X [ {0,0}]] = E[X], (A47)

because E[X | {0, Q}] is in L2(Q,{0,Q}) and is a.s. constant. In addition,
the conditional expectation operator has the following properties.

i)

i)

=
~

E[XY | G] = YE[X | G] if Y depends only on the information contained
ing.

Proof. By the characterization (A.45) it suffices to show that

E[H(XY)] = E[H(YE[X|g])], (A.48)
for all bounded and G-measurable random variables H, which implies
E(XY |G] =YE[X | g].

Relation (A.48) holds from (A.45) because the product HY is G-
measurable hence Y in (A.45) can be replaced with HY.

1E[Y|g] =Y when Y depends only on the information contained in G.
Proof. This is a consequence of point (i) above by taking X := 1.
E[E[X|G] | H] = E[X|H] if # C G, called the tower property.
Proof. First, we note that by (A.46), (i27) holds when H = {0, Q}. Next,
by the characterization (A.45) it suffices to show that

E[HE[X|G]] = E[HE[X|H]], (A.49)
for all bounded and H-measurable random variables H, which will imply
(z74) from (A.45).
In order to prove (A.49) we check that by point (i) above and (A.46) we
have

E[HE[X|G]] = E[E[HX|7]] = E[HX]
= E[E[HX|H]] = E[HE[X|H]],

and we conclude by the characterization (A.45).

E[X|G] = E[X] when X “does not depend” on the information con-
tained in G or, more precisely stated, when the random variable X is
independent of the o-algebra G.

307

This version: May 3, 2024
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

Proof. It suffices to note that for all bounded G-measurable Y we have
E[XY]=E[X]E[Y] = E[YE[X]],

and we conclude again by (A.45).
v) If Y depends only on G and X is independent of G, then

E[n(X,Y)|G] = E[h(X, z)]a=y- (A.50)

Proof. This relation can be proved using the tower property, by noting
that for any bounded K € L?(Q,G) we have

E[KE[h(z, X)]o=y] = E[KE[h(2, X) | Glo=y]
KE[h(Y, X) | G]]

E[

E[
=E[E[Kh(Y,X) | G]]

E[

which yields (A.50) by the characterization (A.45).

The notion of conditional expectation can be extended from square-integrable
random variables in L2(Q, F) to integrable random variables in L'(Q, F),
cf. e.g. Theorem 5.1 in Kallenberg (2002).

Proposition A.27. When the o-algebra G := o (A1, Aa, ..., Ay) is generated
by n disjoint events Ay, Aa, ..., A, € F, we have

" " ]EX]l
E[X [G] =) 14,E[X | 4] = th [ A’“]
k=1

Proof. It suffices to note that the g—measurablc random variables can be
generated by indicator functions of the form 14,, and that

]lAlZlAk _IE|:]1A, I{’fjsl]}

E[X14,]
= TASEHA’]

=E[X1y,], 1=1,2,...,n,

[X]IAIJ

showing (A.45). The relation

E[X1y,]

]E[X|Ak]:W7

k=1,2,...,n,
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follows from Lemma A.15. O
For example, in case Q = {a,b,¢,d} and G = {0,Q, {a,b}, {c}, {d}}, we have
E[X | G] = 11y E[X | {a,b}] + 1o E[X | {c}] + L1y E[X | {d}]

. E[X1,3] L E[X1,] E[X14]
O Paby) TP T TP

Regarding conditional probabilities we have similarly, for A C Q) = {a, b, ¢, d},
P(AN{a,b}) P(An{c}) P(AN{d})
P(A|G) =14, +1,, +1
WD =Ten ey O PRy O TP
= Lo 53 P(A [ {a,0}) + Ly P(A | {c}) + LygyP(A | {d}).

In particular, if A = {a} C Q = {a,b,c,d} we find

P({a} | G) = LapyP({a} [ {a,b})

_ . P(a)nfab))
— e P({a )

“1p,,, )
O P({a0})’

In other words, the probability of getting the outcome a is P({a})/P({a,b})

knowing that the outcome is either a or b, otherwise it is zero.

Exercises

Exercise A.1 Let X denote a Poisson random variable with parameter
A>0.

a) Compute the expected value E[X] of X.
b) Compute the second moment E[X?] and variance Var[X] of X.

Exercise A.2 Let X denote a centered Gaussian random variable with
variance 72, 7 > 0. Show that the probability P(eX > ¢) is given by

P(eX > c) = ®(—(logc)/n),

where log = In denotes the natural logarithm and

PD(z e_yZ/Qdy7 z €R,

1 T
==
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denotes the Gaussian cumulative distribution function.

Exercise A.3 Let X ~ N(u,02) be a Gaussian random variable with pa-
rameters 1 € R and o > 0, and probability density function

1 —7)—1,‘ (J"
p(a) = Wore (@=m?/(20%) g eR.

a) Confirm that ¢ > 0 is indeed a probability density function, i.e., show
that 1
fe o)
—(e=p)?/(20%) g — 1
e z =1
V2mo? I*OO
b) Write down E[X] as an integral, and show that
w=E[X].
¢) Write down E[X?] as an integral, and show that
o? = E[(X — E[X])?].
d) Write down E[e¥] as an integral and prove (A.41), i.e. show that

]E[BX} _ eu+02/2‘

Exercise A4 Let X ~ N(0,02) be a centered Gaussian random variable
with variance o2 > 0 and probability density function

1 ()2 /(202
o(x) = Tm?C (@=p)?/(2 ), z € R.

a) Consider the function 2 — z* from R to R, defined as

z ifx >0,
0 ifz<0.

Compute E[X ] as an integral.
b) Consider the function z + (z — K)T from R to R, defined as

r—K ife > K,

(z-K)" =
0 if v < K,
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where K € R. Compute E[(X — K)T] as an integral using the cumulative
distribution function of the standard normal distribution

T 279 dy
O(z) := eV /2L z € R.
(@)= =

¢) Consider the function z +— (K —z)" from R to R4, defined as

K-z ife <K,
(K —a)t =
0 ifx > K,

where K € R. Compute E[(K — X)*] using the cumulative distribution
function ®.

Exercise A.5 Let X ~ N(0,v%) be a centered Gaussian random variable
with variance v > 0.

a) Compute

1 00
V2mu? J”’l log(K /)

Hint. Use the completion of square identity

E[e" ¥ L oo (2e7¥)] = o7y=V*/ (2%) gy

y? B v2o2 <y v0)2

T v 2

v? 4
b) Compute

1
V22

E[(emtX — K)*] = 7 (e — gyt 2 gy,
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Some Useful Identities

Here, we present a summary of algebraic identities that are used in this text.

Indicator functions
1 ifz € A, 1 ifa<ae <o,

1a(z) = 1 (z) =
0 ifx & A. 0 otherwise.

Binomial coefficients

n n!
=— <k<n.
(k) m—pm  OSksn

Exponential series

X n

T

x

e’ = — z €R.
>
n=0

Geometric sum

n

1— n+1
Sork= 17: . r#lL (13.51)
k=0
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Geometric series

o0 1

Y k=, —1<r<l.
1—r

k=0

Differentiation of geometric series

& 1
k=1 — k_ _
kz::l " Z 07”177’ (1—7)%

Binomial identities
n

3 (:) a* 5 = (a1 b)".

k=0
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zn: k<Z> — 2L,

k=1

Sums of integers

l
Z k= u (13.55)

5 n(n+1)(2n+1)
2 K= — (13.56)

Taylor expansion

(14 z)~ Z e X x (a—(k=1)). (13.57)

Differential equation
The solution of f'(t) = cf(t) is given by f(t) = f(0)e®, ¢t € R4. (13.58)

Gaussian MGF. Given Xa Gaussian random variable, we have

E[e*] = exp(E[X] + Var[X]/2). (13.59)
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