Exercise Solutions

Chapter 1
Exercise 1.1 According to Definition 1.3, we need to check the following five
properties of Brownian motion:

(t) starts at 0 at time 0,

(#4) independence of increments,

(#i4) almost sure continuity of trajectories,

(iv) stationarity of the increments,

(v) Gaussianity of increments.

Checking conditions (i) to (iv) does not pose any particular problem since
the time changes ¢+ ¢+t and ¢+ t/ ¢ are deterministic and continuous.

a) Let Xy := Beyt — By, t € R4 For any finite sequence of times ¢y < t; <
-+ < typ, the sequence
(X — Xig, Xt — Xy -, Xy — Xtyy)
= (Bett; — Bevtgy Bevty — Bettys - -+ Bevtn — Bettn_1)
is made of independent random variables. Concerning (v), X; — X =
Bett — Begs is normally distributed with mean zero and variance t + ¢ —
(c+s)=t—sforany 0 <s <t
b) Let X; := ¢B,;,.2—, t € Ry. For any finite sequence of times o < t1 <
-+ < ty, the sequence
(Xty — Xigy Xiy — Xty o, Xt — Xtp_y)
= (CBtl/cz - CBt0/627 CBtz/CZ - CBt1/627 - 7CBtn/cz - CBtn—l/CQ)
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is made of independent random variables. Concerning (v), X; — X, =
¢Byje2 — ¢Bg/.2 is normally distributed with mean zero and variance
At/ —s/c?) =t—s for any 0 < s < t, since

Var [eBy 2] = *Var [By 2] = ¢*t/c* = t, t

WV
=]

Exercise 1.2 The solution to (1.16) is given by

S, = SocaBL+(H7(72/2)t, t>0,

see the proof of Proposition 1.7 for details. The next ‘R code can be used to
generate Figure 1.22.

N=1000; t <- 0:N; dt <- 1.0/N; nsim <- 10; sigma=0.6; mu=0.001

Z <- c(rnorm(n = N, sd = sqrt(dt)));

plot(t*dt, exp(muxt), xlab = "time", ylab = "Geometric Brownian motion", type = "l", ylim =
c(0, 4), col = 1,lwd=3)

lines(t*dt, exp(sigma*c(0,cumsum(Z))+muxt-sigma*sigmaxt*dt/2),xlab = "time",type = "1",ylim
= c(0, 4), col = 4)

Exercise 1.3

a) Those quantities can be computed from the expression of S}* as a function
of the N(0,t) random variable B for n > 1. Namely, we have

2

]E[Stn] _ ]E[Sgemeg no I,/2+nrl,]
_ SoefnUZt/Qﬁ»n'rtE [eno'Bt}
_ Soefnazt/2+nTt+n202t/2

— t+(n—1)no?t/2
_Sgenr (n—1)no /1

where we used the Gaussian moment generating function (MGF) formula
(AA1), d.e.

]E[e"UB‘} _ engo'Qt/Z

for the normal random variable By ~ N(0,t), t > 0.
b) By the result of Question (a)), we have E[S;] = Spe" and

]E[Sf] —E [Sge2a3,,702z+2rt}
_ Sgcfaztwnm[cwﬁt

2
— Sgerf t+27t7 t>0.

Exercise 1.4 From the solution of Exercise 1.3, we have
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E[s{] =sert,  tefo,1], i=1,2,
and

Var [S( )} IE[(S()) - (]E[Stm])

)%
D)2 o2t (o t—l), tel0,T), i=1,2
Hence, we have
Var [$ — 5] = Var [s(V] + Var [$P)] — 2 Cov (s, 51)
with
E [551)552)} -k [S[()l)s(()2)62ut+olwgl)7L7ft/2+02Wt(2)—Ugt/2]
= iV g mi-ott/ 23t/ [ealwf”wzwf)}

_ D gDemt-ott/2-cdur2 oy (%IE[(th(l) n rsztm)Q}) ’

with

E [(UIWz(l))Z} +2E [Uth(l)@Wt(Q)] +E [(UQWt@)Q}
oft + 2poyoat + o3t

E [(Uth(l) + UZWt(Q))Q}

hence
E [Sgl)st@)] — S(()I)St()z)eQ;Lt+palazt7

and
Cov (51", 5%y = B[SV s —B[s{VE[SP)] = 5V s et (epmro2t 1),
and therefore
Var [ — 5]
= (Sél))ze2“'L( it 1)+ (Séz))Qez”L(e”SL —-1)— ZS(gl)S[()Q)eQ“”(ep”l@l —1)
_ (st 4 (5% — 255t - (562~ 5()?).

Exercise 1.5 We have

—o2 —a2 —a2 2
IE[SOOUBL+[U£ o t/Q} _ Soout o UZ]E [CUBL} _ S[)Cut o t/ZOa t/2 _ S()Out
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and
ot ot
E(log S] = E |log So + 0By + put — 5= (log So) + pt — -
hence
ot ot
Theil; = log E[S;] — E[log S;] = log Sp + ut — <(log So) + ut — 7) =5
6
c 5 s f\/
H
g 41
:
. st AL
8 2 2 RS oy
A =
0.0 0‘.2 0.‘4 0.‘6 0‘8 1.0
Time
Fig. S.1: Twenty sample paths of geometric Brownian motion (St)¢cr, -
Chapter 2
Exercise 2.1
a) i) By calculation (expected answer). We have
p(0) = Cov(X,, X,,)
= Var[X,,]
= E[X7]
=E[(Zy — aZn-1)?]
=B[22 - 2aZn-1Zn + d®Z2_]
= E[Z2] — 24 E[Zy—17Z,] + ®E[Z2_}]
=1-2aE[Z,_1]E[Z,] + a®
=1+d?
and
320 @)
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p(1) = Cov(Xp, Xnt1)

= Cov(Zn + aZp_1,Zn+1+ aZy)

= Cov(Zn, Znt1) + aCov(Zp—1, Zni1) + a Cov(Zn_1, Zn) + a® Cov(Zn-1, Zy)
Cov(Zn, Zn1) + aCov(Zn_1, Zni1) + a Cov(Zn, Zy) + a® Cov(Zn_1, Zn)
= aVar|Z,]

=a,

and for k > 2,

p(k) = Cov(Xn, Xnik)
= Cov(Zn + aZp-1, Zpik + aZpip—1)
= Cov(Zn, Zn+k) +aCov(Zn_1, Znik)
+a Cov(Zn, Znix—1) + a* Cov(Zn—1, Zp i 1)
=0,
since n < n + k — 1. By a similar argument, we obtain p(k) = p(—k)
for £ < 0.

ii) Confirmation by simulation with an MA(1) time series constructed
by hand:

1 | library(zoo)

N=10000;Zn<-zoo(rnorm(N,0,1))
Xn<-Zn+2+lag(Zn,-1, na.pad = TRUE);Xn<-Xnl[-1]
k=0;cov(Xn[l:(length(Xn)-k)],lag(Xn,k))

or with an MA(1) time series constructed using arima.sim:

n=2000;a=2;
Xn<-arima.sim(model=list(ma=c(a)),n.start=100,n)

x=seq(100,100+n-1)

1| plot(x,Xn,pch=19, ylab="X", xlab="n", main = 'MA(1) Samples',col='blue')
lines(x,Xn,col='blue')

6 | Xn<-zoo(Xn)

k=1;cov(Xn[l:(length(Xn)-k)],lag(Xn,k))

Using the command ccf to compute the autocovariance empirically,
we find:

ccf(Xn,Xn,lag = 5, type="covariance", plot=T, lwd=2, col='blue', axes=FALSE,
ylim=c(-1-a**2,1+a**2), main="")

axis(side = 1, at = seq(-5,5,1))

axis(side = 2, at = c(-1-a**2,-a,0,a,1+a**2), labels=c(expression(paste("-1-|a|"
"a",0,"a", expression(paste("1+|al"~"2"))))
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ACF (cov)
Shhbhlioanwrao

b) We note that E[X,] = 0, n € Zland in addition the autocovariance
Cov(Xp, Xp4x) depends only of |k| and not on n € Z. Therefore, the
time series (X,,)nez is weakly stationary by Definition 2.11. In addition,
by Theorem 2.12 this time series is strictly stationary only if |a| # 1.

Exercise 2.2

a) We rewrite the equation defining (X, )n>1 as
Xp = Zn+LXy = Zp+6(L)Xn, n>1.

where L is the lag operator LX,, = X,,_1 and ¢(L) = L. Taking ¢(z) := z,
by Theorem 2.12 we need to check whether the solutions of the equation
#(z) = 1 lie on the complete unit circle. As ¢(z) = 1 admits the unique
solution z = 1 which lies on the complete unit circle, we conclude that
the AR(1) time series (X,,),>1 is not weakly stationary.

b) As in part (a)), we rewrite the AR(2) equation for (Y3,)n>1 as

=

Yy = Zy +0.75 x LY, — 0.125 x L*Y,, = Z, + ¢(L) Yy, n>2.

with ¢(L) = 0.75 x L —0.125 x L2. The equation ¢(z) = 1 with ¢(z) =
0.752 — 0.12522 reads 22 — 62 +8 = (2 — 2)(z — 4) = 0. This equation has
two solutions z = 2,4 which lie outside the complex unit circle, hence by
Theorem 2.12 the AR(2) time series (Y, )n>2 is weakly stationary.

Exercise 2.3
a) We have
E[Xn+1] = E[Zn+1 + 0 Xy]
= E[Zn1] + aE[X,]
= aE [Xn], n =0,

hence by induction we have E[X,| = o”E[X(] = 0 for all n > 0.
b) We have
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Cov(Xnih+1,Xn) = E[Xnih41Xn] — E[Xp 511 ]E[Xn]
[Xn+k+1Xn]

[(Zngrs1 + aXoqr) Xn)
[Zn+k+1Xn + aXn+an]
(Zn+k41Xn] + ElaX, 4 £ Xn]

= ElZp o1 JE[Xa) + QB [X,0 4 X,]
= aE[X4,Xn]

= a(E[Xp4£Xn] — E[Xpn11]E[Xn])
= aCov(Xpik, Xn), n >0,

hence, since E[X,,] = 0, n > 0, we find
Cov(Xpip, Xn) = o Cov(Xn, Xp) = of Var[X,)],  k,n >0
c) We have

Var[Xp1] = E[X7 1]
= ]E[(Zn+1 + OéXn)Q}
=E[Z2 4 +20Zp+1 X, + 0* X2
= ]E[Z%+l] +2alE[Zp 11X, + 0‘2]E[X72L]
=1+ 20E[Zn+1]E[X,] + ®E[X?]
1+ o’E[X2]
=1+ a?Var[X,].

By applying the above relation recursively and using the geometric series
identity (13.51), we obtain
Var[X,,] = 1+ o? Var[Xp,_1]

=1+a*(1+a?®Var[X,_2])

=1+a?(1+ (14 o® Var[X,_2]))

=14+a+ - +a®

n
= o
k=0
2n+2

n+1, a==+1, n = 0.
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d) We check that the solution of ¢(z) := az is z = 1/a, hence by Theo-
rem 2.12 there exists an AR(1) solution of (2.28) which is weakly station-
ary when o # £1. However, the present time series (X,,),>0 started at
Xp = 0 is not weakly stationary because Cov(Xy, X,) = E[X2] is not
constant in n > 0.

Exercise 2.4

a) We have

Var[X7J = [Zn 1= Zn—2+ 04an3]
= Var[Z,,—1] + Var[—Z,_2| + Var[aZ,_3]
= Var[Z,_1] + Var[Z,_s] + o® Var[Z,_3]
=2+ o’

Next, since using the linearity relation
Cov(X +Y,Z) =Cov(X,Z)+ Cov(Y, Z)

and the fact that Cov(X, Z) = 0 when X and Z are independent random
variables, we have

COV( n+1, X, ) COV(Z —In-1+aZy_2,Zn1—Zn—2+ aang)
= COV(Zn — Zn-1+ aZy_2, anl)
+ Cov(Zp — Zn-1+ aZn_2,—Zn_2)
+ Cov(Zp — Zn—1+ aZp—9,aZn_3)
= Cov(—Zn-1,2Zn-1) + Cov(aZn—2, —Zn—_2)
= —Cov(Zp-1,Zn-1) — aCov(Zp—_2, Zn_2)
=-a-—1,

and

Cov(Xnt2, Xpn) = Cov(Znyo — Zn+aZy_1,Zn—1— Zn—2+ aZn_3)
= Cov(Zn+2 — Zn + aZn—1,Zn-1)
+ Cov(Zn+o — Zn+ aZp_1,—Zn_2)
+ Cov(Zpyo — Zn + aZp_1,aZp_3)
= Cov(aZp-1,Zn-1)
= aCov(Zn-1,Zn-1)

=aq,

and
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Cov(Xyihy Xn) = Cov(Znyk—1 = Znyk—2 + @Zni k-3, Zn-1— Zn—2 + aZy_3)
= Cov(Znii-1— Znik—2+ Zni i3, Zn-1)
+Cov(Znik—1— Znik—2+ Znik—3,—Zn-2)
+Cov(Zpik—1— Znik—2 + Zpnip—3,0Zn-3)
=0
for k > 3.

Since the white noise sequence (Z,, ),cz is made of independent identically
distributed random variables, we have the identity in distribution

b

=

d
Xn =Zn1—Zpn-2+aZn3=2Zy—Zn1+aZys, nz2,

which shows that (X,)n>3 has the same distribution as an MA(2) time

series the form
Yn = Zn + ﬁlZn—l + /BZZn—Zv

with 51 = —1 and 3] = a.

Exercise 2.5
a) We have
VX, =Xn—Xn1
=ZntarXpn-1—2Zp-1—1Xpn-2
=Zn—Zn1+a1VXy_1, nz2,
hence (VXy,)n>2 forms an ARMA(1,1) time series.
b) We have
szn = VXn - Vanl
=Xn—Xpn-1— (Xn—l - Xn—2)
=Xn—2Xp1+Xpn2
=Zn+a1Xn1—-2Z5 1200 Xpn 2+ Zpo+a1Xp_3
=Zn=2Zn 1+ Znat VX1, 23,

which forms an ARMA(1,2) time series.

Exercise 2.6

a) We have
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a n
%Z(r,(f)fafbrk = <Z abrp))
k=1

and
(2 1)\2 a 2 1
% (r,(c)fafbrl(c)) =2 Ié)(ftL«Fr]s)fb’r](c))
k=1 k=1
1 2 ) Ie-, 2 1
_QZTIE><TIE) bré)—ﬁZ(’r;) b’rl())>
k=1 =1
= 22 Z rk 7“ 2b<z Z )
k=1 kl 1 k=1 =1

b) In order to minimize the residual (2.29) over a and b we equate the above
derivatives to zero, which yields the equations

EZ(T(Z),abe(U)z b:5:25”*2zri(cz)+QEZT,(cl) —0
k=1 k=1

k k )ja=a
Oa = la=a,
and
0 &~ (2 2
R Z (Tl(c ) —a- br]i >)|¢ra, b=b
k=1
= 227“,11)7“(2) _2 Z r,(cl)rl@) — QB(Z(rkl))z 2! Z r,(cl)rl(l)>
k=1 n k=1 k=1 " k=1
=0.

This leads to estimators a, b of the parameters a and b respectively as the

(1)

empirical mean and covariance of (rk )k:Lg,___,,“ i.e.
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5o k=t k=0 k=t 1=0 1=0
—  n n I 2
1 1 1 1 n n
S L 3 5 (7;&1) B Z”(Cl)>
k=1 k,l=0 k=1 k=1

Exercise 2.7 Since the p-value = 0.02377 is lower than the 5% confidence
level, we can reject the nonstationarity (null) hypothesis Hy at that level.

Exercise 2.8

a) We consider the equation

o(z) = a1z +azz? =1,

a222+a12—1 =0,

with solutions

1
—arty/af+dar 041 \/o7182 —a+3a | 24

2009 4a? 4a? 1

Zy =

hence by Theorem 2.12 the time series (X;),>1 is stationary for a ¢
(~1,-1/2,1/2,1}.

b) We have
E(X,]) =E[Z, + a1 Xp—1 + a2 Xp—2]
=E[Z,] + mE[Xn—1] + x2E[X; 9]
= OqlE[anl} + a2]E[Xn,2]
= Oq]E[Xn] + ()QIE[Xn],
hence

(1 — Q] — (XQ)IE[Xn] = 0,
which implies E[X,,] =0, n € Z, since 1 —aj —ag # 0.
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¢) We have

Cov(Xp, Zn) = Cov(Zp + a1 Xn—1+ a2 Xn_2, Zy)
= Cov(Zn, Zy) + a1 Cov(Zp, Xn—1) + ag Cov(Zy,, Xn—2)
= Cov(Zy, Zy)

= 0'2.

d) We have
COV(Xn+17 Xn) = COV(Zn+1 + a1 Xp + a2 Xp-1, Xn)

= Cov(Zn41, Xn) + a1 Cov(Xy, X)) + ag Cov(Xp—1, Xy),
= 16a1 + az Cov(Xp_1, Xn)

1
=4+ 3 Cov(Xp—1, Xn),

hence
Cov(Xpnt1, Xn) =8, neZ.

Chapter 3

Exercise 3.1

a) Since Z1 + Za + - - - + Zy, has the centered Gaussian N (0, no?) distribution
with variance no?, we have

n=1 k=1
n
= (1H’<ZZk<y‘N—n>>]P(N—n)
n=1l k=1
n
- (111)( Zkgy‘zvn»]l)(zvn)
n=1 k=1
Y

b) Since E[Z;] = 0 for all k > 1, we have
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E[Y]=>E

ZZk‘N—n =n)
n=1
—ZIE ZZk‘N—n =n)
nz=1

= ZIP(N =n) Z]E[Zk | N =n)]
k=1

n=1

=0,

=) P(N=n)> E[Z]
k=1

n=1l

Exercise 3.2 By (3.17), we have

A Ay
D' (y) = 7d>(y) - Dy — 2)dF(z)
_ /\ A Y —z/u
= ? (y) — % fo Py —2)e dz
A Ay
= 2®(y) - = |° —(y=2)/n
Fq)(y) e o P(2)e dz,

hence the differential equation

D(y) ==

which can be solved as

e u2e Jo
= 200) - 2o0) + 1 (2e0) - @)
L))

D(y) =1~ ele 1/,

c

given the boundary conditions ®(c0) = 1 and ®(0) = 1 — Au/c, cf. (3.19).

We conclude that

Y(y) =

M (M e=1/p)y
C
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provided that ¢ < Ap.

Exercise 3.3
a) We have

E[Rr]| = E[Ro + T — CNr]
= E[Ro] + E[pT] - E[CN7]
= Ry + uT — CE[N7]
= Ro+pT — CAT
= Ro+ (u— XC)T,

and similarly
Var[Ry] = Var[uT — CNy] = Var[-CNy] = C? Var[Ny] = AC?T.
b) We find

P(Ry < 0) = P(Ry + pT — CN < 0)
=P(Nr > (Ro+uT)/C)

= > P(Np=k)
k>(Ro+uT)/C
_ AT (AT)k
=e > T
k>(Ro+uT)/C

Exercise 3.4

a) We have E[S(T)] = ATE[Z] and Var[S(T)] = ATE[Z?).
b) We have

Var[z + f(T) — S(T)]
(E[z + f(T) = S(T)])?
_ Var[S(T)]

(z+ f(T) - E[S(T)])?
ez
(@ 4+ f(T) - ATE[Z,])*

P(z+ f(T) - S(T) < 0) <

Chapter 4

Exercise 4.1
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a) Taking (U,V) = (U,U), we have

P(U <uand V <v) =P and U < v)

b) Taking (U,V) = (U,1—"U), we have

PULwand V<v)=P({U<uand1-U <)
(UguandU 1—v)
(1-v<U<u)
= Lio<i— v<u<1}]P(1 —v<U<u)
]1{0<u+v 1<1} (u—(1-w))
=(u+ov-1)"

S =

u,v € [0,1].
¢) We have

Cu,v) =P(U<uand V<v) <KP(ULuand V> 1) < P(U < u) = u,

u,v € [0,1], and similarly we find C(u,v) < P(U < v) = v for all
u,v € [0, 1], which yields (4.8).
d) For fixed v € [0, 1] we have

9C (4, v) = 1im Clu+e,v) —C(u,v)
ou 0 €
P(U<u+eandV<v)—P(U <uand V <o)
e—=0 13
_ Pu<U<u+ecand V <v)

0 Plu<U<u+e)
=lmP(V<v|u<U<u+e)

e—0

=P(V<v|U=u)
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u,v € [0,1], and since k(1) = C(1,v) —v =P(V <v)—v =0, v € [0,1]
we conclude that h(u) > 0, u € [0, 1], which shows (4.9).

Exercise 4.2

a) When p =1, we have

P(X =1and Y =1) = pxpy + /pxpy (1 —px) (1 —py),

P(X =0and Y =1) = (1-px)py — vpxpy (L —px)(1 —py) >0,

P(X=1andY =0)=px(1-py)— vVpxpy(1—px)(I—py) 20,

P(X =0and Y =0) = (1-px)(1-py) + Vpxpy(1—px) (1 —py),

hence

(1-px)py = Vpxpy (1—px)(1 —py),

px(1—py) = Vpxpy(1—px)(1—py),

hence
(I1-px)py Zpx(1—py) and px(1—py)=py(l-px),
showing that (1 —px)py = px (1 — py), which implies px = py, and
P(X =1and Y =1) =p% +px(1-px) =px = py,
P(X =0andY =1) =0,
P(X =1and Y =0) =0,
P(X=0andY =0)=1-px =1—py.

b) When p = —1, we have

P(X=1and Y =1)=pxpy — vpxpy (1 —px)(1—py) >0,

P(X =0and Y =1) = (1-px)py + vpxpy (1 —px) (1 —py) >0,

P(X =1and Y =0) =px(1-py)+ vpxpy 1 —px)(1-py) >0,

P(X=0and Y =0) = (1-px)(1—py) — Vpxpy(L—px)(1—py) >0,
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hence

pxpy = Vpxpy (1—px) (1 —py),

pxpy = pxpy (1-px)(1-py),
hence
pxpy 2 (1-px)(1—py) and pxpy > (1-px)(1-py),
showing that pxpy = (1 — px)(1 — py), which implies px = 1 —py, and
P(X=1landY =1)=0,
P(X =0andY =1) =1,
P(X=1landY =0) =

P(X =0and Y =0) =0.

Exercise 4.3

a) We have
P(X>2)=P(X >zand Y >0) =e M)z,

and
P(Y>y)=P(X >0and Y > y) := ¢ )y,

z,y 2 0, i.e. X and Y are exponentially distributed with respective pa-

rameters A + v and g+ v.
b) We have

P(X <zandY <0)

=P(X>zandY 20)—(P(X >z)-P(X >zand Y >0))
—(P(Y 22z)-P(X 2zand Y >0))

=P(X>zandY 20)-P(X >z)-P(Y 2>2)+P(X >zand Y >0)),

z,y 2 0, i.e. X and Y are exponentially distributed with respective pa-

rameters A + v and p+ v.
Since e~(AV)X and e~ (W)Y are uniformly distributed on [0,1], a copula
function C(u,v) can be defined by

N

C

C('u,'u) = ]P(C*()H»V)X <u and Of(;H»u)

Y gu)
=P(X <-(A+v)toguand Y <

—(A+v)"ogw)

O) 333

This version: May 3, 2024
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

e)\()\+u)’1 log u+p(Av) " log v)y—v Max(—(A+v) "1 log u,— (A+v) "1 logv))
/\/()\Jru ,U,u,/ ()\+V> —v Max(—(Av) "t logu,—(A+v)~1logv))

)
/\/(A+V),U,u/(>\+1/) v min(log u* %)™ logv(*+”)71))
)\/()\+V)U;L/()\+ ) log min(u?/(A+v) yr/(A+v)))

M >\+V)U;L/(>\+V mln(uu/(k+u),vv/()\+u)))

WM V) i/ (Atv) ( v/(Atv) ,

min(u, v))

z,y 2 0.

Fig. S.2: Exponential copula function u,v + C(u,b) with A =1, p =2, v = 4.

Exercise 4.4

a) We have
Fx(r) = P(X <2) = P(X <7 and ¥ < o0) = 1 +le_z
and
1
Fy(y):]P(ng):]I’(X<c>oandY<y):1+e_y7 z,y € R
The probability densities are given by
/ / e
fX(z):fy(av):FX(CE):FY(:E):m7 z €R.
b) We have
—1 -1 1-
Fi'(u) = Fy ' (u) = —log u e (0,1),
and the corresponding copula is given by
O(u,v) = Fx y) (Fx' (), ;' (v))
1—
= Fixy) (—log ,—lo - )
334 @)
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1
1+ (l-uw)/u+(1-v)/v
1
- 1+(1—u)/u+(1-v)/v
= Lv u,v € [Ol 1}7
U+ v —uv

which is a particular case of the Ali-Mikhail-Haq copula.

Exercise 4.5

a) We show that (X,Y) have Gaussian marginals A (0,02) and N(0,7?),
according to the following computation:

© % _ Lo —a2/(20)-y2/ (21)
Lw flz,y)dy = g IRz ygz (#,y)e dy

= bt * o2/ (20)
= wane ]1]R+(37)I0 e dy +

1 0
— /N1y () f eV (@) gy
won —oo

= 1 ef’%z/(?(rz)]lIRJr (l) + eixz/(202)llR7 (z)

1
2w V2w

=L e L eR
27

b) The couple (X,Y) does not have a joint Gaussian distribution, and its
joint probability density function does not coincide with fx(x,y).

¢) When o = n = 1, the random variable X 4+ Y has the probability density
function

%]P(XJrYg =% J J f(z,y)dydz

= f fa T emn?/2my /Zdydz

7 da
= lg f: e—(a=2)?/2 [0 eV /Qdydz
moa - .
= l fa efyz/Qdy — l joa(ll — z)ef(afz)2/2 foz e*yz/Zdde
T
1 1 a 2 a 2
L R _ e (a—2)%/2 -y?/2
0 dy — jo (a—2)e dz fo e dy

+; fo e V2 jo c*(“*z)zﬂdzdy
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1
71'
1 ea’/2 ¢ —y?/2—(a—y)?/2

i JO ¢ y

_ 7J‘ ((V2y—a/V2)? 7a2/2)/2dy

7a2/2 —y2/2 l @ —y2/2(.—(a—y)2/2 _ —a2/2
fo dy + - IO e (e e )d

—a2/4
a?/ j ((y— a/ﬁ>2>/2dy
ﬂ\[
e /4 fa(va-1/V3)
j y2/2dy
77\[ a/\2
o0 2/4 ja/f 7y2/2d
T /aV2n d-a/va Y
1 _a2/4 1
= —e 20(a/V2) —1), a>0,
e (20(a/VE) - ),
which vanishes at a = 0.
L8
i % ) 5 p p

Fig. S.3: Density of X +Y.

d) The random variables X and Y are positively correlated, as
S 1 s —22/(262)—y2/ (212
Looyfz(fc,y)dy = o ) lmzumg(ﬂc,y)ye /@)=y () gy
1
= — ]l]R‘ j ycﬂ’ (2n%) dy
mon

won
[/ —— 2 Ui 2
= e 22N g (z) — Lo /) 1 (2)
hence
o0 (o]
E[XY] = f—oo jioo zy fx.(z,y)dydz
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= (% gema?/ @0 gy L 0 ze—2/(20%) gy
mo Jo mo J—c0
_ 20m
=
and
_E[XY] 2
T oon o7

Under a rotation
| cosf —sin@
" |sin® cosf |’

of angle 6 € [0,27] we would find

E[(X cosf — Y sinf)(X sind + Y cos0)]

= sin 6 cos OE[X?] + (cos? @ — sin® §)E[XY] — sin § cos E[Y?]
= 02 sinfcosf + (cos® § — sin’ 9)20—77 —n?sinf cos
7r

o2

_a (o200 "
=3 sin(26) + cos(26) - 3 sin(26),

and 9
— % g (20)2 — 1 g
p= om sin(26) + 005(20)7T % sin(26),

i.e. 8 = /4 and o = n would lead to uncorrelated random variables.

Exercise 4.6

a) We have

hence 7; A 7 is an exponentially distributed random variable with param-
eter \j + A, i =1,2.
b) Next, we have

P(riAT>sand mAT>t) =P(ry >sand 7 >sand 2 >t and 7 > t)
=P(r > s and 7 >t and 7 > Max(s, 1))
=P

(11 > 8)P(72 > t)P(7 > Max(s,t))
_ e—)\lse—)\zte—)\Max(s,t)
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e—)\ls—/\gl,—)\ Max(s,t)
ef()\l +A)s—(A2+A)t+Amin(s,t)

(1= Fx(s))(1— Fy(t)) min(e**, eM),

s,t = 0.

¢) We have

Fxy(s,t) =P(nAT<sand AT <)
=P(nAT<s)—P(nAT<sand o AT >1t)
=P(nAT<s)— (]P(TQ/\T>t) ]P(Tl/\’r>€and7'2/\’r>t))
=P(nAT<s)+P(nAT<t)+P(nAT>sand o AT >1t)—1
= Fx(s) 4+ Fy(t) + (1 — Fx(s))(1 — Fy (t)) min(e**, eM) — 1.

d) We find
Clu,v) = Fxy (Fg (u), Fy ' (1)
— Fy () + (5 (0)
(1= Fx(Fy () (1= Fy (Fg (v))) min (A0, X5 10) 1

)
=ut+v—1+(1—-u)(l-v mm(e 1(“’) )‘F;I(”))
—ut+uv—1+ (1 _ u)( ( —Alog(1— u)/()\1+)\)7 —)\log(lfv)/()\er)\))

=u+v—1+min ((1—v)(1—u) MOV (1 y) (1 = )17 C2tA)
=u+v—1+min((1—-v)(1—u)'"% (1 —u)(1-0)'7%), u0ve(0,1],
with N N
0 = SV and 60y = Py
338 O
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1
0.9
0.8
0.7
0.6
0.5
0.4
3'3 0.81
02(1) -6 u
v
Fig. S.4: Survival copula graph with §; = 0.3 and 62 = 0.7.
e) We have
Clu,v) =u+v—1+(1—u)(l-v)=% L(1_u)f1 <(1-v)02}
F(1—v)(1—u) " L1 o> (1-v)2ys W € [0,1],
hence
oC )
%(va) =—(1-v)! 2Lia—wf<(1-0)02}
—(1=0)(1 =) (L= )" Ly yors ooy
and the survival copula density is given by
9%C _
m(ua v) = (1-62)(1-v) 92]]'{(17u)91<(17v)92}
H(A =) (1= 0) e sy, wv € [01],
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3.5
3
2.5
2
1.5
1
0.5

06 02 04 0% 08
\"

Fig. S.5: Survival copula density graph with §; = 0.3 and 62 = 0.7.

Remark: When A = 0 we have ] = 62 = 0 and 7 = 400 a.s., therefore
we have
min(7y,7) =71 and min(m,7) = 7,

hence the copula C(u,v) is given by
Clu,v) =u+v—1+(1—-v)(1—u)=uv, u,v € [0,1],

which coincides with the copula of independence.

Chapter 5
Exercise 5.1 The payoff C is that of a put option with strike price K = $3.

Exercise 5.2 Each of the two possible scenarios yields one equation:

5+n=0 E=-2
with solution
26 +n =6, n = +10.

The hedging strategy at t = 0 is to shortsell —¢ = 42 units of the asset
S priced Sy = 4, and to put n = $10 on the savings account. The price
Vo = £Sp + n of the initial portfolio at time ¢ = 0 is

Vo=¢So+n=—-2x4+10=92,

which yields the price of the claim at time ¢ = 0. In order to hedge then
option, one should:

i) At time t = 0,

340 O
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a. Charge the $2 option price.
b. Shortsell —£ = +2 units of the stock priced Sy = 4, which yields $8.
c. Put n = $8 + $2 = $10 on the savings account.

ii) At time t =1,

a. If S = $5, spend $10 from savings to buy back —¢ = +2 stocks.
b. If S} = $2, spend $4 from savings to buy back —¢ = +2 stocks, and
deliver a $10 - $4 = $6 payoff.

Pricing the option by the expected value E*[C] yields the equality
$2 = E*[C]
=0xP*(C =0)+6xP*(C =6)
=0xP*(S1 =2)+6 xP*(S; =5)
=6x¢",

hence the risk-neutral probability measure P* is given by

2 1
p*:11°*(5‘1:5):g and q*:ﬂv*(slzg)zg_
Exercise 5.3
a) Each of the stated conditions yields one equation, i.e.
&+n=1 £E=2
with solution
56 +1 =3, n=-T.

Therefore, the portfolio allocation at ¢ = 0 consists to purchase & = 2 unit
of the asset S priced Sy = 4, and to borrow —n = $7 in cash.

We can check that the price Vo = £So + 7 of the initial portfolio at time
t=0Iis
Vo=ESo+n=2x4—7=3%1.

b

=

This loss is expressed as
EXP24n=2x2-7=-%3.

Note that the $1 received when selling the option is not counted here be-
cause it has already been fully invested into the portfolio.

Exercise 5.4
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a) 1) Does this model allow for arbitrage?

ii) If this model allows for arbitrage opportunities, how can they be real-

ized?‘ By shortselling | ‘ ‘By borrowing on savings | v ‘ ‘N.A. |

b) i) Does this model allow for arbitrage?

ii) If this model allows for arbitrage opportunities, how can they be real-

ized?‘ By shortselling | ‘ ‘By borrowing on savings | ‘ ‘N.AA | v ‘

¢) i) Does this model allow for arbitrage?

ii) If this model allows for arbitrage opportunities, how can they be real-

ized?‘ By shortselling | v/ ‘ ‘By borrowing on savings | ‘ ‘N.A. |

Exercise 5.5 Hedging a claim with possible payoff values Cy, Cy, C. would
require to solve

(1 +a)ess? + 1+ s = ¢,
(1+0)esS) + (1 + st = ¢,

(1+ c)fS(()l) +(1+ 1")775(()0> =C,,

for £ and 7, which is not possible in general due to the existence of three
conditions with only two unknowns.

Exercise 5.6

a) Each of two possible scenarios yields one equation:

oz =K
aS1+8=51-K S Si-8
with solution
Si+4=0 51— K
as +6=0, g_g =K
S1-5;
b) We have -
0<a=2"K oy
S1-8;
since K € [S;,51]-
342 O
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¢) We find
SRMc = Sy + 3
= a(So - 54)
S1—-K
=(Sp—S{)=—.
(So 41)51__§1

We note that when Sy < S; the value of SRM¢ is negative because in
this case, investing in the zero-cost portfolio (o, —a.Sp) that would yield a
payoff at least equal to a(S; — Sp) = —a(Sy— S1) > 0, which represents
an arbitrage opportunity.

Exercise 5.7

a) The payoff of the long box spread option is given in terms of K; and K>
as
(z_K1)+ —(K1 —:L')Jr— (:L'—K2)++ ([(Q—LL')+ =xz—- K| — (.’L’—KQ)

=Ky — K;.

b) From Table 5.1 we check that the strike prices suitable for a long box
spread option on the Hang Seng Index (HSI) are K; = 25,000 and Ky =
25, 200.

¢) Based on the data provided, we note that the long box spread can be
realized in two ways.

i) Using the put option issued by BI (BOCI Asia Ltd.) at 0.044.

In this case, the box spread option represents a short position priced
0.540 x7,500 —0.064 x8,000 —0.370 x11,000 4-0.044 x10,000 = —92
—— —— —— ——

Long call Short put Short call Long put

index points, or —92 x $50 = —$4, 600.

Note that option prices are quoted in index points (to be multiplied
by the relevant option/warrant entitlement ratio), and every index
point is worth $50.

Using the put option issued by HT (Haitong Securities) at 0.061.

—-
=
=

In this case, the box spread option represents a long position priced

0.540 x7,500 —0.044 x8,000 —0.370 x11,000 4-0.061 x10,000 = +78
~— —— —— ——
Long call Short put Short call Long put

index points, or 78 x $50 = $3,900.
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d) As the option built in i)) represents a short position paying $4, 600 today
with an additional $50 x (K2 — K1) = 200 = $10,000 payoff at maturity
on March 28, T would definitely enter this position.

As for the option built in ii)), it is less profitable because it costs $3, 900,
however it is still profitable taking into account the $10,000 payoff at
maturity on March 28.

Chapter 6
Exercise 6.1
a) We have
Fx(z) =P(X <=z)
= [ x(y)dy
1

— Y
= J; G

; [ <9+y>7]0

:17<0+‘L> zeRy.

b) Since the distribution of X admits a probability density function, the
cumulative distribution function z — Fx () is continuous in z and we
have P(X = z) = 0 for all z > 0. Hence the Value at Risk V)g at the level
p is given by the relation Fx (V%) = p, i.e.

9 vy
. =1
(9+V§§> P

5+(in )

In particular, with p = 99%, 0 = 40 and v = 2, we find

which gives

VE = ((1-p)~"7 = 1)0 = 40(V100 — 1) = $360.
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Fig. S.6: Pareto CDF  + Fx (2) and PDF @ — fx () with Vg®” = $86.49.

Exercise 6.2

a) We have P(X = 100) = 0.02.
b) We have Vi = 100 for all ¢ € [0.97,0.99].
¢) The value at risk Vi at the level ¢ € [0.99, 1] satisfies

Fx (Vi) =P(X < V{) =0.9940.01 x (Vi —100)/50 = q,
hence
Vi =100+ 50(100g — 99) = 5000q — 4850, q €[0.99,1].
Exercise 6.3 We find V)%Q% = 100 according to the following cumulative
distribution function:

Fx(z)
100’ 4
099

% t t t .
10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 v

Fig. S.7: Cumulative distribution function of X and Y.

Exercise 6.4

a) We have

1
VP :=inf{zeR : H’(X<$)>p}:—Xlog(l—p):]E[X]loglip.
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When p = 95% this yields
VL ~ 2.996E[X].

b) We find that the required capital C'x satisfies

Cx = VE —E[X] = E[X]log —— — E[X],

1-p
Cx = V&% —E[X] ~ 1.996E[X],

which means doubling the estimated amount of liabilities.

Exercise 6.5 By Proposition 6.2 and the geometric series identity (13.53), we
have

1
E[X | X >d] = WE[XI{)@(:}]

1

e g;k]l’(X =k)

B Z(ll—m'“ 2 k=)

k=0

=a+p) k(1-p)*

k>0
1
=a+ —
p
=a+E[X].

This can be recovered numerically for example with ¢ = 11 using the ‘R code
below.
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geo__samples <- rgeom(100000, prob = 1/4)
mean(geo_ samples)
mean(geo_samples[geo_samples>=10])

Exercise 6.6

a) As in the proof of the Markov inequality, for every > 0 and r > 0 we

have
T"P(X > z) = 2"E [1{x54]
SE[X"(xz0]
<E[X[T,
hence 1
P(X<z)>1- ?]E[|X|T], z > 0. (A1)

From the inequality (A.1), it follows that
Ve =inf{zeR : P(X <) >p}

) 1
<inf{zeR : 1—;]E[|X\T] >p}

= inf {.L ceR : 2" > LIEHX\’]}
I-p

_ (EIXI\YT
1-p
Xz

g

b) Taking p = 95% and r = 1 we get

0; 1
VPt < EIEHXH = 20E[| X|].

To summarize, a smaller L"-norm of X tends to make the value at risk
Vx smaller.

Exercise 6.7
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See the attached code* for a solution using R.

a)

i) VaR® ; = 5.
ii) VaR%, j; = 4.
iii) VaRp. 4 = —3.
iv) VaR®) ;; = —2.

b) By Proposition 6.16, we have:

i) VaR% ¢
i) VaR®’

iii) VaRg o=
iv) VaRp, q

= 1.15+3.048% gnorm(0.95)=6.164,
= 1.15+3.048x gnorm(0.80)=3.71551,

1.15-3.048x gnorm(0.95)=-
1.15-3.048x qnorm(0.80)=-1.41551,

3.864.

Remark. The “Practitioner” Values at Risk can be better visualized after ap-
plying top-down and left-right symmetries (or a 180° rotation) to the original
CDF, as in the next figure.
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* Right-click to save as attachment (may not work on O)
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library(PerformanceAnalytics)

stock.rtn <- c( -3, 4, 5, 4, 1, 5, -2, -1, -2, -4,  6, 4, 3, 0, 1,  3, 1, -3, -1, 2) 

stock.ecdf=ecdf(as.vector(stock.rtn))

widths=c(50,50,120)
layout(matrix(c(1,2,3), 1, 3, byrow = TRUE),widths)
	
times=seq(1,length(stock.rtn))

m=mean(stock.rtn)
s=sd(stock.rtn)

plot(times,stock.rtn,pch=19,cex=1,col="purple", ylab="", xlab="", main = 'Data samples',axes=FALSE)
axis(side = 2, at = c(-4,-3,-2,-1,0,1,2,3,4,5,6),labels=c("",-3,-2,-1,0,1,2,3,4,5,""))
axis(side = 4, at = c(-4,-3,-2,-1,0,1,2,3,4,5,6),labels=c("-4","","",-1,0,1,2,3,"","",6))

segments(x0 = times, x1 = times, lwd=1.8, y0 = 0, y1 = stock.rtn,col="purple")

abline(h = 6, lwd=0.3, col="black")
abline(h = 5, lwd=0.3, col="black")
abline(h = 4, lwd=0.3, col="black")
abline(h = 3, lwd=0.3, col="black")
abline(h = 2, lwd=0.3, col="black")
abline(h = 1, lwd=0.3, col="black")
abline(h = 0, lwd=0.3, col="black")
abline(h = -1, lwd=0.3, col="black")
abline(h = -2, lwd=0.3, col="black")
abline(h = -3, lwd=0.3, col="black")
abline(h = -4, lwd=0.3, col="black")

VaR2 <- function(p){
ordered<-stock.rtn[order(stock.rtn)]
i=length(ordered)
v=ordered[i]
while(length(stock.rtn[stock.rtn<=v])/length(stock.rtn)>=p)
{i=i-1;VaR2=v;v=ordered[i]}
return (VaR2)}

VaRP2 <- function(p){
ordered<-stock.rtn[order(stock.rtn)]
i=1
v=ordered[i]
while(length(stock.rtn[stock.rtn>=v])/length(stock.rtn)>=p)
{i=i+1;VaRP2=v;v=ordered[i]}
return (VaRP2)}

VaRG2 <- function(p){return (m+s*qnorm(p))}
VaRGP2 <- function(p){return (m-s*qnorm(p))}

p1=0.95
p2=0.80
 
cat("Number of samples=",length(stock.rtn),"\n")
cat("VAc",p1*100,"H=",VaR2(p1),"threshold=",length(stock.rtn[stock.rtn<=VaR2(p1)])/length(stock.rtn),"\n")
cat("VAc",p2*100,"H=",VaR2(p2),"threshold=",length(stock.rtn[stock.rtn<=VaR2(p2)])/length(stock.rtn),"\n")
cat("VPr",p1*100,"H=",VaRP2(p1),"threshold=",1-length(stock.rtn[stock.rtn<=VaRP2(p1)])/length(stock.rtn),"\n")
cat("VPr",p2*100,"H=",VaRP2(p2),"threshold=",1-length(stock.rtn[stock.rtn<=VaRP2(p2)])/length(stock.rtn),"\n")

cat("VAcG",p1*100,"G=",VaRG2(p1),"threshold=",length(stock.rtn[stock.rtn<=VaRG2(p1)])/length(stock.rtn),"\n")
cat("VAcG",p2*100,"G=",VaRG2(p2),"threshold=",length(stock.rtn[stock.rtn<=VaRG2(p2)])/length(stock.rtn),"\n")
cat("VPrG",p1*100,"G=",VaRGP2(p1),"threshold=",1-length(stock.rtn[stock.rtn<=VaRGP2(p1)])/length(stock.rtn),"\n")
cat("VPr",p2*100,"G=",VaRGP2(p2),"threshold=",1-length(stock.rtn[stock.rtn<=VaRGP2(p2)])/length(stock.rtn),"\n")

axis(side = 4, at = c(VaR2(p1),VaR2(p2),VaRP2(p1),VaRP2(p2)), labels=c(paste("VAc",p1*100),paste("VAc",p2*100),paste("VPr",p1*100),paste("VPr",p2*100)),las = 1,lwd=0,lwd.ticks=0,tick=FALSE,cex.axis=0.8) 
axis(side = 2, at = c(VaRG2(p1),VaRG2(p2),VaRGP2(p1),VaRGP2(p2)), labels=c(paste("VAcG",p1*100),paste("VAcG",p2*100),paste("VPrG",p1*100),paste("VPrG",p2*100)),las = 1,lwd=0,lwd.ticks=1,tick=TRUE,cex.axis=0.7) 

abline(h = VaR2(p1), lwd=0.3, col="purple")
abline(h = VaR2(p2), lwd=0.3, col="purple")
abline(h = VaRP2(p1), lwd=0.3, col="purple")
abline(h = VaRP2(p2), lwd=0.3, col="purple")
abline(h = VaRG2(p1), lwd=0.3, col="red")
abline(h = VaRG2(p2), lwd=0.3, col="red")
abline(h = VaRGP2(p1), lwd=0.3, col="red")
abline(h = VaRGP2(p2), lwd=0.3, col="red")
 
hist(stock.rtn, main="Frequency histogram", xlab = '',ylab = '', col = "orange", cex.axis=.8, breaks = c(-4.75,-4.25,-3.75,-3.25,-2.75,-2.25,-1.75,-1.25,-0.75,-0.25,0.25,0.75,1.25,1.75,2.25,2.75,3.25,3.75,4.25,4.75,5.25,5.75,6.25),axes=FALSE)
axis(side = 2, at=seq(0,4),las=2) 
axis(side = 1, at = seq(-4,6),labels=seq(-4,6))

plot(stock.ecdf, xlab = 'Sample Quantiles', lwd=2, cex=1, ylab = '',main = '',col='blue', axes = FALSE)

axis(side = 1, at = c(stock.rtn,7)) 
axis(side = 2, at = c(0.0,0.05,0.2,0.8,0.95,1.0),las=2)

abline(h = 0.95, lwd=0.3, col="black")
abline(h = 0.8, lwd=0.3, col="black")
abline(h = 0.05, lwd=0.3, col="black")
abline(h = 0.2, lwd=0.3, col="black")

axis(side = 1, at = c(VaR2(p1),VaR2(p2),VaRP2(p1),VaRP2(p2)), labels=c(paste("VAc",p1*100,"     "),paste("VAc",p2*100,"     "),paste("VPr",p1*100,"     "),paste("VPr",p2*100,"     ")),cex.axis=0.8,las = 2,lwd=0)
axis(side = 3, at = c(VaRG2(p1),VaRG2(p2),VaRGP2(p1),VaRGP2(p2)), labels=c(paste("VAcG",p1*100,"     "),paste("VAcG",p2*100,"     "),paste("VPrG",p1*100,"     "),paste("VPrG",p2*100,"     ")),cex.axis=0.8,las = 2,lwd=0,lwd.ticks=1)

abline(v = VaR2(p1), col="purple")
abline(v = VaR2(p2), col="purple")
abline(v = VaRP2(p1), col="purple")
abline(v = VaRP2(p2), col="purple")
abline(v = VaRG2(p1), col="red")
abline(v = VaRG2(p2), col="red")
abline(v = VaRGP2(p1), col="red")
abline(v = VaRGP2(p2), col="red")

# dev.off()

cat("Historical VaR",p1*100,"=",as.numeric(VaR(stock.rtn, p1, method="historical",invert=FALSE)),"\n")
cat("Gaussian VaR",p1*100,"=",as.numeric(VaR(stock.rtn, p1, method="gaussian",invert=FALSE)),"\n")
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Chapter 7

Exercise 7.1

a) Noting thatp =1—

e~ AVaR

X and using integration by parts on [VatR’;(7 oo)

with u(z) = 2 and v/(x) = ™%, we have

E[X | X > VaRL/]

b) We have

00

[_i —Az]‘” 1
VarRh A JVaR%

_ P 1 _ P
o )\VaRX_,’_ﬁe /\VaRX>

1-p
/\2

VaRI}](
A

N 7 N N

7/\(1171)) Jpl log(1 - ¢)dq

7/\(1171)) _Lj_p(logq)dq

1—p+(1-p)log
A1 -p)

1
1-p
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= E[X]+V%.

Exercise 7.2

a) If P(X > z) > 0 we have E[(X — z)1;x.}] > 0, hence
IE[X]I{X>Z}} > IE[Z]I{X>Z}} = Z]P(X > Z),

and
E[X1ix>s)]
P(X > z)
Recall that E[X | X > 2] is not defined if P(X > z) = 0.
b) We have

E[X|X >z = (A2)

E[X] = E[X1{x<.}] + E[X1{x>.]
< zE [H{ng}] +]E[Xﬂ{x>z}}
= 2P(X < 2) + E[X1{x>]
SEX | X >z2P(X <z)+E[X|X >z]P(X > 2)
=E[X|X >z

Note that E[X] =E[X | X > z] when P(X < z) =0, i.e. P(X > z) = 1.
¢) When P(X < z) > 0, from (A.2) we find

E[X] < 2P(X < 2) + E[X1xs,]
<E[X|X>2]P(X <z2)+E[X|X>:z]P(X >=z)
=E[X|X >z

d) By (6.7) we have P(X < V§) = p > 0, hence by (c)) above we find
CTEY =E[X|X > V] > E[X].

Exercise 7.3

a) We have VaR%® = 4 and CTE}® = 6.
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Data samples Frequency histogram g é
SR . -
B 1 —
24 l i |
b) We have VaR%® = 2 and
2 x4 1
CTE%S = M - l — 4.95.
4 4
8 8
Data samples Frequency histogram H g
R R —
1w | l L —
: 1 ' —
AN 5 5201 zaas s
Sample Quantiles
Equivalently, we have
0.05x3+0.1x440.05x6
CTE® =
X 0.05 + 0.1+ 0.05
~0.05x340.1x4+0.05x6
B 0.2
0.85
= —— =4.25.
0.2
Exercise 7.4
90% _
a) VaRy"* = 4. si6 1
b) IE[X]l{XW;U%}} =5 %

o) P(X > V%) = 2

23"
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]E[X]lx VQO%} 546 11
d) CTE®% —E[X | X > V%) — VW b 510 11 .,
) X (x| gl IP(X>V§M’) 2 2
445+6 15
e) IE[X]l{XkV)%O%}] :?)T = g
S Yo%y — 2
f) 1I)(X—/VXI) 23
90% __ 90% 90% _

g) ESY _717P(JE[X11{X>V;U%}}+V (1-p—P(X 2 V")) =10x
445+6 3 150 23-3 150 —40x 0.7
20T i 10x4(01- =) =2 44 = =

a3 10X (O 23) a3 T TR 23
122 5504
23 T

1 1 21/23 22/2
90% _ q 1, q
) TVX™ = 1—pf Vit = 1-p (I VXdQ+f21/23 VXU [y Vqu)

1 2/23 2/23
—_— d
1-p <I j 22/236 q)

1 21 5 6\ S84-92+5+46 122
A(2 O _ 8279 ob 122 50
1—p< (23 p>+23+23> 23(1—p) 23

We note that ES%)% = TVS))?% according to Proposition 7.12. The attached
R code computes the above risk measures, as illustrated in Figure S.8.

> source("var-cte__quiz.R")
VaR90= 4, Threshold= 0.9130435
CTE90= 5.5

ES90= 5.304348

8
Data samples Frequency histogram 5
———
ore eso oo ] =
5 09 —
4 Vs -—
34 L
-—
24 L
1 r 2 -—
0 L
-—
4 4 L
2 L 1 -—
3 - L —
-—
-4 - L 0 0.0
[ERRERERERE] | e p e e T
4 1135 4 8 2 4 0o 1 2 3 5 6 7

VaR 8D &

Sample Quantiles

Fig. S.8: Value at Risk and Expected Shortfall for small data.

Exercise 7.5
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library(PerformanceAnalytics)

# library(quantmod)

# getSymbols("1800.HK",from="2007-01-03",to="2011-12-02",src="yahoo")
# stock=Ad(`1800.HK`)
# stock.rtn=(stock-lag(stock))/stock;
# stock.rtn<-as.numeric(stock.rtn[!is.na(stock.rtn)])

stock.rtn <- c( -3,  -1, 1,5,3,2,-1, -2, -3, -1,3,6,1, 0 ,0,0,2,1,-2, 1,2,-4,4) 

# stock.rtn <- c( -3, 4, 5, 4, 1, 5, -2, -1, -2, -4,  6, 4, 3, 0, 1,  3, 1, -3, -1, 2)

# stock.rtn <- c( -3,  -1, 1,5,3,2,-1, -2, -3, -1,3,6,1, 0 ,0,0,2,1,-2, 1,2,-4,4)

stock.ecdf=ecdf(as.vector(stock.rtn))

widths=c(50,50,120)
layout(matrix(c(1,2,3), 1, 3, byrow = TRUE),widths)
	
times=seq(1,length(stock.rtn))

m=mean(stock.rtn)
s=sd(stock.rtn)

plot(times,stock.rtn,pch=19,cex=1,col="purple", ylab="", xlab="", main = 'Data samples',axes=FALSE)

segments(x0 = times, x1 = times, lwd=1.8, y0 = 0, y1 = stock.rtn,col="purple")

abline(h = 6, lwd=0.3, col="black")
abline(h = 5, lwd=0.3, col="black")
abline(h = 4, lwd=0.3, col="black")
abline(h = 3, lwd=0.3, col="black")
abline(h = 2, lwd=0.3, col="black")
abline(h = 1, lwd=0.3, col="black")
abline(h = 0, lwd=0.3, col="black")
abline(h = -1, lwd=0.3, col="black")
abline(h = -2, lwd=0.3, col="black")
abline(h = -3, lwd=0.3, col="black")
abline(h = -4, lwd=0.3, col="black")

VaR2 <- function(p){
ordered<-stock.rtn[order(stock.rtn)]
i=length(ordered)
v=ordered[i]
while(length(stock.rtn[stock.rtn<=v])/length(stock.rtn)>=p)
{i=i-1;VaR2=v;v=ordered[i]}
return (VaR2)}

TVaR2 <- function(p){
ordered<-stock.rtn[order(stock.rtn)]
l=length(ordered)
i=l
TVaR2=0
v=ordered[i]
while(length(stock.rtn[stock.rtn<=v])/length(stock.rtn)>=p)
{v=ordered[i] 
j=1;
while (v==ordered[i-j]) {j=j+1}
i=i-j
TVaR2=TVaR2+v*min(j/l,(i+j)/l-p)
v=ordered[i]
}
return (TVaR2/(1-p))}

CTE2 <- function(p){return (mean(stock.rtn[stock.rtn>VaR2(p)]))}

m=mean(stock.rtn)
s=sd(stock.rtn)

ES2 <- function(p){return (VaR2(p)+(mean(stock.rtn[stock.rtn>=VaR2(p)])-VaR2(p))*length(stock.rtn[stock.rtn>=VaR2(p)])/length(stock.rtn)/(1-p))}

p=0.90
 
axis(side = 2, at = c(-4,-3,-2,-1,0,1,2,3,4,5,6,ES2(p)),labels=c(-4,-3,-2,-1,0,1,2,3,4,5,6,""),las=2)
axis(side = 4, at = c(-4,-3,-2,-1,0,1,2,3,4,5,6,ES2(p)),labels=c("","","","","","","","","","","",""),las=2)

cat("Number of samples=",length(stock.rtn),"\n")
cat("VaR",p*100,"=",VaR2(p),"threshold=",length(stock.rtn[stock.rtn<=VaR2(p)])/length(stock.rtn),"\n")
cat("CTE",p*100,"=",CTE2(p),"\n")
cat("ES",p*100,"=",ES2(p),"\n")
cat("TVaR",p*100,"=",TVaR2(p),"\n")

axis(side = 2, at = c(CTE2(p)), labels=c(paste("CTE",p*100)),las = 1,lwd=0,lwd.ticks=0,tick=FALSE,cex.axis=0.8) 

axis(side = 4, at = c(VaR2(p),ES2(p)), labels=c(paste("VaR",p*100),paste("ES",p*100)),las = 1,lwd=0,lwd.ticks=0,tick=FALSE,cex.axis=0.8) 

abline(h = VaR2(p), lwd=0.5, col="red")
abline(h = CTE2(p), lwd=0.5, col="red")
abline(h = ES2(p), lwd=0.5, col="red")
 
hist(stock.rtn, main="Frequency histogram", xlab = '',ylab = '', col = "orange", cex.axis=.8, breaks = c(-4.75,-4.25,-3.75,-3.25,-2.75,-2.25,-1.75,-1.25,-0.75,-0.25,0.25,0.75,1.25,1.75,2.25,2.75,3.25,3.75,4.25,4.75,5.25,5.75,6.25),axes=FALSE)
axis(side = 2, at=seq(0,4),las=2) 
axis(side = 1, at = seq(-4,6),labels=seq(-4,6))

plot(stock.ecdf, xlab = 'Sample Quantiles', lwd=2, cex=1, ylab = '',main = '',col='blue', axes = FALSE)

axis(side = 1, at = c(stock.rtn,7,ES2(p)),labels=c(stock.rtn,7,""),las=1)
 
axis(side = 2, at = c(0.0,p,1.0),las=2)

abline(h = p, lwd=0.3, col="black")

axis(side = 3, at = c(CTE2(p)), labels=c(paste("CTE",p*100,"     ")),cex.axis=0.8,las = 2,lwd=0)

axis(side = 1, at = c(VaR2(p),ES2(p)), labels=c(paste("VaR",p*100,"     "),paste("ES",p*100,"     ")),cex.axis=0.8,las = 2,lwd=0)

abline(v = VaR2(p), col="purple")
abline(v = CTE2(p), col="purple")
abline(v = ES2(p), col="purple")

# dev.off()

cat("Historical VaR",p*100,"=",as.numeric(VaR(stock.rtn, p, method="historical",invert=FALSE)),"\n")
cat("Historical ES",p*100,"=",as.numeric(ES(stock.rtn, p=.90, method="historical",invert=FALSE)),"\n")
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a) The value at risk is V)9(8% = 100.

Fx(z)

1.00

0.99 1
P=0.98
097 1

0.96 +
L
L L ° L L L L

=20 —-10 0 10 20 30 40 50 60 70 80 90

100 110 120 130 140 150 160

"

Fig. S.9: Cumulative distribution function of X.
b) Taking p = 0.98, we have

0 1 1

98% q

vy _1—pLLqu
1

G0z ((0:99 — 0.98) x 100 + (1 - 0.99) x 150) = 125.

¢) We have

07 1
98% __
CTEX” = b s ﬁ)m[xn{xwﬁ}}

1
— — 4
= 0ol x 150 x 0.01 = 150.

d) We have

! E | X1 V)I; 1 P(X >V
7 [ {X>v§}]+1_p( —-p—P(X > Vx))
100

1
= 55 (100 x 0.03 4150 x 0.01) + 5= (0.02 = (0.03 4 0.01))
45 100
=55 T 55 (0:02—(0. 01)) = 125.
002+ 0oz (002 (0.03+0.01)) =125

ESY =

Note that we also have

1 %
ESP% = — [X]l{X>V§}] o (= P(X > Vx))

1 100
— (150 x 0.01) + — (0.02 — 0.01
0.0z (190 %000 + 700 ( )

— 125,
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hence the Expected Shortfall ES%?% does coincide with the tail value at
risk TV%.

Exercise 7.6

a) The cumulative distribution function of X is given by the following graph:

Fx ()
1.02 1
1.00
0.98 T
0.96
091 +
0.92 +
0.90
0.88 ¢

R A
Fig. S.10: Cumulative distribution function of X.
b) The distribution of X 4+ Y is given by
P(X+Y =0)=81%, P(X+Y =100)=18%, P(X+Y =200)=1%.

The cumulative distribution function of X + Y is given by the following
graph:

7 — — —
=20 -10 0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200 210

Fig. S.11: Cumulative distribution function of X + Y.
¢) We have V)‘?‘(l% = V)(é‘rjr% = V)‘?(K} = 100.
s s 99% __ e
Note that we have V37/3. = 100 because

V)%Q% — 1nf{z cR : ]P(X < I) > 099} = 100.

d) We have
. 1 1-09
TVE® = Vidg =1 = 100.
X T 1209 Joo Vxda =100 5575 = 100
e) We have
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1
9% _ q
TVily = 1-09 Joo Vx.ydq

1 0.99 1
0.1 (jo.g 100dq + fo.gg QOOdq)

(100 x 0.09 + 200 x 0.01)

‘ =

1

= o
o~

)

and

o 1 1
80% __ q
TVX+Y T 1-08 J‘O.Q VX+qu

1 0.81 0.99 1

=02 <jo‘8 0dg + [ 100da + [ oo 200dq>
1

= 02 (100 x 0.18 + 200 x 0.01) = 100.

Exercise 7.7 (Exercise 6.2 continued).

a) For all p € [0.99,1] we have

1 1
P q
TV = — 7PL Vidg
1 1
= ﬂfp (5000q — 4850)dgq
_ 1 (1-p% ,
=1 (5000 S — (1 p)4850
= 2500p — 2350.

In particular,

TVE” = 2500 x 0.99 — 2350 = 125 > V% = 100.
b) We have V)%S% =100 and

CTEY” = E[X | X > V§*]
1
P(X > 1/;38%)IE [XH{X>V§8%}

1 oo
= 501 Jioo zfx (z)dx
_ 1 oo zdFX(m)dx
0.01 J100 dx
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1 0.01
- Wﬁ 100 o
1502 — 1002

T 2x50

= 125.

Note that

0.01 1 (1-0.99%)
98% __ RS
VR = 553 X 100+ 503 (5000 5 0.01 x 4850

112.50
> V% =100,

which differs from CTE%?% = 125 since

P(X = V%) = P(X = 100) = 0.02 > 0.

Exercise 7.8

a) We have

VR :=inf{zeR : P(X >p}= log
b) We have
1 0o
c p = U o
E[X | X > VaRE] (XS Vail) fvmf;( 2fx (z)da
1
:7joo e Mdy
1 —p Jvar%
1 00 re~*
N 1—ijal{1' (1+e*z)2dL
Vs RP VaRg(
= 1og(1+ev‘lRp)—7d x° >
1- 1+ Vel
= log 1+L _t» 1 logL
17p 1-p 17plfpl-i-1 1-—
1 1
= 1 og ——— — Ll _r_
T-p ®1-p 1-p ®1-p
:—1_p10gp—log(1—p)-
¢) We have
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1 1
TV = — Vid
X 17pfp xaq

1 1 q
=— | L d
1—pfp Ogl—qq

1 1 1 1
= — | loggdg— —— [ log(1 - q)d
1_pfp 0g gdq 1_pL 0g(1 - q)dq

1 1 1 rl-p
=1 fp logqdq — — » JO log qdg

1 1 1 1 1
,71_pjp loquq——l_p (jo lqudq_L,pk)quq>
p—1—plogp —1+p+(1—p)log(1—p)

1-p 1-p
= 1ogp—log(1-p).

1-p

Exercise 7.9

a) We have
(oo}
@P(Z > q) = Elqlizsq)] <E[Z1{z54] = L zfz(x)de,  ¢=0
b) We have
Jm xfz(x)de = Joo zd(z)dx
q q
_ 1 el —z2/2
= 75 L ze dx
— 7L —a2/2 b
 Ver [e L
— chqzﬂ
V2r
=d¢(a), q=0,
and 1 —p = P(Z > gq), hence
o0
(-pa< [~ afz@)de =o(0),  1>0.
¢) Taking ¢ := ¢, with 1 —p =P(Z > ¢},), we recover
VL= b < X 4(qh) = CTER
X—/LX+UXQZ\HX+17P¢(Qz)_ X
O 357
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see Proposition 7.5.

Chapter 8
Exercise 8.1
a) We have
E[X | G] = A¢ jo°° we NG dy = Ai
G
and 1
E[X | B] = Ap [~ ae 97z = e
B
b) We find
fx(z | B)P(B)
PB|X =2)=
BIX=2)= 5 GTOPE) + fx (o | BIP(E)
_ Ape 8P (B)
" Age 267P(G) + Age=*57P(B)
1
- )\G]P(G) (AB=Ag)T
LW 105
B 1
- P(G)’
1+ )\(x)IP(B)

where A(z) is the likelihood ratio

fx(@]G) _ A¢ REVRYS)
AMz) = BTAG)T, z>0.
@)= 5 @lB) = A" :
¢) The condition
DP(B|X =2)<LP(G| X =xz)

rewrites as

P(B|X =2)<L(1-P(B|X = 1)),

i.e.
(L+D)P(B| X =) < L
or L D
* <
14 A(2) DG
P(B)
358
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or
— 26 p-rg)e 5 PP(B)
A(x)f)\Bc ZIP@G)
This condition holds if and only if
1 D A\pgPP(B)
> -
R PR <L AP (G)
provided that Ap > Ag. Therefore we have
DPP(B) }
o = {x eR : Az
(z) 2 PG

Z LP(G)
e (T3ir@) =)

under the condition

]E[X|B]:$<)\1’ (X1G].
Exercise 8.2
a) We find
o fx(z | BYP(B)
PBIX=2) = - TEP(G) + fx (o | BIP(B)
=1 (z) P(B)/ s
DAY P(G) /ag + P(B) /A
1
= Toaal®) — pray
HH5er(B)
b) We have

) 1 g A
EIX 6= [ ufx(y| Gy =5 [ vy =,

and similarly
"00 1 rxe AB
E[X\B]—J_myfx(le)dyngO ydy = 5=

¢) The condition
DP(B|X =2) < LP(G| X =1)
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rewrites as

DP(B|X =2)<L(1-P(B| X =1)),

i.e.
(L+D)P(B| X =z)<L
o AsP(G)
B
r) < T —.
Dljga, (@) € L1, 00) (@) + L,\G]P(B)
This condition holds if and only if
Mg . DPP(B)
> — .
Ao~ LP(G)

when z € [0, \p], and is always satisfied when = € (Ag,00). Therefore,
we have &/ = R if
A
pye
and & = (A\g,o0) if
Az _DP(B)
e L

under the condition
]E[XlB] :/\B<)\G:]E[X‘G].

Exercise 8.3

a) We have
Folz) =e 9% and Fp(z) =e 8% 23>0,
hence !
=1 ogy
Fp (y) = T y € (0,1],
B
and

= =1 _ = [ _logy
Fa(Fg (v) = Fa ( e >
— orcllogy)/Ap
= y/\G//\B7 ye [07 1}

We check that, according to Proposition 8.7,

360 S
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d—= =1 d Aa/x

2 F(F = 2 6/2B

dy G( B (y)) dyy

_ iekc(logy)/AB
dy

_ A6 aallogy)/Ap
YAB

_ AG (A-Ap)(0gy) /A5
AB

— A6 (A1) T W)
AB

AFE (), zelo1].

Figure S.12 presents three samples of exponential ROC curves, with suc-
cessively (/\Bv)\G) = (107 1)7 (/\Bv)‘G) = (27 1)? and ()‘By)‘G) = (17 1)

4
Z o8l
=
5 06
g oal
P Ag=10Ag=1 =
s 02 A2 A0m1 ——
Ag=1Ag=1 ——
0 1 1 1 1
0 02 0.4 06 038 1
False Positive Rate (FPR)
Fig. S.12: Exponential ROC curves.
We have
Fo(e):=1-+-, z€0,Ad],
e
and "
FB(I) =1-— x€[07/\3}7
AB
hence B
Fgl(y) == Xp(1-y), yelo1],
hence
= =1 AB A=A | Ap
Fo(F =1-2B_yy=2¢_28,25 0,1].
G( B (I)) /\G( ) )\G + )\G’y7 ye[ ) ]
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Figure S.13 presents three samples of uniform ROC curves, with succes-
sively (Ap, A\g) = (1,8), (Mg, A¢) = (1,2), and (Mg, Ag) = (1,1).

Z os}

S

s

5 o6l

[

=

7 04l

o

] Ag=1Ag=8 ——

> | 8=1,

2 02 Ag=1Ag=2 ——
Ag=1Ag=1 ——

0 1 1 1 1
0 02 0.4 06 038 1

False Positive Rate (FPR)

Fig. S.13: Uniform ROC curves.

Exercise 8.4

a) We have

P(B)fx (x| B)
P(G)/x(w | G) + P(B)fx(a | B)
IP(B)e—(z—1p)*/(20%)
= P(G)e 1)/ (357 { P(B)e— @5/ (25%)
1
= 1+ eoHrBz’

P(B|X =2z) =

r €R,

with
PPy 1.
[oa

__aHctH P(G)
o= 75%+10g <W>

and

b) We have

_ Ix(=]G)
fx(z | B)
— o~ (@=pG)?/ (20%)+(@—pp)?/ (20%)

o~ g —np—22(ug—pp))/(20%)

Az)

= PGB/ (200 e R

362 O
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¢) The condition

() P(G)
is equivalent to
u > MG MB—H (D x >
L(x)
uc I IP(B) D(x)
1 It
27 T%pg) T8 ()
1% — 1 IP(B)
2 +logIP(G)+z(a+b)
hence
1 — 1% 1 P(B)

Z 2% (f—a-b) T F—a=b 8 P(@G)

provided that

B = 7MG_MB >a+b.

In this case, we have

2 _ 9
o =[x, 00) = be—Fp 4 ! ]1’(B§7OO> ,

22 —a—b)  B—a—b PG
where ) ) B)
* . HG — FB 1 P(B
T (a1t T F—a—b ¢ P(G)
Chapter 9

Exercise 9.1 By differentiation of (9.2), i.e.

P(r<T|F):=P(Sr < K|F)

_ (_ (1 —02/2)(T —;)_tlog(st/}())> o

WV
-

with respect to T, we find

2
dP(r < T | F) = — L (“ +M>

202r(T— 1) \ 2

2 M T—1¢

O 363
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y ((n—02/2)(T —t) +log(S;/ K)))*
P 2T — t)o? ’

provided that p < o2/2.

Exercise 9.2 Consider the first hitting time
T =inf{fu>t : S, <K}

of the level K > 0 starting from S; > K. By Lemma 15.1 in Privault (2022),

we have
K > 2r/c?
b

E* [C—(kat)r‘]_-t] — (?
t

provided that S; > K.

Exercise 9.3

a) We have

IE[X]CXI] =E {(ak]\l+ \/1— aiZk)(al]V[ +4/1 - (ZIZZI):|
—E {akaljvﬁ +apMyJ1-a?Z + a,M\/l — a2+ \/1 7 az\/l - aZQZkZl}
= arqE[M?] + ary/1 — a?E[Z;M] + a;1/1 — o} E[Z;,M]

+1/17ai 17al21E[ZkZl]

= arqE[M?] + agy/1 — o7 E[ZJE[M] + a;\/1 — a} E[Z;,]E[M]

+/1—ai\/1—ailp_y

= aga;+ (1—a}) Ly
= Ly + apa gy, k,l=1,2,...,n,

b) We check that the vector (X1, ..., X, ), with covariance matrix (9.12) has
the probability density function

(w1, 70)
_(w—agm)? (zn—anm)® _m2/2
1 5 2\-1/2 (™ 2(1—a2 —lprys e/
- - 1— S (1=a?) ... 2(1-a3) d
(2m)n/2 I:CEII( ai) jfooe ¢ Vor "
364 S
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which is jointly Gaussian, with marginals given by

o0 (oo}
Ty >—>j f (1, xp)dey -+ deg_1dzgsy - day
— —o0

_ (ep—apm)” akm)z —m?2/2

_ j 2(1-a7) © dm
[on V2T
_ zk—akm) _m2/2
_ j 2(1— ak) dm
27r,/17a
a? —2agapmim?
= j 2(1-ap) dm
27r,/1—a
(m— aka:zk)
= j 20-9) dm
27r,/1—a
= e /2 g eR
\/271'
¢) We have
n (@ —aym)? (@n—anm)® —m?2/2
) B 1 2\—1/2 (o 2(1—a2) T 21-a2) ©
w(ml,...,xn)fwﬂ(lfak) j—ooc e n ﬁdm
k=1
2 2 2
n y [(#3+a?m®—2z1a1m 22 +a2m —Zacnan'm 2
1 2\—1/2 [ 75( T—a2 4 a2 *’") dm
SR (R 1 ) an
(2m) k=1 o 2
1 *%(;ZJr iy ) - 2\-1/2
_ To-e
(2m)"/2\/21 -
m2 (4 a i 2 ’-1“1 Tpan
I‘oo o 2 +17a%+"'+1 aZ )T )+M+2(1—a%’,,) dm
Joco
—l(%%‘ g SR ) 1 (2109 opapn )2
e 2\1-e3 1-a2 3 1—a%+”'+71 at
T Ve @) -ad) | 14, e
1 " T—a? T—aZ
2 2 -1/2
)1+ g g
170% 1—a?
22 22
7%<1—i2 tetE ) 2
_ e 1 n exp 1 xr1a1 R Tnln
Vemre2(l—af) - (1-az)  \ 207 \1-af 1-ai
0 365
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22 22
(1 }12+"+1—:2) 2
_ e n exp 1 T1a1 T Tnan
2) 202 \ 1-a? 1—a2

\/(271')”(12(1 — a%) e (1—a

22 2 22 2
a1 (et . o9k
e 2(1—uf( u2(1—a1)) 1— a% a2(1-a2) 1 TpTiapay
€eX] -_— _— 5
p 202 E

o (l—ag)(lfal?)

\/(27r)”a2(17a%)~-(17a%) L<pil<n
_ 1 67%@:,2_11‘)’
\/ (2m)" det 2
where ) )
a Q,
a? =1+ 12+"'+ 7127
1—aj 1—aZ
and
xz(lfa%)fa? —ajas . —ajan 1
e (=a)(1-ad) (=a?)(1-a)
—a201 o?(1—a3)—a3 :
|| @ T
-1 _ 1 . .
YTt = o2
o?(1-a} 1) ay ) —Gn-—1an
(1=a}_y) (1-a7_))(1-a3)
—anay . ana,,,l az(lfa%)—a%
| (1—a?)(1-a?) (1=a?)(1-d?_)) (1-a?)? |

Exercise 9.4 We have

_ 1 ajas
L= [agal 1 :|7

Wit a? N a2

T i-a2 T 1-d

(17a1)(17a2)+a1(17a%)+a§(lfaf)
(1-af)(1-a3)

2,2
— 1 —aja;

- (1—af)(1-a3)’

and letting

we find
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r (1 a ) ”f _ ajaz
g L | e T
o? | _ aga1 o*(1-a3)—aj
L (l—ag)(l—a;f) (176@)2
[ _a? 1— (1*‘15)“1% _ ajag
_ i 1-a? 1—a2a? (1*(1%)(1*(@)
ao? _ aszay o (1. (1_“1)‘13)
p
(1*&2)(1*&21) 1*(122 1*&271121
[ a? a1
_ i 1—a§a$ (1 a )(1 az)
- a2 agal 2
T (1=d 2)(1-a?) 1— agaz
o? ajas
_ (1 — a])(l - az) 1—a2a? (= all(l a2)
1—a (12 asay a”
27 (= a2)(1—a?) 1-a2a?
a? a1
_ i 1—a2a? T (1—d 2)(1—a2)
- a2 a2a1 a2
T (1-d 2)(1-a?) 1—a3a?

o 1 1 —ajaz
1—a3a? [—aia2 1 '

In particular, the case n = 2 is able to recover all two-dimensional copulas
by setting the correlation coefficient p = ajas. In the general case, ¥ is
parametrized by n numbers, which offers less degrees of freedom compared
with the joint Gaussian copula correlation method which relies on n(n—1)/2
coefficients, see also Exercise 9.3.

Chapter 10

Exercise 10.1 By absence of arbitrage we have (1 —a)e™” = e hence

a=1-—elrraT,

Exercise 10.2

a) The bond payoff Lrs7-4y is discounted according to the risk-free rate,
before taking expectation.

b) We have E[1(,>7_y] = e AT hence Py(t,T) = e_(’\“)(T_t)

c) We have Py (t,T) =e ~AF)(T—) hence A = —r — - = log Py (t,T).

Exercise 10.3

a) We have
t
re = —a Jo reds + aBél), t>0,

O] 367
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hence
firads = %(UBEU —r)
o)
= [ etnanlY,
and

LT reds = joT reds — Jot rsds

o T o rt
_ 7 _ = (T—s)a (1) _ v _ —(t—s)a (1)
== jo (1-e )dB; . f0(1 e )dBs
o t T
_ _ Y —(T—s)a _ ,—(t—s)a (1) —(T—s)a _ (1)
= U (e e YdB! +L (e 1)dB} )

0
t T
_g(ef(Tft)a _ 1) j ef(tfs)adB‘gl) _ % L (ef(Tfs)a o 1)dB§1>

a 0
1
a

—(T—t)a o (T, _(T—s)a
(e=(T-1) 71)7“,575L (e=(T=5) 71)dB£1)4

The answer for \; is similar.
b) As a consequence of the answer to the previous question, we have

T T
E Ut rods +L Asds ( ]-'t} = C(a,t, T)re + C(b,t, ),

and
T T
Var Ut Tst+L Asds ‘ Ft}
T T
= Var {L rsds .7-}} + Var [L Asds ]:t]
T T
+2Cov <L Xsds,j[ Y,ds ]—‘t>
0% (T
_ 7 —(T—s)a _ 1)2
a2L (e 1)2ds
T
+2pg L (e=(T=9)2 _ 1) (e=(T=9) _1)4s
2
(T, _(r-
+g ), (e (T=5)b _1)24s
2 (T 2 T
=0 L C (a,s,T)ds-i—QpU’r)L Cl(a,s,T)C(b,s,T)ds
368
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T
+n2ft C2(b, sT)ds,

from the It6 isometry.

Exercise 10.4 (Exercise 10.3 continued).

a) We use the fact that (¢, \t)efo,) i @ Markov process.
b) We use the tower property (A.33) of the conditional expectation given F;.

c) Writing F(¢,r4, ) = P(t,T), we have

a (e oA p(p 1))
(g + M)e o NN (4 TVt 4 e Jo e X)dsgp(y T
—(r+ A)e s tAds p( Yap 4 e Jo (A gp (1 )
—(re + Ap)e” jg(7~5+)\3)dsp( )dt+e Jo(rot2s) gF(t T, At)dre

2
F e Jolrstas)ds (?;;(t re, A )dA + e —Jolrtre) ngIF(t e, Aot (t, 7y )dt

1 ' 2F
gk (Ts“‘s)ds(z)?(t, ro, Ao (4 M) dt

ot o*F ot OF
+e IO(T”)‘S)dSﬂ%(t,n,)\t)Ul(t,H)Uz(t,/\t)dt—i—e fO(”Jr}‘S)dSW(t,Tt,)\t)dt

—e = Jo (rat2a)ds gF (t,7e, Ae)o1 (2, T‘t)dB( +e” Jo rs+2s)ds 885 (¢, ¢, A)oa(t, )\t)dB( )
it OF
e dolrstAs)ds <7(n +M)P(t,T) + a*(tﬂ”n At)p (t, )

oF 10°F 10°F
+67y(t’”’)‘t)#2(t’ At) + 202 (t, v, \e)ot (£, 7¢) 507(7577%)\15)0%(1‘/7/\0

+
i
0 (e M) (a6 0) + G (e ) )
hence the bond pricing PDE is

—(z+y)F(t,x u)+u1(t,x)gF(t z,y)
2

oF 1, O°F
+ p2(t,y) =— oy (t,z,y) + 2U1(t I)E) 5 (t,z,y)

1 *F >F oF
503 (09) g (b y) + por (6 @)a(ty) 52 (2, y) + G (tre ) = 0
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d) We have
P(t,T) = 175 E [exp (— LT reds — LT )\Sds> ‘ ft}
T T
= T(ragy exp <7]E Ut rods ’ ft] -E Ut Aods ‘ ]-‘tD
1 T T
X exXp (5 Var {L rsds +L Asds ‘ f,})
= Lirspyexp (=C(a,t, T)ry — C(,t, T)Ar)

2T 2 T
X exp (%L C?(a, s, T)ds + %L 2 (b, s,T)ef(Tfs)bds>

X exp (po’r/ LT C(a,s,T)C(b,s, T)ds) .

e) This is a direct consequence of the answers to Questions (c)) and (d)).
f) The above analysis shows that

P(r>T|G) = 1pyE {exp <_ LT )\sds> ’ Ft]

2 T
R T <fC(b,t,T)>\1, + % e s,T)ds> ,

for a = 0 and
T 2 T
E [exp <—L rsds) ‘ .7'}} = exp (—C(a,t,T)n + %L CZ(a,s,T)ds) ,

for b = 0, and this implies

Uy(t,T) = exp (po’r/ LT C(a,s,T)C(b,s, T)ds)
an

(T —t=C(a,t,T) = C(b,t,T) +C(a+b,t,T))) ‘

e (s
g) We have
0
f(t,T) = _]1{7>t}87TIOgP(t7T)

2 2
=1rsy <7’te’<T7t>a - %Cg(a,t,T) + e~ (T80 %CQ(b,t,T)>

—1grsnyponC(a,t, T)C(b,t,T).
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h) We use the relation
P(r>T|Gt) = 1oy E {exp( f A ds) }

= 1754 exp (—C(b,t,T %f c? (b,s,T)d )
= Lo I R,
where f(t,T) is the Vasicek forward rate corresponding to A, i.e.
72
fa(tu) = M”70 — 2O (b 1, w).
i) In this case we have p = 0 and

P(t,T)=P(r>T|G)E [exp <7 JtT rsds,’) ‘ ]-'t} ,

since U,(t,T) = 0.

Chapter 11

Exercise 11.1 Tt suffices to check that as A tends to oo, the ratio

j—1 k k
s;j'z(skexp (— Zaprp - Az(sp)
— — —

converges to 0, while it tends to 400 as A goes to 0. Therefore, the equation
(11.4) admits a numerical solution.

Exercise 11.2 Equation (11.4) reads

s k k
S;ffZékexp (—Zéprp—)\Z(Sp)

k=i p=i
j—1
Z ’\"k exp< Zérp)\z5>
k=i
O 371
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or

j—1
S77> "0k P(0, Tit1) exp< )\Z(S )

k=i
k
=(1-¢) (eAék_l)P((J,TkH)exp<—)\Z(5p>,
since
P(0,Tj+1) = exp Zéprp , k=012

From the terminal data of Figure 11.6 we infer with

i=0,

Jj=3,

Tp = 03/20/2015,
Ty = 06/22/2015,

t = 04/12/2015,

Ty = 09/21/2015,
T3 = 12/21/2015,
51 =69 = 63 = 0.25,
£=04,

SpP = 0.1079.

Hence, from the data of Figure S.14, Equation (11.4) rewrites as

0.1079 x 0.25

x (0.99952277 x e~ X025 4 099827639 x e 05 4 0.99607821 x e—M’%)

= (1-04) x (M0 1)

x (0.99952277 x e X025 4 099827639 x e =05 4 0.99607821 x e*“"”’) ,

with solution A = 0.0017987468. The default probability is given by p =

1 — e X075 — (0,001348151.

Next, from the discount factors of Figure S.14 we solve the Equation (11.4)
numerically in Table S.1 below to find the default rate A\; = 0.0017987468
and default probability 0.0012460256, which is consistent with the value of

0.0013 in Figure 11.6, see also Castellacci (2008).
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[ Date | Delta [ Discount Factor | Premium Leg | Protection Leg |
Jun 22, 2015(0.2611111 0.99952277 0.0002814722 | 0.0002814708
Sep 21, 2015]0.2527778 0.99827639 0.0002721533 0.000272154
Dec 21, 2015(0.2527778 0.99607821 0.0002715541 | 0.0002715548
Sum 0.0008251796 | 0.0008251796

Table S.1: CDS Market data.

Cashflows

Act Cashflow i Survival Prob| Disc Cashflow
26 11 ) y 26 3

76,666.67 76,450.4é

remium 7,513
\mount(-68,937) + Future Discount Cashflo

Fig. S.14: CDS Price data.

Exercise 11.3

a) We have
! Th1
E 1000 - G e (- [ r(0)as) | 6
k=i
E The1
=) E {(H{qu} = Lyp <) (1= Eky1) exp <*L T’(S)d5> ‘ g/}
k=i
J-t ) Ty, Ty,
=1y Z [(1 = &kt1) (c’ R sds o= AS“) e St r(9)ds ft}
k=i
O 373
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j—1

T T,
=1an(1-¢ ZC B r()dsg o= [ Asds _ o J, Ads ]:t}
k=i
j—1
=1ap(1-6) ZP(thk+1) (Qt, Ti) — Q(t, Ty 1)) -
k=i
b) We have
T
VP(t, T SN Z5k]E|: {T>Tk+1}exp< j kt1 (8)d8> ’ gt]
j—1

. Ty
=57 Zék]E L7y, <7} XD <7 Jz et r(s)ds) ‘ Gy
T1 Th1
= ]l{T>t}S Z(sk]E {exp ( j )\sds> exp (—L r(s)ds) ‘ ]:t}
ij Tht1 Th+1
=57 1sp Zék exp 7L r(s)ds | E |exp 7L Asds ’ F
k=i

j—1
= Loy Si7 Y 0k P(t, Th 1) Q(E Thpr)-
k=i

¢) By equating the protection and premium legs, we find

j—1
(1=8) > P(t, Tis) (Q(t, Th) — Q(t, Trev1))
k=i
gl
SE7S 0P, Ti1)Q(t T )-
k=i

For j =i+ 1, this yields

(1= &)P(t, Tix1) (Q,T3) — Q(t, Ti1)) = Sy 6 P(, Tie1)Q(t, Tin),
hence
__ 1=t

Sz 1+15 +1-— f

with Q(¢,7;) = 1, and the recurrence relation

(1=8)P(t, Tj+1) (Q(t, Tj) — Q(t, Tj+1))

Qt, Tiy1) =
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j—1
-£) Z P(t,Tiy1) (Q(, T1) — Q(t, Trv1))

o gl
= 878, P(t, Tjs1)Q(t, Tjsn) + ;7 Y 6k P(8, T ) Q(t Thrn),
hi
i.e.
Qt,Tj1) = -99t.T;)

1-¢+8176;
N Zl Pt Tie) (1 Q6 Ti) — Q(t, Ten) ((1-€) +54517)
P(1,Tj1) (1= & + 5;75;) '

Exercise 11.4 (Exercise 11.3 continued). From the terminal data of Fig-
ure 11.7, we find the following spread data and survival probabilities:

k| Maturity| 7] ;% (bp)| Q(¢, T3]

1 6M 0.5] 10.97 [0.999087
2 1Y 1 12.25 10.997961
3 2Y 2 14.32 10.995235
4 3Y 3 19.91  10.990037
5 4Y 4 26.48 ]0.982293
6 5Y 5 33.29 [0.972122
7 Y 7 52.91 [0.937632
8| 10Y 10| 71.91 ]0.880602

Table S.2: Spread and survival probabilities.

Background on Probability Theory

Exercise A.1

a) We have
e M
E[X] =) kP(X =k) =e Zkﬁ
k=0 k>0
Ak by
_ A — Ya— A —
> e > G =2
k> k>0
O 375
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b) We have

E[X?] =Y KP(X = k)
k=0

_ c**ZkQ%I:

k=1

_ Ak
e AZ’“W

k=1

- AR _ AR
TGt Lo

k>2 k=1

oAy~ N oM
Ae Z I + Ae Z o
k>0 k>0
=N+,

and
Var[X] = E[X?] — (E[X])? = A = E[X].

Exercise A.2 We have

P(cX > ¢) = P(X > loge) = joo ov?/ () _

logc 27-”72
= [~ —22 Ay B
f(logcwe Nk @((logc)/n) = (—(logc)/n).

Exercise A.3

a) Using the change of variable z = (z — ) /0, we have

o0 1 00 2 2
ol — —(x—p)2/(202) 7.,
j—oo p(z)dx o3 f—oo e dx
1 00 2 2
_ —y?/(20 )d
= e
V2ro? I*OO Y
_ 1 0 22)/2
v J—oo e dz.

Next, using the polar change of coordinates dzdy = rdrdf, we find?

T “In a discussion with Grothendieck, Messing mentioned the formula expressing the

2
integral of e”*  in terms of 7, which is proved in every calculus course. Not only did

376 O
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2
(\/%J‘oo efz2/2dz> = ZLJ‘DO e*y2/2dyJ‘°O efzz/QdZ
T J—0o0 ™ J = -

=5 f f —(?+22 /zdydz
T
2
- 2ﬂf ’Tf e/ 2drdp
= f re " 2y
0
R
=— lim [e”"z/?]R
R—+00 0
= lim (170—122/2)
R—+00
=1,
or - )
j e * 24y = \/2r.
—00
b) We have

E[X] = Jjo zp(z)dz

(e=)?/ (202) g
\/271'0 J
V2 *2joo(u+y)e’y2/(2”2)dz
Yixea -
. eV 2y 4 Ljfo ye 224y
— H (% 2 -y2/2
Vor f, dy+ rAHToof ve dy
_ —y2/2
= Vo j—we dy
o0
—u [ ey
= uP(X € R)
=y,

by symmetry of the function y — yc_yz/ 2 on R.
¢) Similarly, by integration by parts twice on R, we find

Grothendieck not know the formula, but he thought that he had never seen it in his
life”. Milne (2005).
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EMX—EMDﬂ:J“<w—m%uwx

2
y2e~ W 1%/ (20 )dy
\/271'0 j
= Ef_myxye*y 2y
- 0 o2/
aivo S

= 0'2‘

d) By a completion of squares argument, we have

Ele¥] = Jjo e“o(z)dx
(z—p)? /(202)daj

vV 271'0 J
\/271'0' j

\/27T0' j
_ e“+02/2joo
B \/27r0

7ui
e+2

yy/2a dy

o? /24 (y=0®)?/ (20%) gy,

Exercise A.4
a) We have

b) We have

B K] = <2 [ (oo e
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I e ~22/(20%) g,
\/27r0 f

K
" V2ro? f e V2ro2 JK

_ 0 K220 _ K
me K<I>< 0> .

¢) Similarly, we have

o) dy — 20%) 4

E[(K - X)"] = —z)te 2/ (20%) gy

Vored I
1 K

= Vi

- V2ro? J*DO \/271'0 f

_ K K/o o —22/(202)

- \/ﬂj—oo Vor [ }

T K | ko (5) ,
\/27re o

—1‘2/(20‘2)(1I

2/<2”2)dx 20 )dz

—22/2 e =K
—o0
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