Chapter 8
Stochastic Volatility

Stochastic volatility refers to the modeling of volatility using time-dependent
stochastic processes, in contrast to the constant volatility assumption made
in the standard Black-Scholes model. In this setting, we consider the pricing
of realized variance swaps and options using moment matching approxima-
tions. We also cover the pricing of vanilla options by PDE arguments in the
Heston model, and by perturbation analysis approximations in more general

stochastic volatility models.

8.1 Stochastic Volatility Models .......
8.2 Realized Variance Swaps ..........
8.3 Realized Variance Options .........

8.4 European Options - PDE Method

8.5 Perturbation Analysis .............
EXercises.....ooviiiiiiiiiiiiininenan.

8.1 Stochastic Volatility Models

Time-dependent stochastic volatility

The next Figure 8.1 refers to the EURO/SGD exchange rate, and shows some
spikes that cannot be generated by Gaussian returns with constant variance.
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Fig. 8.1: Euro / SGD exchange rate.

This type data shows that, in addition to jump models that are commonly
used to take into account the slow decrease of probability tails observed in
market data, other tools should be implemented in order to model a possibly
random and time-varying volatility.

We consider an asset price driven by the stochastic differential equation
dSt = TStdt + St\/FtdBt (81)

under the risk-neutral probability measure IP*, with solution

T T
St = Spexp ((T —t)r +L V/vsdBs — %L U5d8> (8.2)

where (v¢)eRr, is a (possibly random) squared volatility (or variance) process
adapted to the filtration (F3);cr, generated by (Bj)er, -

Time-dependent deterministic volatility

When the variance process (v(t))ier, is a deterministic function of time,
the solution (8.2) of (8.1) is a lognormal random variable at time T with
conditional log-variance

LT v(s)ds

given F;. In particular, the European call option on St can be priced by the
Black-Scholes formula as

e T E(Sy — K)* | F] = BI(Sy, K, r, T — t, Vo(t)),
with integrated squared volatility parameter

_ ftTv(s)ds

o(t) : . tel0,T).
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Independent (stochastic) volatility

When the volatility (v;)ier, is a random process generating a filtration

(2)
(]:f )te]R+7
ing Brownian motion (B,fl))tEIR+ under P*, the equation (8.1) can still be
solved as

independent of the filtration (]—'t(l)) R, generated by the driv-

T
Sp = Syexp <(T —t)r+ [ VosdBY — = vsds> 7

2)

and, given ]—‘; , the asset price St is a lognormal random variable with
random variance .
L vsds.

In this case, taking

FR=rYvF?  o<i<r,

))te]R+ is the filtration generated by (Btm)uEIR+7 we can still price

an option with payoff ¢(S7) on the underlying asset price Sz using the tower
property

where (]:,5(1

E*[6(S7) | Fi] = E*[E*[6(S7) | FY v FP] | FY v F2).

As an example, the European call option on St can be priced by averaging
the Black-Scholes formula as follows:

oM B [(Sp — K) | Fi)
= o T [E* [(Sp — k) | FY v FR] | 7Y v ).

—E* |Bl| S, K,r,T—t, ffT”sdg '}}
= ]E* [Bl(a:’eryT - tv v a(th)) |]:t(2)} ‘I=St,’

which represents an averaged version of Black-Scholes prices, with the random
integrated volatility

_ 1 T
o(t,T) := mL vgds, 0<t<T.

T
On the other hand, the probability distribution of the time integral L vsds

given ]:t(Q) can be computed using integral expressions, see Yor (1992)
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and Proposition 13.5 when (v;),cR), is a geometric Brownian motion, and
Lemma 9 in Feller (1951) or Corollary 24 in Albanese and Lawi (2005) and
(17.6) when (vt)ieR), is the CIR process.

Two-factor stochastic volatility model

Evidence based on financial market data, see Figure 9.16, Figure 1 of Papan-
icolaou and Sircar (2014) or § 2.3.1 in Fouque et al. (2011), shows that the
variations in volatility tend to be negatively correlated with the variations
of underlying asset prices. For this reason we need to consider an asset price
process (S¢)¢er, and a stochastic volatility process (v¢);er, driven by

dSt = TStdt + \/FtstdBfl)
dvy = p(t,ve)dt + B(t, Ut)dBt(2)7

Here, (Btm) and (Béz))

with

teR, are possibly correlated Brownian motions,

tER
Cov (Bt(l), Bt(Q)) =pt and dBt(l) . dBt(2> = pdt,

where the correlation parameter p satisfies —1 < p < 1, and the coefficients
w(t,z) and B(¢,x) can be chosen e.g. from mean-reverting models (CIR) or
geometric Brownian models, as follows. Note that the observed correlation
coefficient p is usually negative, cf. e.g. § 2.1 in Papanicolaou and Sircar
(2014) and Figures 9.16 and 9.17.

The Heston model

In the Heston (1993) model, the stochastic volatility (v;)er. is chosen to be
a Cox et al. (1985) (CIR) process, i.e. we have

dSt = TStdt + St\/’ITtdBt(l)
dvy = —A(vy —m)dt + 77\/1)751315(2)7

and u(t,v) = —A(v—m), B(¢,v) = n/v, where A\, m, n > 0.

Option pricing formulas can be derived in the Heston model using Fourier
inversion and complex integrals, cf. (8.29) below.

The SABR model

In the Sigma-Alpha-Beta-Rho (o-a-8-p-SABR) model Hagan et al. (2002),
based on the parameters (o, 3, p), the stochastic volatility process (o¢)ieRr,
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is modeled as a geometric Brownian motion with
dF, = o, FfdB")

doy = ozatdBt(Z),

where (F})er, typically models a forward interest rate. Here, we have a > 0
and 3 € (0,1], and (Btm)teﬂh’ (B,Q))t@R+ are standard Brownian motions
with the correlation

BV - dB® = pdt.

This setting is typically used for the modeling of LIBOR rates and is not
mean-reverting, hence it is preferably used with a short time horizon. It
allows in particular for short time asymptotics of Black implied volatilities
that can be used for pricing by inputting them into the Black pricing formula,
cf. § 3.3 in Rebonato (2009).

8.2 Realized Variance Swaps

Another look at historical volatility

In this section, given "> 0 and N > 1, we let

T
ty = k— k=0,1,...,N.
k N’ y 4y )

a natural estimator for the trend parameter p can be written in terms of
actual returns as

_Stk—l
N’ 77
NZ k*tk 1 St,H

or in terms of log-returns as

R 1 1 '
iy =
Nk:1 tp —th—1 Sty_1
LN
= T (lOg(Stk) _IOg(Stk—l))
k=1
= llo St
T s So

Similarly, one can use the squared volatility (or realized variance) estimator
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N-1 2
1 1 St — St
~2 k+1 k ~
= —(t -1
ON N_1 Z ( S, (tk+1 — ti)BN

o tet1 —tk
N 2
1 1 Sty — Sty,_ T .
— Z k k—1 _ (NN)2
N=T &t~y St N_1

using actual returns, or, using log-returns,*

1 & A 2
~2 k ~
oR = E lo — (t), — tp—
N Nﬁlk:1 t—teq < gStk,l (k k 1)MN>
N 2
1 1 S; T
= 1 ko)o— in)% 8.3
N*I,;tk*tkA(OgStH) N1 53

Realized variance swaps

Realized variance swaps are forward contracts that allow for the exchange of
the estimated volatility (8.3) against a fixed value k,. They can be priced
using log-returns and expected value as

N 2 2
St 1 St 2
§ log —% )} — — (log =— —
<Ogstk71> N_1<Og50):| o

k=1

. 1
E[6%] = 7E

of their payoff

N 2 2
1 S, 1 Sr )
= § 1 k [ (o i _
T (M <°g Sthl) N-1 <°g SO> ) o

where K, is the volatility level. Note that the above payoff has to be multiplied
by the Vega notional, which is part of the contract, in order to convert it into
currency units.

Heston model
Consider the Heston (1993) model driven by the stochastic differential equa-

tion

dvy = (a — bu)dt + o\/vedWr,
where a,b, o > 0. We have
(1=e),

?= Dk aj, — (Zlnzl al)z'
330 @)
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see Exercise 4.20-(b), and Exercise 8.2-(a), from which it follows that the

T
realized variance RZ ;. 1= jo vgdt can be averaged as

T
E[R3 ;] =E UO vtdt} (8.4)
T
= JO E[ve]dt
1—e 0T e T 4T -1
Ty @ 02 :

2

and the variance swap with strike level n?, and payoff R% T~ Kg

as

can be priced

1—e ¥ o 4pT—1
+a 2 —f-i?,.

E [R%,T — Kg.} =1
We can also express the variances
o bT 267 ag? b\ 2
Var|vr| = voj(e’ —e )+ S (1—e7")7,
cf. Exercise 4.20-(e), and
ol — 2Te T — ¢=20T
b3
0 e 2T L 2T + 4T +1)e T —5
2b4 ’

Var [R%_T] = 190

+aoc

see e.g. Relation (3.3) in Prayoga and Privault (2017).
Stochastic volatility

In what follows, we assume that the risky asset price process is given by

d
ﬁ = rdt + 0',50!Bt7 (86)
St

under the risk-neutral probability measure P*, i.e.
t 1t o

Sy = Spexp | rt + .[0 osdBs — 3 .[0 ozds |, t=0, (8.7)

where (0¢)ier, is a stochastic volatility process. In this setting, we have the

following proposition.

Proposition 8.1. Denoting by Fy := €™y the futures contract price on
ST, we have the relation
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* T 2 1 _ * FO
E UO otdt_ = 2E" [log | (8.8)
Proof. From (8.7), we have
St [ Sp
* L R 2
E {log FO} E _10g SO} rT
O [ (T 1T 2
=E j ordB; - 5 jo o dt}

0

_ 1-* T 2
=—3E UO atdt].

Independent stochastic volatility

In this subsection, we assume that the stochastic volatility process (o¢)ier,
in (8.6) is independent of the Brownian motion (Bj)eR, -

Lemma 8.2. (Carr and Lee (2008), Proposition 5.1) Assume that (0¢)ier,
is independent of (By)ier, , and let

1 1
+ .
Dy .7§:|:\/Z+2)\.

Then, for every A > 0 we have

p:t
E* [exp (/\ fOT a,?dt>] — o TE* (%T) A] . (8.9)
0

Proof. Letting (F{)icr, denote the filtration generated by the process
(0¢)ter. , we have

o~ AT K%ﬁ)m .7-'%} =E* {exp (p)\ fOT owdB; — % I()T 03dt> ).7:%
= exp <7%‘ JOT det) E* [exp <p)\ JOT O'tdBt> ‘ FT
= exp <7% L)l afdt) exp (% . (;1‘ G’?dt)
= exp <%(P>\ -1) foT a?dt)

T
= exp <)\ IO U?dlﬁ) ,

provided that A = p)(px —1)/2, and in this case we have
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. S\ PA . S\ P2
—rp\T1E* T — o oATE* * T
¢ E {<50> } ¢ F {]E [<50>
=E* |:0Xp ()\ IT (ert)}
o ¢ )

It remains to note that the equation A = py(px —1)/2, i.e. pi —pA—2A=0,

has for solutions
1 1
+
Py = iiwz-ﬁ-?/\,

with py <0<pj\rwhen)\>0. d

7]

By differentiating the moment generating function computed in Lemma 8.2
with respect to A > 0, we can compute the first moment of the realized

T
variance R%,T = j() o‘?dt in the following corollary.

Corollary 8.3. Assume that (01)ier. is independent of (By)er., - Denoting
by Fy:= e"T'Sy the futures contract price on Sy, we have

T
E* UO afdt} = 2E*

Proof. Rewriting (8.9) as

T
E* {exp ()\fo a?dt)} =E* [exp <77”pr +pf log i—i)

and differentiating this relation with respect to A\, we get

T
E* {j o?dtexp </\ fo U?dt>:| = —rp \TE* {exp (—Tpr%*pf log %ﬁ)}

Slo
T

St St
+p\E* [cxp <7rp}\T+p)\ log = S0 )10 S—O}
rT % 4+ ST>‘D>\
S A —rpir) (2Z
Tt /4 [EXP( " )<S0

1 Sr\. Sy
—— 74t log 2L
NOESYZ {eXp< T oy %85, > 8 So}

which, when A = 0, recovers (8.8) in Proposition 8.1 as
E* jT o2dt| = 27 — 2 [10g 2| = _op ITU B, — IT o2dt
0ot So o THPET o Tt

if p, = 0, and yields
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— 1o

* T 2 _ —rT*
E [JO oydt| =2 E S Iy S

Sr efTTST:|
for par =1. O

8.3 Realized Variance Options

In this section, we consider the realized variance call option with payoff

)
T
(jo afdt7n§> .

t
Proposition 8.4. Under the condition jo oﬁdu > Kg, the price of the real-
ized variance call option in the money is given by

T +
(fo aﬁdu - ni) ’ ]:t}

t T
= e (T-0)r jo o2du — ef(T’t)ng + e~ (T—rg* {L oldu

ef(Tft)T]E*

7.

¢
Proof. In case f“ o2du > k2, we have

T +
o~ (T-trg+ {(I@ o2du — Hg) ']_-[}
T +
= o~ (T-t)rpx [<x + L o2du — /{?7) ‘ ft}

T
= o~ (T-O)rp* [1 + L aﬁdu — ng

z:‘ful o2du

7]

z=f0t o2du

T i e[ (T
= (T-)r fo o2du— e T2 4 e~ (T-0rE {L oldu

7.

.7-}] can be com-

O

T
In Proposition 8.4, the futures contract price E* {L aidu

puted from Proposition 8.1.

Lognormal approximation

t
When R(%,t = jo Uﬁdu < 5{2,, in order to estimate the price
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T +
e~ (T-trps Kx + j[ o2du— n%;) ‘ ]-‘t} ) (8.10)

t o
z=], o2du

of the realized variance call option out of the money, we can approximate

Ryp = \/LT oZdu by a lognormal random variable

T .
Ryr= HL 02du ~ efvrtonrX

with mean fi;7 and variance ngT, where X ~ N(0,T —t) is a centered
Gaussian random variable with variance T' — t.

4 T T T T

T T
Exact expression
Lognormal approximation

w
wn
T

N
v w
T T

[
= U0 N
T

Probability density

o
n
T

i

0.2 0.4 0.6 0.8 1 1.2 1.4

i

o
o

Fig. 8.2: Fitting of a lognormal probability density function (example).

Proposition 8.5. (Lognormal approzimation by wvolatility swap moment

matching). The probability density function pg, . of Ry := 1/ ftT o2du can
be approximated as

1 (fir,r —log 1')2>
T) R —————————€X -], x>0, 8.11
P (7) 2/ 2(T — )7 p( 2T - t)5; (510
where
2 2
(E[R: 1)) o 2 E[R} 7]
fy,r = log | —== and oip:=——log | =], (8.12)
E[R?,] M T\ BRG]

and ]E[R?{T}, E[R; 1] can be estimated from realized variance and volatility
swap prices.

Proof. The parameters fi; 7 and o7 are estimated by matching the first
and second moments IE [Rt;p] and E [R?T] of Ry 1 to those of the lognormal

distribution with mean fi; 7 and variance (T — t)52,, which yields
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E[R, 7] = S HT=0T2 /2 4 E[RZ,] = 20T HT=6)32 1)

)

and (8.12). O

By (8.12), the parameters fi; 7 and (NTtZT can be estimated from the realized
volatility swap price

| T
Ci(Tit)TIE* [Rt,T ‘ ]:t} = Ci(Tit)T]E*|: L ozdu ft:|,
and from the realized variance swap price
T
e (T-Orpx [RtZ,T | ]—‘t} = ¢ (Tt [JL o2du ]—}}

By Proposition 8.7, we can estimate the price (8.10) of the realized variance
call option by approximating R?’T = LT aZdu by a lognormal random vari-
able. We refer to § 8.4 in Friz and Gatheral (2005) or to Relation (11.15)
page 152 of Gatheral (2006) for the following result.

Proposition 8.6. Under the lognormal approximation (8.11), the price
—(T— +
VCir(ko) = e TE[(x + Ry — v2) L:Rét
of the realized variance call option can be approximated as

VCir(ho) = e T=IE[R 1] ®(dy) — =T (k2 — RE,)@(d_), (8.13)

where
log ((E[Ry7])?/ (x5 — R3,))
dy = . P+ 26, VT —t
+ 2% VT — 1 ouT
 —log (kg — R3,) + 201 +4(T — )57 1
B 26.7vVT — 1t ’
and

2fu;r — log (k5 — Rj,)
d_=dy =25 VT —t = — =
+TooLT %G V/T — 1

and ® denotes the standard Gaussian cumulative distribution function.

Proof. The lognormal approximation (8.13) by realized variance moment
matching states that

1 e_<—ﬁz,T+10gm)Q/(Q(T_t);?-T)

. — )
R (n) N e AT —On

or equivalently

x>0,
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1
PR? . (z) = m@&;p(ﬁ)
~ 1 o~ (~2inHog)?/(AT-0(25:1)?) 45 g,

" 2G,0\/2(T - t)m

In other words, the distribution of R?T is approximately that of e
where X ~ N(0,T —t), hence by e.g. Lemma 7.7 we have

2fig, 7 +200 7 X

VCyir(ko) = -(T- t)r]E[(I""RtT*“ )+]I:Rgt
= T [y = (5~ R31) " ome, (v)dy

Q

e—(Tft)r]E[(EQﬂt,1‘+2;z.1‘X ~ (w2 -a2)) ") _pe
_ e—(T—t)r(BQllt,T+2(T7t>;L2,T(I)(d+) — (K2 —Rj,)®(d-))
o~ (TR [R? ] @(dy) — —(T- 07 (k2 — R} ,)®(d_)(8.14)

see Lemma 7.7. O

In order to estimate the price

T +
e~ (T-rp* [(1 + j oldu— ni) ‘ ft}
t z=fg o2du

[t
of the realized variance call option when Ry; := JO oidu < kg, we can

. T .
also approximate R?T = ft o2du by a lognormal random variable
)
R2.,. = T 2y ~ eft r+orrX
T = ), Cull= " '
with mean fi; 7 and variance U?T, where X ~ N(0,1) is a standard normal

random variable.

Proposition 8.7. (Lognormal approzimation by realized variance moment
matching). Under the lognormal approzimation, the probability density func-

. T .
tion PR2, of RtQ,T = Jz o2du can be approzimated as

1 (fie,r — log I)2>
r)N —m——————— ex —— ], > Or 8.15
“’R?,r( ) 25, 7/2(T — t)m p< 2T - )57y (19
where ~2
e =—(T— 2‘) LA 10g]E[Rt 7!, (8.16)
and
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2
a1 Var[R,“’T]
T = log [ 1+ 7(IE[R?T])2 . (8.17)

Proof. The parameters fi; 7 and o; 7 are estimated by matching the first
and second moments IE [R,QI] and E [RfT] of RfT to those of the lognormal

distribution with mean fi; 7 and variance (T — t)52,, which yields

E[Rr] = oftr =07y /2 E[Riy] = 2+ (T8 1)
and
9 )
i _ 1 E[R
fer = —(T —1) YA log E[R} 7] and &7p:= ——log M

2 T—t

By (8.16)-(8.17), the parameters fi; 7 and EtZT can be estimated from the
realized variance swap price

T
e—(T—t)r]E* [RtQ,T [ Ft} _ e—(T—t)r]E* [L o'gdu ft:|7

and from the realized variance power option price
T 2
e~ (T—t)rg= [R?,T | 7] = o (T—t)rpx KL U,ﬁdu> ’]:t:|-

The next proposition is obtained by the same argument as in the proof of
Proposition 8.6.

Proposition 8.8. Under the lognormal approzimation (8.15), the price

VCyi (ko) = e~ (T-OrE [(:E + RtQ,T - ﬁ?,)Jr]

z=Rot

of the realized variance call option can be approximated as

VCi (ko) ~ e TE[R} ;] @(ds) — e T (k2 — RE,)®(d-), (8.18)

where
g, o lou (B[REr)/ (o~ RE)) . VTt
+ ¢ T Tt LT
—log (k5 — Rg,) + fur + (T = t)57 1
N GirVT —t ’
and
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~ fi.r —log (k2 — R2
A =dy — G VT—t =10 B (o — Roy)

Et,TV T—1t

and ® denotes the standard Gaussian cumulative distribution function.

Note that, using the integral identity
1 (oo gy dA
= 1— ) b
NG Qﬁjo( ) 57

see e.g. Relation 3.434.1 in Gradshteyn and Ryzhik (2007) for p = 1/2 and
Exercise 9.11-(a), the realized volatility swap price IE[R; 7] can be expressed
as

ElRir] = 5z Jy (1= E[e ™)) S50, (8.19)

2
see § 3.1 in Friz and Gatheral (2005), where ]E[ef)‘RfvT} can be expressed
from Lemma 8.2. In particular, by e.g. Relation (3.25) in Brigo and Mercurio
(2006), in the Cox et al. (1985) (CIR)

dvy = (a — buy)dt + ny/oedWy
variance model with v; = otz, we have
2
E [e_)‘ROT}

_ T B 3 b—b)etT
_ - 2v0)\(17 e )7 7%(b7b)T72—glogb+b+(b, b)e 7
b+b+ (b—b)e tT 71 n 2b

where b := /b2 + 2\n2.

Gamma approximation

t
In case R%_t = jo o2du < k2, the realized variance call option price
+
T
e~ (T—tIrpx {(z + J o2du — n?,) ‘ ]:t}
t z:J‘J oldu

can be estimated by approximating RfT = ftT Uzdu by a gamma random
variable as in the probability density graph of Figure 8.3.
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4 T T T T

T T
Exact expression
Gamma approximation

Probability density
N
T

0 0.2 0.4 0.6 0.8 1 1.2 1.4

Fig. 8.3: Fitting of a gamma probability density function (example).

Proposition 8.9. (Gamma approzimation). Under the gamma approzima-
tion the probability density function PR2,. of R?T = ftT o2du can be approz-
2 X

imated as (2/807) Ly
o \&/0ur) or —x/01
Yr2, (z) =~ 00T (it e T g >0, (8.20)
where
2
velmy] B[R] (E[R) .
TR, M T T e, O
[ ‘t,T] t,T ar[ ‘t,T]

Proof. The parameters 0; 7, v, are estimated by matching the first and
second moments of R?T to those of the gamma distribution with scale and
shape parameters 6; 7 and vg, 7, which yields

IE[RtZ,T] =v 707 and Var [R?,T} = Vz,THt%T,
and (8.21). O
Proposition 8.10. Under the gamma approzimation (8.20), the price

EA(kq,T) = e~ T=0E[(z + R} — H?,)WI:R%
‘0,t

of the realized variance call option can be approximated as

—(T—t)r 2 K2 K2
EA(ky,T) = e E[R};]Q (1+wr -2 ) —k2Q utT,— ,
’ O O,

s

(8.22)
where 1
o X A1t
QA z) = e L P le~ldt, >0,
is the (normalized) upper incomplete gamma function.
Proof. Using the gamma approximation
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e*I/Gt,T v

) = 2
2Rt )% Fr) (829
where 0; 7 and vy 7 are given by (8.21), we have
+ (oo}
E[(Rr—r3)"] = [ (@=rD) om ()
1 e 2 g~ tver —x/0; 1
N - ——— e Y/VtT(,
T(vi,r) JK% @=r2)G (Or,1)"87 ¢ !
1 H2 00 x—1+VLTT
- 0, VT o~/ 01 o —2/0t,7 o
T(vir) f (/)" e do = T(ver) Lg ()7t © dz
€t T > Ve T o—T KQ had -1 —
— 5 R dr — o +ve T zd
F(I/L’T) fﬂg/@,m J: ¢ * F(I/t,T) L%/Gm v ¢ x
K2 K2
= Oy, 7Q <1 + v, i) - K2Q (Vt T, ) ,
(% (2%
where

1 -1 —t
QN z) = o) L " e dt, 2> 0,

is the (normalized) upper incomplete gamma function, which yields

EA(ko,T) = e T"UE[(z + R}y — #2) "]

—(T-t) Ky Ko
X e " <Vt,T9t,TQ (1 + v, ﬁ) — K, Q <Vt T, ?>) (8.24)

—(T—t)r 2 Ko 2 Ko
=€ ]E[Rt,T}Q 1 —+ VZ,T) m — KJQ VtA,Tv H .

Realized variance options in the Heston model
Taking 7 = 0, t = 0 and Ry = 0, and using the parameters
0=0.39, b=1.15 a=0.04xb, v9=0.04, T =1
in the Heston stochastic differential equation
dvy = (a — buy)dt + o/vdWe,

in Figures 8.4-8.5 we plot the graphs of the lognormal volatility swap and
realized variance moment matching approximations (8.13), (8.18), and of the
gamma approximation (8.22) for realized variance call option prices with
k2 €[0,0.2], based on the expressions (8.4)-(8.5) of E [R%’T} and Var [R%’T].
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© —— Gamma variance swap moment matching
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Fig. 8.4: One-year variance call option prices with b = 0.15.

The graphs of Figures 8.4-8.5 are obtained using this ‘R code and data file.

s
<
° \ = = Lognormal volatility swap moment matching
\ = = Lognormal variance swap moment matching
" —— Gamma variance swap moment matching
3 s
2 9 o Monte Carlo
a o
c
S
2
2 84
) (=]
o
@
S
c
S o
S o
S s
8
S T T T
0.00 0.05 0.10 0.15 0.20

Strike Price K

Fig. 8.5: One-year variance call option prices with b = —0.05.

As can be checked from in Figure 8.5 with
0=039, b=1.15 a=0.04xb, v9=0.04, T =1,

the gamma approximation (8.22) appears to be more accurate than the log-
normal approximations for large values of #2, which can be consistent with
the fact that the long run distribution of the CIR-Heston process has the
gamma probability density function

1 2b 2u/027 2 _ 2
f(T) _ W (p) g 1+2a/0% (—2bx/o , x>0
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install.packages("gsl")

library(gsl)

sigma=0.39
b=1.15
a=0.04*b
S0=0.04
T=1
r=0

mean = S0*(1-exp(-b*T))/b+a*(exp(-b*T)+b*T-1)/b/b

var = S0*sigma*sigma*(1-2*b*T*exp(-b*T)-exp(-2*b*T))/b/b/b-a*sigma*sigma*(5-2*b*T-exp(-2*b*T)-4*(b*T+1)*exp(-b*T))/2/b/b/b/b

sigmatT = sqrt(log(1+var/mean/mean))/sqrt(T)

mutT = -sigmatT*sigmatT*T/2 + log(mean)

lognormal <- function(K) {
d1 <- (-log(K)+mutT+sigmatT*sigmatT*T)/sigmatT/sqrt(T) 
d2 <- d1 - sigmatT*sqrt(T)
lognormal = exp(-r*T)*mean*pnorm(d1)-exp(-r*T)*K*pnorm(d2)
lognormal 
}

laplace <- function(z) {
bbar = sqrt(b*b-2*z*sigma*sigma)
psi = -2*z*(1-exp(-bbar*T))/(b+bbar+(bbar-b)*exp(-bbar*T))
phi = (bbar-b)*T/sigma/sigma + 2*log((bbar+b+(bbar-b)*exp(-bbar*T))/2/bbar)/sigma/sigma
laplace = exp(-S0*psi-a*phi) 
laplace 
}

integrand <- function(x) {(1-laplace(-x))*x^(-3/2)/2/sqrt(pi)}

rootmean = integrate(integrand, lower = 0, upper = Inf)$val

rootsigmatT = sqrt(log(mean/rootmean/rootmean))/sqrt(T)

rootmutT = 0.5*log(rootmean^4/mean)

rootlognormal <- function(K) {
d1 <- (-0.5*log(K)+rootmutT+2*rootsigmatT*rootsigmatT*T)/rootsigmatT/sqrt(T) 
d2 <- d1 - 2*rootsigmatT*sqrt(T)
rootlognormal = exp(-r*T)*mean*pnorm(d1)-exp(-r*T)*K*pnorm(d2)
rootlognormal 
}

thetatT = var/mean

nutT = mean*mean/var

gamma <- function(K) {
gamma = exp(-r*T)*(thetatT*nutT*gamma_inc_Q(1+nutT,K/thetatT,give=FALSE,strict=TRUE)-K*gamma_inc_Q(nutT,K/thetatT,give=FALSE,strict=TRUE))
gamma 
}

WD <- getwd()
if (!is.null(WD)) setwd(WD)

MC<-read.table("montecarlo.dat",header=F)

x<-seq(0,0.2,0.01)
plot(x,rootlognormal(x), type="l", xaxs="i", yaxs="i",xlab="Strike Price K", lwd = 3, ylab="Variance Call Option Price",col="black",ylim=c(-0.0,0.04),xlim=c(0,0.2))
par(new=TRUE)
curve(lognormal(x), from=0, to=0.2, xaxs="i", yaxs="i", lwd = 3, labels = FALSE, col="red", xlab="",ylab="")
par(new=TRUE)
curve(gamma(x), from=0, to=0.2 ,  xaxs="i", yaxs="i", lwd = 3, labels = FALSE,col = "blue", xlab="",ylab="")

lines(MC[,1],MC[,2],xaxs="i", yaxs="i", xlab="", labels = FALSE,col = "orange",lwd = 3, ylab="" )

legend(0.064, 0.04, legend=c("Lognormal variance swap moment matching", "Lognormal volatility swap moment matching", "Gamma variance swap moment matching", "Monte Carlo"),col=c("red", "black", "blue","orange"), lty=1:1, cex=1.,lwd=3)

grid(nx = 20, ny = 20, col = "gray" )





		0.000000e+00		3.999438e-02

		5.000000e-03		3.501450e-02

		1.000000e-02		3.014468e-02

		1.500000e-02		2.582873e-02

		2.000000e-02		2.198906e-02

		2.500000e-02		1.864382e-02

		3.000000e-02		1.591457e-02

		3.500000e-02		1.352143e-02

		4.000000e-02		1.145139e-02

		4.500000e-02		9.801202e-03

		5.000000e-02		8.261932e-03

		5.500000e-02		6.990990e-03

		6.000000e-02		5.910884e-03

		6.500000e-02		4.904932e-03

		7.000000e-02		4.184851e-03

		7.500000e-02		3.463120e-03

		8.000000e-02		2.870422e-03

		8.500000e-02		2.480323e-03

		9.000000e-02		2.044995e-03

		9.500000e-02		1.683996e-03

		1.000000e-01		1.443996e-03

		1.050000e-01		1.241419e-03

		1.100000e-01		9.643344e-04

		1.150000e-01		8.331932e-04

		1.200000e-01		7.100639e-04

		1.250000e-01		5.892905e-04

		1.300000e-01		4.871641e-04

		1.350000e-01		4.102632e-04

		1.400000e-01		3.256971e-04

		1.450000e-01		2.807807e-04

		1.500000e-01		2.264559e-04

		1.550000e-01		1.832060e-04

		1.600000e-01		1.586527e-04

		1.650000e-01		1.337114e-04

		1.700000e-01		1.085898e-04

		1.750000e-01		8.447686e-05

		1.800000e-01		7.050399e-05

		1.850000e-01		5.871592e-05

		1.900000e-01		4.993127e-05

		1.950000e-01		4.624461e-05

		2.000000e-01		2.786432e-05
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with shape parameter 2a/o? and scale parameter o2/ (2b), which is also the
invariant distribution of vy.

8.4 European Options - PDE Method

In what follows we consider an asset price process (St)ier , in the stochastic
volatility model

dS; = rSidt + Sy/udBY
under the risk-neutral probability measure IP*, where (v;)ier, is a squared
volatility (or variance) process satisfying a stochastic differential equation of
the form
dvy = p(t,ve)dt + B(t, 7)t)dBt<2).

. (1) . 2
Here, (B; )tEIR+ and (B, )tGIR+
started at 0 with correlation Corr(B,gl)7 Bt(z)) = pmin(s,t) under the risk-
neutral probability measure IP*, i.e. dBél) . dBt(Q) = pdt.

are correlated standard Brownian motions

Proposition 8.11. Assume that (Bt(2) is also a standard Brownian

)ier.
motion under the risk-neutral probability measure® P*. Consider a vanilla
option with payoff h(St) priced as

Vi = f(t,v, S) = e T E*[n(Sp) | B, 0<t<T.

The function f(t,y,x) satisfies the PDE

(Zi (t,v,2) +rxg—f(t,v,x) + 11}95232—];(75 v, ) (8.25)
+ pu(t,v) gf (t,v,z) + /)’Z(f 11)g—f(f v,z) + pB(t, 7))7\/5 f (1‘, v, )
=rf(tv,z),

under the terminal condition f(T,v,z) = h(x).

Proof. By It calculus with respect to the correlated Brownian motions

(Bt(l))te]m and (Bt(Q))t€R+’ the portfolio value f(t,v,S;) can be differenti-
ated as follows:
df(tv’utvst) (826)
Z{ (t Uty St)dt -+ I‘St gf (t Vt, St)dt + fSt (t Vt, St)dB< )

* When this condition is not satisfied, we need to introduce a drift that will yield a
market price of volatility.
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1 _p0? )
+§vtst28’7_l,£(t7 Ut St)dt + M(t, vt)—f(t,vt, St)dt

ov
af g 1 9%f
St S)dB® + B (o) 55 (b or, S)dt

02
+4(t, vt)ﬁ&#(t v, S)dBY « aB®

+B(t,vr)

= v sydt+rs 2 e, v,,Sth—i—fS, (t v, 8y)dBY

ot ox
+= mstg J;(f vg, Sp)dt + p(t, vt)gf (t,ve, Se)dt
0 0?
8000 2 (100,508 + 570,00 5 L (1,00, 1)

+pB(t, v)\/veSt 81;5;; (t,ve, S)dt.

Knowing that the discounted portfolio value process (e~"* f(t, v, Si))ier, is
also a martingale under IP*, from the relation

d(e "t f(t, v, Sp)) = —re T f (¢, vp, Sp)dt + e TTHf (t, vt St),

we obtain
77‘f(t Ut7St)dt+ ?(f Ut,St)dt-'r’f‘St?(t 'Uf7St)dt+ —utStg f(t ’UhSt)d

+ ,U(t, Ut)g

»*f
2
611 (t,Ut,St)dt"r 5,@ (t,v )0 3 (t Vt, Sf)
+ ﬂ(t')S ﬂ(f S)dt
PPL, Ut t\/vtav&r s Uty Ot
and the pricing PDE (8.25). O

Heston model

In the Heston model with pu(t,v) = —A(v —m) and B(¢,v) = 7o, from
(8.25) we find the Heston PDE

of of 1 ,0%f
E(t, v, ) + ’rx%(t,v, z)+ P w(t,v, x) (8.27)
af 1, 02f o*f
/\(vfm)aq (t,v,z) +3n vﬁ(t v, ) +pnxva o (t,v,2) =7rf(t,v,2).
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The solution of this PDE has been expressed in Heston (1993) as a complex
integral by inversion of a characteristic function.

Using the change of variable y = log x where with g(t,v,y) = f(¢,v,€¥), the
PDE (8.27) is transformed into

dg 1 8% v\ dg
dt(t v,y) + =v 5? % o5 (v, y) + (r7§> a—y(t,v,x)

dg n? 8% Pg B
+)\(m7v)%(t7v,y) +v 7 502 5 (L0, y)—}—pmd 9y (t,v,y) = rg(t,v,y).

The following proposition shows that the Fourier transform of ¢(t,v,y) sat-
isfies an affine PDE with respect to the variable v, when z is regarded as a
constant parameter.

Proposition 8.12. Assume that p = 0. The Fourier transform
~ S —1
Gt,v,2) = [ e g(t,v,y)dy

satisfies the partial differential equation

o9 1 N 1
8—‘3(@1), z)+ <zrz -5z > g(t,v,2) — izgvg(t,v, z) (8.28)
g %5
+ (A(m —v) +ipnzv) C)g (t,v,2) + v%a—(t v,2z) =714(t,v, 2).
Proof. We apply the relations i2 = —1 and

at02) = [ )y

O

The equation (8.28) can be solved in closed form, and the final solution
g(t,v,y) can then be obtained by the Fourier inversion relation

1zyA
g(t,v,y) =50 J (t,v, 2)dz, (8.29)

see Heston (1993), Attari (2004), Albrecher et al. (2007), and Rouah (2013)
for details.

Delta hedging in the Heston model
Consider a portfolio of the form
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Vi=me + &5

based on the riskless asset A; = e" and on the risky asset S;. When this
portfolio is self-financing we have
dVy = df (t,vt, St)
= rge”tdt + £dS;
= ryerdt + & (rSdt + S;/udBY)
= rVidt + &Sy /ordB
= ’I‘f(t,vt,St)dt+EtSz\/adBt(1). (830)

However, trying to match (8.26) to (8.30) yields

\/vTSt%(t,vt, SyaBM + 5(t7vt)g%(t,vt,st)dB§2) = &8, /udBY,
(8.31)
which admits no solution unless 8(¢,v) = 0, i.e. when volatility is determin-
istic. A solution to that problem is to consider instead a portfolio

Vi = f(t, o, 80) = me™ + &Sy + GP(t, v, S)

that includes an additional asset with price P(t,v:,S;), which can be an
option depending on the volatility v;.

Proposition 8.13. Assume that p = 0. The self-financing portfolio alloca-
tion (&, Gt)sejo,r) in the assets (™, S, P(t,vt, St) )sejo.r) with portfolio value

Vi = f(t,ve, St) = mee”™ + &St + GP(t,ve, S) (8.32)
is given by
?(tvvty St)
G = m%iy (8.33)
%(fqvt, St)
and
oP
of B} ——(t, v, St)
=5 Yo" s
%(tvt,st)

Proof. Using (8.32), we replace (8.30) with the self-financing condition

dVy = df (t,vt, St)
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=Tt ertdt + f//dS[, + QdP(t, Vt, S[)
=Trn ertdt + gt(rstdt —+ St\/adB(l ) + T(tSt (t Vt, St)

a2p
(t, UuSt)dtﬂLCt (t g, St)dt + CtSt Vg (t,v¢, St)dt

P
d 8 (t 'Ut7Sf)d

(tﬂ)t,St)dB,l( >,

opP
+Gep(t, ve) - 50

e ) T v S0+ (e, )5

oP opP
+Cz5zﬁ8 (t, '1)t75t)dB + Bt v) = E®

oP
= (Vi = GeP(t,vr, S1))rdt + ftstﬁtdBi” +1GuS1  (v Se)dt

1. o 0*P
(t Vt, St)dt + <f (t,vt,St)dt + *CzSt in(t,vt,st)dt

(t, v, Se)dt

oP
FCeu(t, ve) =— E

1 0’P %P
+§Czﬁ2(t,’vt)ﬁ(t7 v, Se)dt + pGeB(t ve) Se/ve g2

oP op
+GSe/or g (1, v, S1)ABY + Gt vr) = (t, v, Sy)dB®)

67
=rf(t, v, Se)dt + &St\/adB + TCtSt (f vg, Sy)dt

opP a%p
FCeplt, ve) o (t, %St)dtJrCt (t vg, Sp)dt + CtSt vta 5 (t,vt, Se)dt

v

1 2P
+§Ct62(tvvt) 902 (t,ve, Se)dt + pGi (L, Ut)Stxﬁa % (t vy, St)dt
opP oprP
+GSi/or gt v, $0)dBY + G (L v) o (t,vr, S1)dB? (8.35)

and by matching (8.35) to (8.26), the equation (8.31) now becomes

d
8f (t, v, St)dBt(2>

P
= ftstﬁdBt + CtSﬂ/i (t Vt, St)dBt + Ctﬂ(t l),g)(?3

\/Ft& (t Ut,St)dB +ﬂ(t ’Ut)
(t vt,St)dB( )

This leads to the equations

oP
\Fst (t vg, Sp) = ftSt\/a+CtSt\/U7t%(t7vt7St)y

d P
Bt 00) 9L (1,00, 50) = Bl ) O (1,01, 0,
which show that of
87(1 vg, St)
G=9—,
o — (t,vt, S¢)
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and

& = (x/thSt (t,v¢, St) — Ctstﬁ%(t, vt, St);)

5 \ﬁ
17} oP
= aff(t v, St) = G %(tyvtyst)
oP
or )
_of af aﬁ(tvvta t
= a(t, vg, St) — %(t Uu&)ﬁ-
%(t, vt, St)

|
We note in addition that identifying the “dt” terms when equating (8.35) to
(8.26) would now lead to the more complicated PDE

(f (t,v¢,S¢) — G P(t, 06, Sp))r +7“Ct5ta - (t, v, St) + Gepu(t, Ut)aP (t,vt, St)

v
oP 1 o’p o°p
+Ct§(t7vt7 Si) + *C{Stzvtw(tvvtvst) + §<tﬁ2(tavf) 902 (t,ve,St)

+p(tﬂ(t,1)t)5tf§a (t,vt,St)

o1 (t,vt, St)

0 0,
f(t vy, S¢) + 1S 5= / o

oot oz
+§52(t71}t)g J;(t v, St) + pB(t, Ut)Stxﬁa . (t vt, St),

1 20%f
(t Vt, St) -+ *’l)tSt ﬁ(t ’Ut,St) + u(t ’l)t)

which can be rewritten using (8.33) as

of —(t,v,) <—rP(t,U,a:) + %—P(t,v,x) +er—P(t,v,x) + u(t,v)?(t,vw))

v

+%( , ) (%Z—I;(t v,x) + ﬂQ(t v)(?) f(t v,z) + pB(t, v):cf (t,uz))
_opP of of va? 92 f

= %(t,v,x) <7rf(t,v,:r) + af(t,v,f) +rx5(t,v,x) + 767'@’”’36))

2
+%(t,v,w) <u(t v)gf(t v,x) + ﬂ2(t u)an(t v,2) + pB(tv)avug = f (¢, “vf")>'

oP
Therefore, dividing both sides by %(t, v,x) and letting

A(t, v, z) (8.36)
1

oP opr
= % (—rP(t, v,x) + 7‘.1?%(15, v,x) + E(t,v7 1))
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1 (I v 2P 2P
+3

m 5 82(tvx)+ ,32( )az(tvx)-i-pﬁ(tv)xf (t7v7x)>

1 , of of 2orf
= m <frj(t7v,:c) s —(t,v,z) + rz%(t,v,x) + %@(t,v,xo
(8.37)

2 2
+ . <;5 (t, v)g ];(t,wc) +pﬁ(t,v)xﬁ£}g$(t,v,x)> (8.38)

f(tvz)

defines a function A(¢, v, z) that depends only on the parameters (¢, v,z) and

not on P, without requiring (B,f2))te]R+ to be a standard Brownian motion
under IP. The function A(¢,v,z) is linked to the market price of volatility
risk, cf. Chapter 1 of Gatheral (2006) § 2.4.1 in Fouque et al. (2000; 2011)

for details.

Combining (8.36)-(8.38) allows us to rewrite the pricing PDE as

7] 0 2 52 1 0?
a{ (t,v,2) +rw—a£ (t,,2) + = 7(%’; (tv,2) + 5 8%(t0) 55 O (tv.)
2f of
+p6(t7v)xﬁavd/ (t,v,2) =rf(t,v,z) + At v, w)a (t,v, ),

and (8.25) corresponds to the choice A(t,v,z) = —u(t,v), which corresponds
to a vanishing “market price of volatility risk”.

8.5 Perturbation Analysis

We refer to Chapter 4 of Fouque et al. (2011) for the contents of this section.
Consider the time-rescaled model

dS; = rSydt + Sy /vy/-dBY

(8.39)
dvy = p(ve)dt + Bve)dB>.
We note that ”z(€> 1= v, satisfies the SDE
dvge) =dvy,
= U(t+dt) /e — Vt/e
= Vt/e+dt/c ~ Vt/e
1 2

= gﬂ(vt/s)dt + ﬂ(Ut/a)dBt(/L
with
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o dt 1 1@\
(@B ~ = ~ - (aB")" ~ (EdB,F )) ,

hence the SDE for vt(a) can be rewritten as the slow-fast system

c 1
dvt():g (”)dt+7 (' aB?.

In other words, & — 0 corresponds to fast mean-reversion and (8.39) can be
rewritten as

dSt = T‘Stdt -+ Ugs)stdBt(l)

dvt(s) = %u(vt(s))dt + \%B(vt(s))dBém, e>0.

The perturbed PDE

afs Ofe va? 9 f. 1 Of-
pr —(t,v I)+TT%(t,’U,T)+7 52 (f,v,,r) +g/L(U)E(t,U,QJ)
280502+ LB L (0, 2) = rhelt,0,2)

N

with terminal condition f.(T,v,z) = (z — K)T rewrites as

éﬁofg(n v,x) + iLlfs(m v,x) + Lafe(t,v,x) =1 f(t,v,2), (8.40)

Ve
where
1 0?
Lofe(t,v,2) := §ﬂ2(v) '25 (t,v,2) + p(v )a—f(t v, ),
L1f-(t,v,2) = xﬂ(v)ﬁazfg (t,v, )
1Je\t, v, =p ovox V)
_ Ofe Ofe,, va? 92 f.

Lofe(t,v,x) := ot (t,v,2) +re g (t,v,2) + 5 a2 (t,v,x).
Note that
e Lo is the infinitesimal generator of the process (v;)s cR4 S€€ (8.44) below,

and
e L9 is the Black-Scholes operator, i.e. Lof = rf is the Black-Scholes PDE.
The solution f.(¢,v,z) will be expanded as
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fe(t,v,x) = f(O)(t,v,z) + \/Ef(l)(t,v,x) +5f<2)(t,v,z) + - (8.41)

with f(T,v,z) = (z — K)T, fO(T,v,2) = 0, and f@(T,v,z) = 0. Since
Lo contains only differentials with respect to v, we will choose f © (t,v,z) of
the form

1Ot v,2) = fO(t,2),
cf. § 4.2.1 of Fouque et al. (2011) for details, with

LofO(t,z) = £L1fO(t,2) = 0. (8.42)

Proposition 8.14. (Fouque et al. (2011), § 3.2). The first-order term
fo(t,v) in (8.41) satisfies the Black-Scholes PDE

af

rfO(t, ) = 5 (t,z) +ra

af® ) oo 92 f(0)
oz (tzl) + E 0 v¢(v)dv 61’2 (t,l')
with the terminal condition f©(T,z) = (x — K)T, where ¢(v) is the sta-

tionary (or invariant) probability density function of the process (vfl))te]R‘ .

Proof. By identifying the terms of order 1/+/¢ when plugging (8.41) in (8.40),
we have

LofW (t,v,2) + L1 fO(t,2) = 0,

hence £gf(1)(t,v,x) = 0. Similarly, by identifying the terms that do not
depend on ¢ in (8.40) and taking f() (t,v,z) = f)(¢t,z), we have £1f(1) =
and

LofP(t,v,2) + LafO(t,z) = 0. (8.43)

Using the It formula, we have

af
Tz

J; (2 k) + J T k)

= FOtud )+ [T ELL0f ) (0h, ) (840

B[S (t0h,2)] = /O (1,0, 2) + B (807, 2)aBs”

+E

When the process (vél)) teR. is started under its stationary (or invariant)

probability distribution with probability density function ¢(v), we have

IE[f( t,0l,z) f 1A (¢, 0, 2)p(v)dv, T>=0,
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hence (8.44) rewrites as

jo‘” FO(t, v, 2)p(v)dv = f0°° 7@ (t,v,z)(p(v)dwﬁf jo‘” Lof @ (t,v,2)6(v)dvdr.
By differentiation with respect to s > 0 this yields

Jo7 £of @ (t,v,2)é(v)dv =0,
hence by (8.43) we find

|07 L2700t 2)0(v)dv = 0,

cf. § 3.2 of Fouque et al. (2011), i.e. we find

(0) (0) 2 oo 2 £(0)
aj;t (t,x) m:a(];x (t,z) + % 0 1)(;5(1))(17)%(@27) =rfO (¢, 2),
with the terminal condition f(O) (T, z) = (z — K)*. O

As a consequence of Proposition 8.14, the first-order term f(©) (t,x) in the
expansion (8.41) is the Black-Scholes function

£ (t,x) = Bl (St, K,r, T —t, fooo v¢(v)dv> ,
with the averaged squared volatility
fooo vp(v)dv = E [v}] T>=0, (8.45)

under the stationary distribution of the process with infinitesimal generator
Ly, i.e. the stationary distribution of the solution to

oV = p(wM)at + BB,
Perturbation analysis in the Heston model

We have
dS; = rSydt + S\ v dBY

©_ A u e
dvy, :7g(vt —m)dt+n tTdBt ,

under the modified short mean-reversion time scale, and the SDE can be
rewritten as
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() = _ A, o 5@
dv,’ = —;(vt —m)dt+1n tg dB,™.
()

In other words, e — 0 corresponds to fast mean reversion, in which v,
becomes close to its mean (8.45).

Recall, cf. (17.7), that the CIR process (Utu))ze]m has a gamma invariant

(or stationary) distribution with shape parameter 2Am/n?, scale parameter
n%/(2)), and probability density function ¢ given by
1

_ —1+2xm/n? ,—2vA/n?
o0 = tarmmm ey e e (©) v >0,

and mean

o0
m= jo vo(v)dv.
Hence the first-order term f(%) (t,z) in the expansion (8.41) reads
FO(t,x) = BL(Si, K,r, T —t,v/m),
with the averaged squared volatility
o0
— _ 1
m= Io vo(v)dv = E [v7], 720,

under the stationary distribution of the process with infinitesimal generator
Ly, i.e. the stationary distribution of the solution to

dvél) = u(vél))dt + ﬁ(vt(l))dBEQ).

In Figure 8.6, cf. Privault and She (2016), related approximations of put
option prices are plotted against the value of v with correlation p = —0.5
and € = 0.01 in the a-hypergeometric stochastic volatility model of Fonseca
and Martini (2016), based on the series expansion of Han et al. (2013), and
compared to a Monte Carlo curve requiring 300, 000 samples and 30, 000 time
steps.
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Fig. 8.6: Option price approximations plotted against v with p = —0.5.
Exercises

Exercise 8.1 (Gatheral (2006), Chapter 11). Compute the expected realized
variance on the time interval [0, T in the Heston model, with

d’Ut = 7)\(’Ut — m)dt + ’f]\/’thdBt, 0<tLT.

Exercise 8.2 Compute the variance swap rate

9 2
Ll s (Skrm = Sw—yrm \ | 1 [T 1 )
Vo= | im. > (sw/ = 7 | a5

on the index whose level S; is given in the following two models.

a) Heston (1993) model. Here, (S;)ier, is given by the system of stochastic
differential equations

dSt = (r — Oz’Ut)Stdt + St\/ ﬁ + Uf,dBél)
dvy = —M(vg —m)dt + ymdB§2),

where (Btm) ter, and (Bt(Z)) ter, are standard Brownian motions with

correlation p € [-1,1]and @ 20, 320, A>0,m >0, r >0,y > 0.
b) SABR model with f = 1. The index level S; is given by the system of
stochastic differential equations

S, = 0,5,dBY

doy = oz(rtdB,@,
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and (Bt<2)) are standard Brownian

where a > 0 and (Bt(l))te]m teR,

motions with correlation p € [—1,1].

Exercise 8.3 Convexity adjustment (§ 2.3 of Broadie and Jain (2008)).
a) Using Taylor’s formula

r—xy (z — )2
2\/zg SIS/Q

find an approximation of Ry = , /Rg o using 4 /]E[Rg T] and correction

terms.
b) Find an (approximate) relation between the variance swap price E* [Rg T}
and the volatility swap price E*[Rg 7] up to a correction term.

Vo =z + +o((z —20)?),

Exercise 8.4 Consider an asset price process (S;);cr. with the log-return
dynamics

legSt:,udt+ZNrdNt, t>0,

ie. Sy i= SpeM ™Yt in a pure jump Merton model, where (Ni)ier, is a

Poisson process with intensity A > 0 and (Zj)x>0 is a family of independent

identically distributed Gaussian N(J,7?) random variables. Compute the

price of the log-return variance swap
T [ T

E UO (dlog St)QdNt} =E [0 (pdt + Zy,. dNt)ZdNt}

T
—F fo (ZNt,dNt)2dNt]

— ‘T St :

=E|| <log§> dNt}
Ny 2

=E Z (log 51 )

using the smoothing lemma Proposition 20.11.

Exercise 8.5 Consider an asset price (S¢);er. given by the stochastic dif-
ferential equation
dSt = TStdt + O'StdBt, (846)

where (By)icr. is a standard Brownian motion, with r € R and o > 0.

a) Write down the solution (S¢)ier, of Equation (8.46) in explicit form.

b) Show by a direct calculation that Corollary 8.3 is satisfied by (S¢)ieR, -
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Exercise 8.6  (Carr and Lee (2008)) Consider an underlying asset price
(St)ter. given by dS; = rSdt 4 04S;dBy, where (Bi)icr. is a standard
Brownian motion and (o¢)er, is an (adapted) stochastic volatility process.
The riskless asset is priced A; := e, t € [0,7]. We consider a realized

T
variance swap with payoff R%,T = ID otZdt.

T
a) Show that the payoff jo a2dt of the realized variance swap satisfies

dSt ST
j o2dt = 2j ~2log g (8.47)
: o=ty | (T 2 .
b) Show that the price V; := e E JO opdt| Fi| of the variance swap
at time ¢ € [0, T] satisfies
0 Sy’

|

is the price at time ¢ of the log contract (see Neuberger (1994), Demeterfi
et al. (1999)) with payoff —2log(St/So), see also Exercises 6.10 and 7.15.

Vi = Li+2(T —t)re~T=0r 490~ (T-)r (8.48)

where

Ly = —2¢ (T-t)rE* [log%
0

o
=

Show that the portfolio made at time ¢ € [0,T] of:
e one log contract priced Ly,

o 2e” )T /8, in shares priced S,

t dS,
o 2777 <j0 3 Y (T -t)r— 1) in the riskless asset A; = e,
u

hedges the realized variance swap.
d) Show that the above portfolio is self-financing.

Exercise 8.7 Let (S¢)ter, denote the geometric Brownian motion
t 1t o
S, = Sy exp <[O oudWy — 5 JO Usds> . t>0,

solution of dS; = 04S;dW;, where (03)iecr, denotes a stochastic volatil-
ity process. Show that the gamma swap (or entropy contract) with payoff

T
JO Std(log S)¢ can be priced as in Corollary 8.3.
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Exercise 8.8 Compute the moment E*[R ;1] from Lemma 8.2.

@) 357

This version: May 3, 2024
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

	pbs@ARFix@349: 
	pbs@ARFix@350: 
	pbs@ARFix@351: 
	pbs@ARFix@352: 
	pbs@ARFix@353: 
	pbs@ARFix@354: 
	pbs@ARFix@355: 
	pbs@ARFix@356: 
	pbs@ARFix@357: 
	pbs@ARFix@358: 
	pbs@ARFix@359: 
	pbs@ARFix@360: 
	pbs@ARFix@361: 
	pbs@ARFix@362: 
	pbs@ARFix@363: 
	pbs@ARFix@364: 
	pbs@ARFix@365: 
	pbs@ARFix@366: 
	pbs@ARFix@367: 
	pbs@ARFix@368: 
	pbs@ARFix@369: 
	pbs@ARFix@370: 
	pbs@ARFix@371: 
	pbs@ARFix@372: 
	pbs@ARFix@373: 
	pbs@ARFix@374: 
	pbs@ARFix@375: 
	pbs@ARFix@376: 
	pbs@ARFix@377: 
	pbs@ARFix@378: 
	pbs@ARFix@379: 
	pbs@ARFix@380: 
	pbs@ARFix@381: 


