
Chapter 17
Short Rates and Bond Pricing

Short-term rates, typically daily rates, are the interest rates applied to short-
term lending between financial institutions. The stochastic modeling of short-
term interest rate processes is based on the mean reversion property, as in the
Vasicek, CIR, CEV, and affine-type models studied in this chapter. The pric-
ing of fixed income products, such as bonds, is considered in this framework
using probabilistic and PDE arguments.
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17.1 Short-Term Mean-Reverting Models

Money market accounts with price (At)t∈R+ can be defined from a short-term
interest rate process (rt)t∈R+ as

At+dt −At
At

= rtdt,
dAt
At

= rtdt,
dAt
dt

= rtAt, t ⩾ 0,

with
At = A0 exp

(w t
0
rsds

)
, t ⩾ 0.

As short-term interest rates behave differently from stock prices, they require
the development of specific models to account for properties such as positivity,
boundedness, and return to equilibrium.
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Vašíček (1977) model

The first model to capture the mean reversion property of interest rates, a
property not possessed by geometric Brownian motion, is the Vašíček (1977)
model, which is based on the Ornstein-Uhlenbeck process. Here, the short-
term interest rate process (rt)t∈R+ solves the equation

drt = (a− brt)dt+ σdBt, (17.1)

where a,σ ∈ R, b > 0, and (Bt)t∈R+ is a standard Brownian motion, with
solution

rt = r0 e−bt +
a

b

(
1 − e−bt)+ σ

w t
0

e−(t−s)bdBs, t ⩾ 0, (17.2)

see Exercise 17.1. The probability distribution of rt is Gaussian at all times
t, with mean

E[rt] = r0 e−bt +
a

b

(
1 − e−bt),

and variance given from the Itô isometry (4.16) as

Var[rt] = Var
[
σ
w t

0
e−(t−s)bdBs

]
= σ2

w t
0

(
e−(t−s)b)2ds

= σ2
w t

0
e−2bsds

=
σ2

2b
(
1 − e−2bt), t ⩾ 0,

i.e.
rt ≃ N

(
r0 e−bt +

a

b

(
1 − e−bt), σ2

2b
(
1 − e−2bt)) , t > 0.

In particular, the probability density function ft(x) of rt at time t > 0 is
given by

ft(x) =

√
b/π

σ
√

1 − e−2bt
exp

(
−
(
r0 e−bt + a

(
1 − e−bt)/b− x

)2
σ2(1 − e−2bt)/b

)
, x ∈ R.

In the long run,∗ i.e. as time t becomes large we have, assuming b > 0,

lim
t→∞

E[rt] =
a

b
and lim

t→∞
Var[rt] =

σ2

2b , (17.3)

∗ “But this long run is a misleading guide to current affairs. In the long run we are all
dead.” Keynes (1924), Ch. 3, p. 80.
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and this distribution converges to the Gaussian N (a/b,σ2/(2b)) distribu-
tion, which is also the invariant (or stationary) distribution of (rt)t∈R+ , see
Exercise 17.1. In addition, the process tends to revert to its long term mean
a/b = limt→∞ E[rt] which makes the average drift vanish, i.e.:

lim
t→∞

E[a− brt] = a− b lim
t→∞

E[rt] = 0.

Figure 17.1 presents a random simulation of t 7→ rt in the Vasicek model
with r0 = 3%, and shows the mean-reverting property of the process with
respect to a/b = 2.5%.

-2

-1

 0

 1

 2

 3

 4

 5

 6

 7

 8

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

a/b

  
  

  
  

  
  

  
  

  
  

  
  

  
r t

 (
%

)

t

Fig. 17.1: Graph of the Vasicek short rate t 7→ rt with a = 0.025, b = 1, and σ = 0.1.

As can be checked from the simulation of Figure 17.1 the value of rt in
the Vasicek model may become negative due to its Gaussian distribution.
Although real interest rates may sometimes fall below zero,∗ this can be
regarded as a potential drawback of the Vasicek model.

The next code provides a numerical solution of the Vasicek stochas-
tic differential equation (17.1) using the Euler method, see Figure 17.1. For
this, we discretize (17.1) according to a discrete-time sequence (tk)k⩾0 =
(t0, t1, t2, . . .) of time instants, as

rtk+1 − rtk = (a− brtk )∆t+ σZk, k ⩾ 0,

where ∆t := tk+1 − tk and (Zk)k⩾0 is a Gaussian white noise with variance ∆t,
i.e. a sequence of independent, centered and identically distributed N (0, ∆t)
Gaussian random variables, which yields

rtk+1 = rtk + (a− brtk )∆t+ σZk = a∆t+ (1 − b∆t)rtk + σZk, k ⩾ 0.
(17.4)

∗ Eurozone interest rates turned negative in 2014.
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1 N=10000;t<-0:(N-1);dt<-1.0/N;nsim<-2; a=0.025;b=1;sigma=0.1;
2 dB <- matrix(rnorm(nsim*N,mean=0,sd=sqrt(dt)), nsim, N)

R <- matrix(0,nsim,N);R[,1]=0.03
4 dev.new(width=10,height=7);

for (i in 1:nsim){for (j in 2:N){R[i,j]=R[i,j-1]+(a-b*R[i,j-1])*dt+sigma*dB[i,j]}}
6 par(mar=c(0,1,1,1));par(oma=c(0,1,1,1));par(mgp=c(-5,1,1))

plot(t,R[1,],xlab = "Time",ylab = "",type = "l",ylim = c(R[1,1]-0.2,R[1,1]+0.2),col =
0,axes=FALSE)

8 axis(2, pos=0,las=1);for (i in 1:nsim){lines(t, R[i, ], xlab = "time", type = "l", col = i+0)}
abline(h=a/b,col="blue",lwd=3);abline(h=0)

We note that the process remains in the N
(
a/b,σ2/2/b

)
Gaussian distribu-

tion if it is started from this distribution, see Exercise 17.1-(b).

1 a=0.25;b=10;sigma=1; N=1000; t <- 0:N; dt <- 1.0/N; nsim=20;
dB <- matrix(rnorm( nsim * N, 0, sqrt(dt)), nsim, N); Y <- matrix(0, nsim, N+1)

3 for (i in 1:nsim){Y[i,1]=rnorm(1,a/b,sqrt(sigma**2/2/b));
for (j in 2:N){Y[i,j] = Y[i,j-1] +(a-b*Y[i,j-1])*dt +sigma*dB[i,j];}}

5 H<-hist(Y[,N],plot=FALSE,breaks=10); dev.new(width=16,height=7);
layout(matrix(c(1,2), nrow =1, byrow = TRUE));par(mar=c(2,2,2,0), oma = c(2, 2, 2, 2))

7 plot(t*dt, Y[1, ], xlab = "", ylab = "", type = "l", ylim = c(-1, 1), col = 0,
xaxs='i',yaxs='i',las=1, cex.axis=1.6)

for (i in 1:nsim){lines(t*dt, Y[i, ], type = "l", ylim = c(-1, 1), col = i,lwd=2)}
9 for (i in 1:nsim){points(0.999, Y[i,N], pch=1, lwd = 5, col = i)}

x <- seq(-2,2, length=100); px <- dnorm(x,a/b,sqrt(sigma**2/2/b));par(mar = c(2,2,2,2))
11 plot(NULL , xlab="", ylab="", xlim = c(0, max(px,H$density)), ylim = c(-2,2),axes=F)

rect(0, H$breaks[1:(length(H$breaks) - 1)], col=rainbow(20,start=0.08,end=0.6), H$density,
H$breaks[2:length(H$breaks)]); lines(px,x, lty=1, col="black",lwd=2)
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Example - TNX yield

We consider the yield of the 10 Year Treasury Note on the Chicago Board
Options Exchange (CBOE), for later use in the calibration of the Vasicek
model. Treasury notes usually have a maturity between one and 10 years,
whereas treasury bonds have maturities beyond 10 years).
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1 library(quantmod)
2 getSymbols("^TNX",from="2012-01-01",to="2016-01-01",src="yahoo")

rate=Ad(`TNX`);rate<-rate[!is.na(rate)]
4 dev.new(width=10,height=7);chartSeries(rate,up.col="blue",theme="white")

n = length(!is.na(rate))

The next Figure 17.2 displays the yield of the 10 Year Treasury Note.
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Fig. 17.2: CBOE 10 Year Treasury Note (TNX) yield.

Cox-Ingersoll-Ross (CIR) model

The Cox et al. (1985) (CIR) model brings a solution to the positivity problem
encountered with the Vasicek model, by the use the nonlinear stochastic
differential equation

drt = β(α− rt)dt+ σ
√
rtdBt, (17.5)

with α > 0, β > 0, σ > 0. The probability distribution of rt at time t > 0
admits the noncentral Chi square probability density function given by

ft(x) (17.6)

=
2β

σ2(1 − e−βt
) exp

(
−

2β
(
x+ r0 e−βt)

σ2(1 − e−βt
) )( x

r0 e−βt

)αβ/σ2−1/2
I2αβ/σ2−1

(
4β
√
r0x e−βt

σ2(1 − e−βt
)) ,

x > 0, where

Iλ(z) :=
(z

2

)λ∑
k⩾0

(z2/4)k
k!Γ(λ+ k+ 1) , z ∈ R,

is the modified Bessel function of the first kind, see Lemma 9 in Feller (1951)
and Corollary 24 in Albanese and Lawi (2005). Note that ft(x) is not defined
at x = 0 if αβ/σ2 − 1/2 < 0, i.e. σ2 > 2αβ, in which case the probability
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distribution of rt admits a point mass at x = 0. On the other hand, rt remains
almost surely strictly positive under the Feller condition 2αβ ⩾ σ2, cf. the
study of the associated probability density function in Lemma 4 of Feller
(1951) for α,β ∈ R.
Figure 17.3 presents a random simulation of t 7→ rt in the Cox et al. (1985)
(CIR) model in the case σ2 > 2αβ, in which the process is mean reverting
with respect to α = 2.5% and has a nonzero probability of hitting 0.
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Fig. 17.3: Graph of the CIR short rate t 7→ rt with α = 2.5%, β = 1, and σ = 1.3.

The next code provides a numerical solution of the stochastic differential
equation (17.5) using the Euler method, see Figure 17.3.

1 N=10000; t <- 0:(N-1); dt <- 1.0/N; nsim <- 2; a=0.025; b=1; sigma=0.1;
sd=sqrt(sigma^2/2/b); R <- matrix(0,nsim,N);R[,1]=0.03

3 X <- matrix(rnorm(nsim*N,mean=0,sd=sqrt(dt)), nsim, N)
for (i in 1:nsim){for (j in

2:N){R[i,j]=max(0,R[i,j-1]+(a-b*R[i,j-1])*dt+sigma*sqrt(R[i,j-1])*X[i,j])}}
5 plot(t,R[1,],xlab="time",ylab="",type="l",ylim=c(0,R[1,1]+sd/5),col=0,axes=FALSE)

axis(2, pos=0)
7 for (i in 1:nsim){lines(t, R[i, ], xlab = "time", type = "l", col = i+8)}

abline(h=a/b,col="blue",lwd=3);abline(h=0)

In large time t → ∞, using the asymptotics

Iλ(z) ≃z→0
1

Γ(λ+ 1)

(z
2

)λ
,

the probability density function (17.6) becomes the gamma density function

f(x) = lim
t→∞

ft(x) =
1

Γ(2αβ/σ2)

(
2β
σ2

)2αβ/σ2

x−1+2αβ/σ2 e−2βx/σ2 , x > 0.

(17.7)
with shape parameter 2αβ/σ2 and scale parameter σ2/(2β), which is also
the invariant distribution of rt.
The family of classical mean-reverting models also includes the Courtadon
(1982) model
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drt = β(α− rt)dt+ σrtdBt,

where α, β, σ are nonnegative, cf. Exercise 17.6, and the exponential Vasicek
model

drt = rt(η− a log rt)dt+ σrtdBt,

where a, η,σ > 0, cf. Exercises 4.18 and 4.19.

Constant Elasticity of Variance (CEV) model

Constant Elasticity of Variance models are designed to take into account
nonconstant volatilities that can vary as a power of the underlying asset
price. The Marsh and Rosenfeld (1983) short-term interest rate model

drt = (βrγ−1
t + αrt)dt+ σrγ/2

t dBt, (17.8)

where α ∈ R, β,σ > 0 are constants and γ > 0 is the variance (or diffusion)
elasticity coefficient, covers most of the CEV models. Here, the elasticity
coefficient is defined as ratio

dv2(r)/v2(r)

dr/r

between the relative change dv(r)/v(r) in the variance v(r) and the relative
change dr/r in r. Denoting by v2(r) := σ2rγ the variance coefficient in (17.8),
constant elasticity refers to the constant ratio

dv2(r)/v2(r)

dr/r
= 2 r

v(r)

dv(r)

dr
= 2d log v(r)

d log r = 2d log rγ/2

d log r = γ.

For γ = 1, (17.8) yields the Cox et al. (1985) (CIR) equation

drt = (β + αrt)dt+ σ
√
rtdBt.

For β = 0 we get the standard CEV model

drt = αrtdt+ σrγ/2
t dBt,

and for γ = 2 and β = 0 this yields the Dothan (1978) model

drt = αrtdt+ σrtdBt,

which is a version of geometric Brownian motion used for short-term interest
rate modeling.
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Time-dependent affine models

The class of short rate interest rate models admits a number of generalizations
(see the references quoted in the introduction of this chapter), including the
class of affine models of the form

drt = (η(t) + λ(t)rt)dt+
√
δ(t) + γ(t)rtdBt. (17.9)

Such models are called affine because the associated bonds can be priced
using an affine PDE of the type (17.27) below with solution of the form
(17.28), as will be seen after Proposition 17.2.

The family of affine models also includes:

i) the Ho and Lee (1986) model

drt = θ(t)dt+ σdBt,

where θ(t) is a deterministic function of time, as an extension of the
Merton model drt = θdt+ σdBt,

ii) the Hull and White (1990) model

drt = (θ(t) − α(t)rt)dt+ σ(t)dBt

which is a time-dependent extension of the Vasicek model (17.1), with
the explicit solution

rt = r0 e−
r t

0 α(τ )dτ +
w t

0
e−

r t
u
α(τ )dτθ(u)du+

w t
0
σ(u) e−

r t
u
α(τ )dτdBu,

t ⩾ 0.

17.2 Calibration of the Vasicek Model

Using the discretization (17.4) of the Vasicek equation (17.1) and a set
(r̃tk )k=0,1,...,n of market data, we consider the quadratic residual

n−1∑
k=0

(
r̃tk+1 − a∆t− (1 − b∆t)r̃tk

)2 (17.10)

which represents the (squared) quadratic distance between the observed data
sequence (r̃tk )k=1,2,...,n and its predictions

(
a∆t+ (1 − b∆t)r̃tk

)
k=0,1,...,n−1.

In order to minimize the residual (17.10) over a and b we use Ordinary
Least Square (OLS) regression, and equate the following derivatives to zero.
Namely, we have
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∂

∂a

n−1∑
l=0

(
r̃tl+1 − a∆t− (1 − b∆t)r̃tl

)2
= −2∆t

(
−an∆t+

n−1∑
l=0

(
r̃tl+1 − (1 − b∆t)r̃tl

))
= 0,

hence

a∆t =
1
n

n−1∑
l=0

(
r̃tl+1 − (1 − b∆t)r̃tl

)
,

and

∂

∂b

n−1∑
k=0

(
r̃tk+1 − a∆t− (1 − b∆t)r̃tk

)2
= 2∆t

n−1∑
k=0

r̃tk
(
−a∆t+ r̃tk+1 − (1 − b∆t)r̃tk

)
= 2∆t

n−1∑
k=0

r̃tk

(
r̃tk+1 − (1 − b∆t)r̃tk − 1

n

n−1∑
l=0

(
r̃tl+1 − (1 − b∆t)r̃tl

))

= 2∆t
n−1∑
k=0

r̃tk r̃tk+1 − ∆t
n

n−1∑
k,l=0

r̃tk r̃tl+1 − ∆t(1 − b∆t)

n−1∑
k=0

(r̃tk )
2 − 1

n

n−1∑
k,l=0

r̃tk r̃tl


= 0.

This leads to estimators for the parameters a and b, respectively as the em-
pirical mean and covariance of (r̃tk )k=0,1,...,n, i.e.
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â∆t =
1
n

n−1∑
k=0

(
r̃tk+1 − (1 − b̂∆t)r̃tk

)
,

and

1 − b̂∆t =

n−1∑
k=0

r̃tk r̃tk+1 − 1
n

n−1∑
k,l=0

r̃tk r̃tl+1

n−1∑
k=0

(r̃tk )
2 − 1

n

n−1∑
k,l=0

r̃tk r̃tl

=

n−1∑
k=0

(
r̃tk − 1

n

n−1∑
l=0

r̃tl

)(
r̃tk+1 − 1

n

n−1∑
l=0

r̃tl+1

)
n−1∑
k=0

(
r̃tk − 1

n

n−1∑
k=0

r̃tk

)2 .

(17.11)

This also yields

σ2∆t = Var[σZk]
≃ E

[(
r̃tk+1 − (1 − b∆t)r̃tk − a∆t

)2], k ⩾ 0,

hence σ can be estimated as

σ̂2∆t =
1

n− 1

n−1∑
k=0

(
r̃tk+1 − r̃tk (1 − b̂∆t) − â∆t

)2, (17.12)

see also Relation (4.7) page 49 of Greene (2003).

Exercise. Show that (17.12) can be recovered by minimizing the residual

η 7→
n−1∑
k=0

((
r̃tk+1 − r̃tk (1 − b̂∆t) − â∆t

)2 − η∆t
)2

as a function of η > 0, see also Exercise 17.3.

Time series modeling

Defining r̂tn := rtn − a/b, n ⩾ 0, we have

r̂tn+1 = rtn+1 − a

b

= rtn − a

b
+ (a− brtn)∆t+ σZn
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= rtn − a

b
− b
(
rtn − a

b

)
∆t+ σZn

= r̂tn − br̂tn ∆t+ σZn

= (1 − b∆t)r̂tn + σZn, n ⩾ 0.

In other words, the sequence (r̂tn)n⩾0 is modeled according to an autoregres-
sive AR(1) time series (Xn)n⩾0 with parameter α = 1 − b∆t, in which the
current state Xn of the system is expressed as the linear combination

Xn := σZn + αXn−1, n ⩾ 1, (17.13)

where (Zn)n⩾1 another Gaussian white noise sequence with variance ∆t. This
equation can be solved recursively as the causal series

Xn = σZn + α(σZn−1 + αXn−2) = · · · = σ
∑
k⩾0

αkZn−k,

which converges when |α| < 1, i.e. |1 − b∆t| < 1, in which case the time series
(Xn)n⩾0 is weakly stationary, with

E[Xn] = σ
∑
k⩾0

αkE[Zn−k]

= σE[Z0]
∑
k⩾0

αk

=
σ

1 − α
E[Z0]

= 0, n ⩾ 0.

The variance of Xn is given by

Var[Xn] = σ2 Var

∑
k⩾0

αkZn−k


= σ2∆t

∑
k⩾0

α2k

= σ2∆t
∑
k⩾0

(1 − b∆t)2k

=
σ2∆t

1 − (1 − b∆t)2

=
σ2∆t

2b∆t− b2(∆t)2

≃ σ2

2b , [∆t ≃ 0],
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which coincides with the variance (17.3) of the Vasicek process in the sta-
tionary regime.

Example - TNX yield calibration

The next code is estimating the parameters of the Vasicek model using
the 10 Year Treasury Note yield data of Figure 17.2, by implementing the
formulas (17.11).

1 ratek=as.vector(rate);ratekplus1 <- c(ratek[-1],0)
2 oneminusbdt <- (sum(ratek*ratekplus1) - sum(ratek)*sum(ratekplus1)/n)/(sum(ratek*ratek) -

sum(ratek)*sum(ratek)/n)
adt <- sum(ratekplus1)/n-oneminusbdt*sum(ratek)/n;

4 sigmadt <- sqrt(sum((ratekplus1-oneminusbdt*ratek-adt)^2)/n)

Parameter estimation can also be implemented using the linear regression
command

lm(c(diff(ratek)) ∼ ratek[1:length(ratek)-1])

in , which estimates the values of a∆t ≃ 0.017110 and −b∆t ≃ −0.007648
in the regression

rtk+1 − rtk = (a− brtk )∆t+ σZk, k ⩾ 0,

Coefficients:

(Intercept) ratek[1:length(ratek) - 1]

0.017110 -0.007648

1 for (i in 1:100) {ar.sim<-arima.sim(model=list(ar=c(oneminusbdt)),n.start=100,n)
2 y=adt/oneminusbdt+sigmadt*ar.sim;y=y+ratek[1]-y[1]

time <- as.POSIXct(time(rate), format = "%Y-%m-%d")
4 sim_yield <- xts(x = y, order.by = time);

myPars <- chart_pars();myPars$cex<-1.4
6 myTheme <- chart_theme();myTheme$col$line.col <- "blue"

myTheme$rylab <- FALSE; dev.new(width=24,height=8)
8 par(mfrow=c(1,2));print(chart_Series(rate,theme=myTheme,pars=myPars))

graph <-chart_Series(sim_yield,theme=myTheme,pars=myPars); myylim <- graph$get_ylim()
10 myylim[[2]] <- structure(c(min(rate),max(rate)), fixed=TRUE)

graph$set_ylim(myylim); print(graph); Sys.sleep(1);dev.off()}

The above code is generating Vasicek random samples according to the
AR(1) time series (17.13), see Figure 17.4.
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(a) CBOE TNX market yield. (b) Calibrated Vasicek sample path.

Fig. 17.4: Calibrated Vasicek simulation vs. market data.

The package Sim.DiffProc can also be used to estimate the coefficients
a∆t and b∆t.

1 install.packages("Sim.DiffProc");library(Sim.DiffProc)
fx <- expression( theta[1]-theta[2]*x ); gx <- expression( theta[3] )

3 fitsde(data = as.ts(ratek), drift = fx, diffusion = gx, start = list(theta1=0.1, theta2=0.1,
theta3=0.1),pmle="euler")

17.3 Zero-Coupon and Coupon Bonds

A zero-coupon bond is a contract priced P (t,T ) at time t < T to deliver the
face value (or par value) P (T ,T ) = $1 at time T . In addition to its value
at maturity, a bond may yield a periodic coupon payment at regular time
intervals until the maturity date.

Fig. 17.5: Five-dollar 1875 Louisiana bond with 7.5% biannual coupons and maturity
T = 1/1/1886.
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The computation of the arbitrage-free price P0(t,T ) of a zero-coupon bond
based on an underlying short-term interest rate process (rt)t∈R+ is a basic
and important issue in interest rate modeling.

Constant short rate

In case the short-term interest rate is a constant rt = r, t ⩾ 0, a standard
arbitrage argument shows that the price P (t,T ) of the bond is given by

P (t,T ) = e−(T−t)r, 0 ⩽ t ⩽ T .

Indeed, if P (t,T ) > e−(T−t)r we could issue a bond at the price P (t,T ) and
invest this amount at the compounded risk-free interest rate r, which would
yield P (t,T ) e(T−t)r > 1 at time T .

On the other hand, if P (t,T ) < e−(T−t)r we could borrow P (t,T ) at the
rate r to buy a bond priced P (t,T ). At maturity time T we would receive $1
and refund only P (t,T ) e(T−t)r < 1.

The price P (t,T ) = e−(T−t)r of the bond is the value of P (t,T ) that makes
the potential profit P (t,T ) e(T−t)r − 1 vanish for both traders.

Time-dependent deterministic short rates

Similarly to the above, when the short-term interest rate process (r(t))t∈R+

is a deterministic function of time, a similar argument shows that

P (t,T ) = e−
r T

t
r(s)ds, 0 ⩽ t ⩽ T . (17.14)

Stochastic short rates

In case (rt)t∈R+ is an (Ft)t∈R+ -adapted random process the formula (17.14)
is no longer valid as it relies on future information, and we replace it with
the averaged discounted payoff

P (t,T ) = E∗
[

e−
r T

t
rsds

∣∣∣ Ft
]

, 0 ⩽ t ⩽ T , (17.15)

under a risk-neutral probability measure P∗. It is natural to write P (t,T ) as a
conditional expectation under a martingale measure, as the use of conditional
expectation helps to “filter out” the (random/unknown) future information
past time t contained in

w T
t
rsds. The expression (17.15) makes sense as

the “best possible estimate” of the future quantity e−
r T

t
rsds in mean-square

sense, given the information known up to time t.
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Coupon bonds

Pricing bonds with nonzero coupon is not difficult since in general the amount
and periodicity of coupons are deterministic.∗ In the case of a succession
of coupon payments c1, c2, . . . , cn at times T1,T2, . . . ,Tn ∈ (t,T ], another
application of the above absence of arbitrage argument shows that the price
Pc(t,T ) of the coupon bond with discounted (deterministic) coupon payments
is given by the linear combination of zero-coupon bond prices

Pc(t,T ) := E∗
[

n∑
k=1

ck e−
r Tk

t rsds

∣∣∣∣Ft
]
+ E∗

[
e−

r T
t
rsds

∣∣∣∣Ft]

=
n∑
k=1

ckE∗
[

e−
r Tk

t rsds

∣∣∣∣Ft]+ P0(t,T )

= P0(t,T ) +
n∑
k=1

ckP0(t,Tk), 0 ⩽ t ⩽ T1, (17.16)

which represents the present value at time t of future $c1, $c2, . . . , $cn receipts
respectively at times T1,T2, . . . ,Tn, in addition to a terminal $1 principal
payment.

In the case of a constant coupon rate c paid at regular time intervals
τ = Tk+1 − Tk, k = 0, 1, . . . ,n− 1, with T0 = t, Tn = T , and a constant
deterministic short rate r, we find

Pc(T0,Tn) = e−rnτ + c
n∑
k=1

e−(Tk−T0)r

= e−rnτ + c
n∑
k=1

e−krτ

= e−rnτ + c
e−rτ − e−r(n+1)τ

1 − e−rτ .

In terms of the discrete-time interest rate r̃ := erτ − 1, we also have

Pc(T0,Tn) =
c

r̃
+

r̃− c

(1 + r̃)nr̃
.

∗ However, coupon default cannot be excluded.
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Fig. 17.6: Discrete-time coupon bond pricing.

In the case of a continuous-time coupon rate c > 0, the above discrete-time
calculation (17.16) can be reinterpreted as follows:

Pc(t,T ) = P0(t,T ) + c
w T
t
P0(t,u)du (17.17)

= P0(t,T ) + c
w T
t

e−(u−t)rdu

= e−(T−t)r + c
w T−t

0
e−rudu

= e−(T−t)r +
c

r

(
1 − e−(T−t)r),

=
c

r
+
r− c

r
e−(T−t)r, 0 ⩽ t ⩽ T , (17.18)

where the coupon bond price Pc(t,T ) solves the ordinary differential equation

dPc(t,T ) = (r− c) e−(T−t)rdt = −cdt+ rPc(t,T )dt, 0 ⩽ t ⩽ T ,

see also Figures 17.7 and 17.11 below.
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Fig. 17.7: Continuous-time coupon bond pricing.

In what follows, we will mostly consider zero-coupon bonds priced as P (t,T ) =
P0(t,T ), 0 ⩽ t ⩽ T , in the setting of stochastic short rates.

Martingale property of discounted bond prices

The following proposition shows that Assumption (A) of Chapter 16 is sat-
isfied, in other words, the bond price process t 7→ P (t,T ) can be used as a
numéraire.

Proposition 17.1. The discounted bond price process

t 7→ P̃ (t,T ) := e−
r t

0 rsdsP (t,T )

is a martingale under P∗.

Proof. By (17.15) we have

P̃ (t,T ) = e−
r t

0 rsdsP (t,T )

= e−
r t

0 rsdsE∗
[

e−
r T

t
rsds

∣∣∣ Ft
]

= E∗
[

e−
r t

0 rsds e−
r T

t
rsds

∣∣∣ Ft
]

= E∗
[

e−
r T

0 rsds
∣∣∣ Ft

]
, 0 ⩽ t ⩽ T ,

and this suffices in order to conclude, since by the tower property (A.33) of
conditional expectations, see, e.g., Example 1 page 271, any process (Xt)t∈R+

of the form t 7→ Xt := E∗[F | Ft], F ∈ L1(Ω), is a martingale, see also
Relation (7.1). In other words, we have

E∗[P̃ (t,T ) ∣∣Fu] = E∗
[

E∗
[

e−
r T

0 rsds

∣∣∣∣Ft] ∣∣∣∣Fu]
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= E∗
[

e−
r T

0 rsds

∣∣∣∣Fu]
= P̃ (u,T ), 0 ⩽ u ⩽ t.

□

17.4 Bond Pricing PDE

We assume from now on that the underlying short rate process solves the
stochastic differential equation

drt = µ(t, rt)dt+ σ(t, rt)dBt (17.19)

where (Bt)t∈R+ is a standard Brownian motion under P∗. Note that spec-
ifying the dynamics of (rt)t∈R+ under the historical probability measure P

will also lead to a notion of market price of risk (MPoR) for the modeling of
short rates.
As all solutions of stochastic differential equations such as (17.19) have the
Markov property, cf. e.g. Theorem V-32 of Protter (2004), the arbitrage-free
price P (t,T ) can be rewritten as a function F (t, rt) of rt, i.e.

P (t,T ) = E∗
[

e−
r T

t
rsds

∣∣∣ Ft
]

= E∗
[

e−
r T

t
rsds

∣∣∣ rt]
= F (t, rt), (17.20)

and depends on (t, rt) only, instead of depending on the whole information
available in Ft up to time t, meaning that the pricing problem can now be
formulated as a search for the function F (t,x).
Proposition 17.2. (Bond pricing PDE). Consider a short rate (rt)t∈R+

modeled by a diffusion equation of the form

drt = µ(t, rt)dt+ σ(t, rt)dBt.

The bond pricing PDE for P (t,T ) = F (t, rt) as in (17.20) is written as

xF (t,x) = ∂F

∂t
(t,x) + µ(t,x)∂F

∂x
(t,x) + 1

2σ
2(t,x)∂

2F

∂x2 (t,x), (17.21)

t ∈ [0,T ], x ∈ R, subject to the terminal condition

F (T ,x) = 1, x ∈ R. (17.22)
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In addition, the bond price dynamics is given by

dP (t,T ) = rtP (t,T )dt+ σ(t, rt)
∂F

∂x
(t, rt)dBt. (17.23)

Proof. By Itô’s formula, we have

d
(

e−
r t

0 rsdsP (t,T )
)
= −rt e−

r t
0 rsdsP (t,T )dt+ e−

r t
0 rsdsdP (t,T )

= −rt e−
r t

0 rsdsF (t, rt)dt+ e−
r t

0 rsdsdF (t, rt)

= −rt e−
r t

0 rsdsF (t, rt)dt+ e−
r t

0 rsds ∂F

∂x
(t, rt)drt

+
1
2 e−

r t
0 rsds ∂

2F

∂x2 (t, rt)(drt)
2 + e−

r t
0 rsds ∂F

∂t
(t, rt)dt

= −rt e−
r t

0 rsdsF (t, rt)dt+ e−
r t

0 rsds ∂F

∂x
(t, rt)(µ(t, rt)dt+ σ(t, rt)dBt)

+ e−
r t

0 rsds

(
1
2σ

2(t, rt)
∂2F

∂x2 (t, rt) +
∂F

∂t
(t, rt)

)
dt

= e−
r t

0 rsdsσ(t, rt)
∂F

∂x
(t, rt)dBt

+ e−
r t

0 rsds

(
−rtF (t, rt) + µ(t, rt)

∂F

∂x
(t, rt) +

1
2σ

2(t, rt)
∂2F

∂x2 (t, rt) +
∂F

∂t
(t, rt)

)
dt.

(17.24)

Given that t 7→ e−
r t

0 rsdsP (t,T ) is a martingale, the above expression (17.24)
should only contain terms in dBt (cf. Corollary II-6-1, page 72 of Protter
(2004)), and all terms in dt should vanish inside (17.24). This leads to the
identities

rtF (t, rt) = µ(t, rt)
∂F

∂x
(t, rt) +

1
2σ

2(t, rt)
∂2F

∂x2 (t, rt) +
∂F

∂t
(t, rt)

d
(

e−
r t

0 rsdsP (t,T )
)
= e−

r t
0 rsdsσ(t, rt)

∂F

∂x
(t, rt)dBt, (17.25a)

which lead to (17.21) and (17.23). Condition (17.22) is due to the fact that
P (T ,T ) = $1. □

By (17.25a), the proof of Proposition 17.2 also shows that

dP (t,T )
P (t,T ) =

1
P (t,T )d

(
e
r t

0 rsds e−
r t

0 rsdsP (t,T )
)

=
1

P (t,T )

(
rtP (t,T )dt+ e

r t
0 rsdsd

(
e−

r t
0 rsdsP (t,T )

))
= rtdt+

1
P (t,T ) e

r t
0 rsdsd

(
e−

r t
0 rsdsP (t,T )

)
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= rtdt+
1

F (t, rt)
∂F

∂x
(t, rt)σ(t, rt)dBt

= rtdt+ σ(t, rt)
∂

∂x
logF (t, rt)dBt. (17.26)

In the case of an interest rate process modeled by (17.9), we have

µ(t,x) = η(t) + λ(t)x, and σ(t,x) =
√
δ(t) + γ(t)x,

hence (17.21) yields the affine PDE

xF (t,x) = ∂F

∂t
(t,x) + (η(t) + λ(t)x)

∂F

∂x
(t,x) + 1

2 (δ(t) + γ(t)x)
∂2F

∂x2 (t,x)

(17.27)

with time-dependent coefficients, t ⩾ 0, x ∈ R.

Note that more generally, all affine short rate models as defined in Rela-
tion (17.9), including the Vasicek model, will yield a bond pricing formula of
the form

P (t,T ) = eA(T−t)+rtC(T−t), (17.28)

cf. e.g. § 3.2.4. in Brigo and Mercurio (2006).

Vašíček (1977) bond pricing

In the Vasicek case
drt = (a− brt)dt+ σdBt,

the bond price takes the form

F (t, rt) = P (t,T ) = eA(T−t)+rtC(T−t),

where A(·) and C(·) are deterministic functions of time, see (17.34)-(17.35)
below, and (17.26) yields

dP (t,T )
P (t,T ) = rtdt+ σC(T − t)dBt (17.29)

= rtdt− σ

b

(
1 − e−(T−t)b)dBt,

since F (t,x) = eA(T−t)+xC(T−t).

Probabilistic solution of the Vasicek PDE

Next, we solve the PDE (17.21), written with µ(t,x) = a− bx and σ(t,x) = σ
in the Vašíček (1977) model
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drt = (a− brt)dt+ σdBt (17.30)

as 
xF (t,x) = ∂F

∂t
(t,x) + (a− bx)

∂F

∂x
(t,x) + σ2

2
∂2F

∂x2 (t,x),

F (T ,x) = 1.
(17.31)

For this, Proposition 17.3 relies on a direct computation of the conditional
expectation

F (t, rt) = P (t,T ) = E∗
[

e−
r T

t
rsds

∣∣∣ Ft
]

. (17.32)

See also Exercise 17.8 for a closed-form bond pricing formula in the Cox et al.
(1985) (CIR) model.

Proposition 17.3. The zero-coupon bond price in the Vasicek model (17.30)
can be expressed as

P (t,T ) = eA(T−t)+rtC(T−t), 0 ⩽ t ⩽ T , (17.33)

where A(x) and C(x) are functions of time to maturity given by

C(x) := −1
b

(
1 − e−bx), (17.34)

and

A(x) :=
4ab− 3σ2

4b3 +
σ2 − 2ab

2b2 x+
σ2 − ab

b3 e−bx − σ2

4b3 e−2bx (17.35)

= −
(
a

b
− σ2

2b2

)
(x+C(x)) − σ2

4b C
2(x), x ⩾ 0.

Proof. Recall that in the Vasicek model (17.30), the short rate process
(rt)t∈R+ solution of (17.30) has the expression

rt = g(t) +
w t

0
h(t, s)dBs = r0 e−bt +

a

b

(
1 − e−bt)+ σ

w t
0

e−(t−s)bdBs,

see Exercise 17.1, where g and h are the deterministic functions

g(t) := r0 e−bt +
a

b

(
1 − e−bt), t ⩾ 0,

and
h(t, s) := σ e−(t−s)b, 0 ⩽ s ⩽ t.
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Using the fact that Wiener integrals are Gaussian random variables and the
Gaussian moment generating function, and exchanging the order of integra-
tion between ds and du over [t,T ] according to the following picture:

u

s

t T

t

T

we have

P (t,T ) = E∗
[

e−
r T

t
rsds

∣∣∣ Ft
]

= E∗
[

e−
r T

t
(g(s)+

r s
0 h(s,u)dBu)ds

∣∣∣ Ft
]

= exp
(

−
w T
t
g(s)ds

)
E∗
[

e−
r T

t

r s
0 h(s,u)dBuds

∣∣∣ Ft
]

= exp
(

−
w T
t
g(s)ds

)
E∗
[

e−
r T

0
r T

Max(u,t) h(s,u)dsdBu
∣∣∣ Ft

]
= exp

(
−
w T
t
g(s)ds−

w t
0

w T
Max(u,t)

h(s,u)dsdBu
)

E∗
[

e−
r T

t

r T
Max(u,t) h(s,u)dsdBu

∣∣∣ Ft
]

= exp
(

−
w T
t
g(s)ds−

w t
0

w T
t
h(s,u)dsdBu

)
E∗
[

e−
r T

t

r T
u
h(s,u)dsdBu

∣∣∣ Ft
]

= exp
(

−
w T
t
g(s)ds−

w t
0

w T
t
h(s,u)dsdBu

)
E∗
[

e−
r T

t

r T
u
h(s,u)dsdBu

]
= exp

(
−
w T
t
g(s)ds−

w t
0

w T
t
h(s,u)dsdBu +

1
2
w T
t

(w T
u
h(s,u)ds

)2
du

)

= exp
(

−
w T
t

(
r0 e−bs +

a

b

(
1 − e−bs))ds− σ

w t
0

w T
t

e−(s−u)bdsdBu

)
× exp

(
σ2

2
w T
t

(w T
u

e−(s−u)bds

)2
du

)

= exp
(

−
w T
t

(
r0 e−bs +

a

b

(
1 − e−bs))ds− σ

b

(
1 − e−(T−t)b)w t

0
e−(t−u)bdBu

)
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× exp
(
σ2

2
w T
t

e2bu
(

e−bu − e−bT

b

)2
du

)

= exp
(

−rt
b

(
1 − e−(T−t)b)+ 1

b

(
1 − e−(T−t)b) (r0 e−bt +

a

b

(
1 − e−bt)))

× exp
(

−
w T
t

(
r0 e−bs +

a

b

(
1 − e−bs)) ds+ σ2

2
w T
t

e2bu
(

e−bu − e−bT

b

)2
du

)
= eA(T−t)+rtC(T−t), (17.36)

where A(x) and C(x) are the functions given by (17.34) and (17.35). □

Analytical solution of the Vasicek PDE

In order to solve the PDE (17.31) analytically, we may start by looking for a
solution of the form

F (t,x) = eA(T−t)+xC(T−t), (17.37)

where A(·) and C(·) are functions to be determined under the conditions
A(0) = 0 and C(0) = 0. Substituting (17.37) into the PDE (17.21) with the
Vasicek coefficients µ(t,x) = (a− bx) and σ(t,x) = σ shows that

x eA(T−t)+xC(T−t) = −(A′(T − t) + xC ′(T − t)) eA(T−t)+xC(T−t)

+(a− bx)C(T − t) eA(T−t)+xC(T−t)

+
1
2σ

2C2(T − t) eA(T−t)+xC(T−t),

i.e.

x = −A′(T − t) − xC ′(T − t) + (a− bx)C(T − t) +
1
2σ

2C2(T − t).

By identification of terms for x = 0 and x ̸= 0, this yields the system of
Riccati and linear differential equations

A′(s) = aC(s) +
σ2

2 C2(s)

C ′(s) = −1 − bC(s),

which can be solved to recover the above value of P (t,T ) = F (t, rt) via

C(s) = −1
b

(
1 − e−bs)

and
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A(t) = A(0) +
w t

0
A′(s)ds

=
w t

0

(
aC(s) +

σ2

2 C2(s)

)
ds

=
w t

0

(
a

b

(
1 − e−bs)+ σ2

2b2
(
1 − e−bs)2) ds

=
a

b

w t
0

(
1 − e−bs)ds+ σ2

2b2

w t
0

(
1 − e−bs)2ds

=
4ab− 3σ2

4b3 +
σ2 − 2ab

2b2 t+
σ2 − ab

b3 e−bt − σ2

4b3 e−2bt, t ⩾ 0.

The next Figure 17.8 shows the output of the attached for the Monte
Carlo and analytical estimation of Vasicek bond prices.

(a) Short rate paths.

0.2 0.4 0.6 0.8 1.0
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Bond prices estimates

r0

Monte Carlo Estimation
Analytical PDE Solution

(b) Comparison with the PDE solution.

Fig. 17.8: Comparison of Monte Carlo and analytical PDE solutions.

Vasicek bond price simulations

In this section we consider again the Vasicek model, in which the short rate
(rt)t∈R+ is solution to (17.1). Figure 17.9 presents a random simulation of
the zero-coupon bond price (17.33) in the Vasicek model with σ = 10%, r0 =
2.96%, b = 0.5, and a = 0.025. The graph of the corresponding deterministic
zero-coupon bond price with r = r0 = 2.96% is also shown in Figure 17.9.
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library(quantmod)
getSymbols("^TNX",from="2012-01-01",to="2016-01-01",src="yahoo")
rate=Ad(`TNX`)
rate<-0.01*rate[!is.na(rate)]
dev.new(width=10,height=7);
chartSeries(rate,up.col="blue",theme="white")
N = sum(!is.na(rate))

dt <- 1.0/365;

ratek=as.vector(rate)
ratekplus1 <- c(ratek[-1],0)
b <- (1-((sum(ratek*ratekplus1) - sum(ratek)*sum(ratekplus1)/N)/(sum(ratek*ratek) - sum(ratek)*sum(ratek)/N)))/dt
a <- (sum(ratekplus1)-(1-b*dt)*sum(ratek))/N/dt
sigma <- sqrt(sum((ratekplus1-(1-b)*ratek-a)^2)/N)/sqrt(dt)

t <- 0:(N-1);
nval=10
nsim <- 200
bprice <- rep(0, nval) 
r <- rep(0, nval) 
R <- matrix(0,nsim,N);

dev.new(width=10,height=7);

for (n in 1:nval){
X <- matrix(rnorm(nsim*N,mean=0,sd=sqrt(dt)), nsim, N)
r[n]=n/10
for (i in 1:nsim){
par(mgp=c(2,1,10))
R[i,1]=r[n]
for (j in 2:N){R[i,j]=R[i,j-1]+(a-b*R[i,j-1])*dt+sigma*X[i,j]}
bprice[n]=bprice[n]+exp(-sum(R[i,])*dt)
plot(t,R[i,],xlab = "Time",ylab = "",type = "l",ylim = c(-0.4,0.6),col = 0,axes=FALSE,main=paste("r0=",r[n],", n=",n,", Sum /",i,"=",round(bprice[n]/i, digits=5)),mgp = c(-2,0,0))
lines(t, R[i, ], xlab = "Time", type = "l", col = "blue",lwd=2)
axis(2, pos=0);
abline(h=a/b,col="purple",lwd=2);
abline(h=0)
Sys.sleep(1.0)
}
}

T=N/365
C=-(1-exp(-b*T))/b
A=-(a/b-sigma*sigma/2/b/b)*(T+C)-sigma*sigma*C*C/4/b
exp(A+r*C)

plot(r,bprice/nsim,xlab = expression('r'[0]), ylab = "",ylim = c(0.6,1),main="Bond prices estimates",col="red",lwd=2)
lines(r,exp(A+r*C), xlab = "Time", type = "l", col = "blue",lwd=2)
legend("bottomleft",legend=c("Monte Carlo Estimation","Analytical PDE Solution"),col=c("red","blue"),lw=3,pch=c(1,NA),lty=c(NA,1),cex=1.5)
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Fig. 17.9: Graphs of t 7→ F (t, rt) = P (t, T ) vs. t 7→ e−r0(T −t).

Figure 17.10 presents a random simulation of the coupon bond price (17.17)
in the Vasicek model with σ = 2%, r0 = 3.5%, b = 0.5, a = 0.025, and
coupon rate c = 5%. The graph of the corresponding deterministic coupon
bond price (17.18) with r = r0 = 3.5% is also shown in Figure 17.10.
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Fig. 17.10: Graph of t 7→ Pc(t, T ) for a bond with a 5% coupon rate.

Figure 17.11 presents market price data for a coupon bond with coupon rate
c = 6.25%.
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Fig. 17.11: Bond price graph with maturity 01/18/08 and coupon rate 6.25%.

Zero-coupon bond price and yield data

The following zero-coupon public bond price was downloaded from
EMMA at the Municipal Securities Rulemaking Board.

ORANGE CNTY CALIF PENSION OBLIG CAP APPREC-TAXABLE-
REF-SER A (CA)
CUSIP: 68428LBB9
Dated Date: 06/12/1996 (June 12, 1996)
Maturity Date: 09/01/2016 (September 1st, 2016)
Interest Rate: 0.0 %
Principal Amount at Issuance: $26,056,000
Initial Offering Price: 19.465

1 library(quantmod);getwd()
bondprice <- read.table("bond_data_R.txt",col.names =

c("Date","HighPrice","LowPrice","HighYield","LowYield","Count","Amount"))
3 head(bondprice)

time <- as.POSIXct(bondprice$Date, format = "%Y-%m-%d")
5 price <- xts(x = bondprice$HighPrice, order.by = time)

yield <- xts(x = bondprice$HighYield, order.by = time)
7 dev.new(width=10,height=7);

chartSeries(price,up.col="blue",theme="white")
9 chartSeries(yield,up.col="blue",theme="white")

Date HighPrice LowPrice HighYield LowYield Count Amount
1 2016-01-13 99.082 98.982 1.666 1.501 2 20000
2 2015-12-29 99.183 99.183 1.250 1.250 1 10000
3 2015-12-21 97.952 97.952 3.014 3.014 1 10000
4 2015-12-17 99.141 98.550 2.123 1.251 5 610000
5 2015-12-07 98.770 98.770 1.714 1.714 2 10000
6 2015-12-04 98.363 98.118 2.628 2.280 2 10000
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		2016-01-13		99.082		98.982		1.666		1.501		2		20000

		2015-12-29		99.183		99.183		1.25		1.25		1		10000

		2015-12-21		97.952		97.952		3.014		3.014		1		10000

		2015-12-17		99.141		98.55		2.123		1.251		5		610000

		2015-12-07		98.77		98.77		1.714		1.714		2		10000

		2015-12-04		98.363		98.118		2.628		2.28		2		10000

		2015-11-18		98.65		98.65		1.768		1.767		2		20000

		2015-11-17		98.306		98.306		2.201		2.2		2		20000

		2015-10-02		98.659		98.514		1.67		1.506		4		100000

		2015-09-09		98		98		2.107		2.107		1		25000

		2015-09-08		98.884		98.043		2.043		1.158		3		30000

		2015-07-20		97.505		96.28		3.459		2.299		2		20000

		2015-07-16		98.397		98.397		1.46		1.46		1		25000

		2015-07-15		98.872		98.872		1.021		1.021		1		5000

		2015-07-10		97.689		97.689		2.084		2.084		1		30000

		2015-06-18		98.123		98.023		1.686		1.6		3		30000

		2015-06-17		98.843		97.034		2.543		1		3		25000

		2015-06-15		98.36		98.299		1.431		1.379		5		85000

		2015-06-09		98.016		98.016		1.65		1.65		1		20000

		2015-05-21		97.826		97.726		1.832		1.75		2		50000

		2015-05-18		98.494		98.494		1.191		1.191		2		30000

		2015-05-15		98.55		98.35		1.303		1.143		3		30000

		2015-05-12		97.769		97.769		1.751		1.751		1		15000

		2015-04-27		98.348		98.348		1.251		1.251		2		40000

		2015-04-24		98.303		98.303		1.282		1.282		1		25000

		2015-04-23		97.607		97.607		1.813		1.813		1		65000

		2015-04-14		98.64		98.64		1		1		1		10000

		2015-03-20		98.38		97.98		1.428		1.143		7		385000

		2015-03-19		97.851		97.751		1.59		1.518		3		675000

		2015-03-11		98.1		98		1.39		1.32		3		60000

		2015-02-27		97.82		97.695		1.569		1.483		2		40000

		2015-02-13		98.582		98.357		1.083		0.934		3		75000

		2015-02-11		98.576		98.226		1.166		0.934		3		30000

		2015-01-15		98.3		98.3		1.067		1.067		1		55000

		2015-01-12		98.95		98.95		0.65		0.65		2		60000

		2015-01-09		98		98		1.232		1.232		1		60000

		2014-12-11		98.31		97.396		1.55		1		3		160000

		2014-12-10		96.416		96.416		2.144		2.144		2		80000

		2014-12-05		98.044		98.044		1.148		1.148		1		50000

		2014-12-04		97.288		97.288		1.598		1.598		1		50000

		2014-11-21		97.822		97.822		1.25		1.25		1		5000

		2014-11-20		96.422		94		3.533		2.073		3		15000

		2014-11-07		97.979		96.458		2.014		1.138		6		125000

		2014-10-29		96.504		96.504		1.956		1.956		1		15000

		2014-10-14		98.149		97.784		1.201		1		2		320000

		2014-10-07		97.401		97.401		1.396		1.396		1		100000

		2014-10-03		97.991		97.026		1.598		1.073		5		350000

		2014-09-30		97.446		96.285		1.991		1.358		4		220000

		2014-09-19		97.331		97.231		1.455		1.402		2		100000

		2014-09-18		96.47		96.4		1.9		1.862		2		100000

		2014-09-15		96.9		95.673		2.278		1.619		4		300000

		2014-09-11		95.55		95.2		2.528		2.338		2		20000

		2014-08-19		97.119		95.596		2.236		1.449		5		75000

		2014-08-13		95.286		95.286		2.386		2.386		1		30000

		2014-08-06		95.593		95.593		2.205		2.205		1		35000

		2014-08-01		97.951		97.726		1.114		1.003		4		100000

		2014-07-30		97.6		97.5		1.223		1.174		2		20000

		2014-07-23		96.036		95.036		2.449		1.943		4		50000

		2014-07-16		97.4		94.951		2.469		1.252		6		75000

		2014-07-14		97.182		96.957		1.461		1.351		4		100000

		2014-07-11		95.69		95.57		2.144		2.084		2		100000

		2014-05-20		95.314		95.314		2.123		2.123		2		30000

		2014-05-16		93.723		93.723		2.866		2.866		1		30000

		2014-04-29		97.013		96.713		1.439		1.305		2		20000

		2014-04-16		95.16		95.16		2.115		2.115		1		20000

		2014-04-07		97.633		96.833		1.35		1.004		2		50000

		2014-04-02		95.773		93.974		2.607		1.807		3		75000

		2014-02-28		93.2		93.1		2.893		2.85		2		20000

		2014-02-27		91.75		91.75		3.486		3.486		1		10000

		2014-02-21		95.695		92.695		3.04		1.758		4		40000

		2014-02-18		94.385		93.885		2.511		2.299		2		90000

		2014-02-13		93.101		93.101		2.842		2.842		1		45000

		2013-11-15		93		93		2.627		2.627		1		50000

		2013-11-14		91.5		91.5		3.204		3.204		1		50000

		2013-11-12		92.599		91.71		3.121		2.771		2		20000

		2013-10-31		94.272		94.272		2.101		2.101		3		45000

		2013-10-30		92.323		92.323		2.848		2.848		1		10000

		2013-10-29		95.99		94.25		2.101		1.45		2		20000

		2013-10-25		90.807		90.807		3.429		3.429		1		10000

		2013-10-21		91.616		91.491		3.142		3.093		3		75000

		2013-08-07		91.008		91.008		3.11		3.11		2		10000

		2013-08-05		89.425		89.425		3.681		3.681		1		5000

		2013-07-22		94.943		94.018		2		1.681		2		80000

		2013-07-17		95.167		93.026		2.339		1.6		2		90000

		2013-07-16		95.154		95.154		1.6		1.6		1		50000

		2013-07-12		94.412		94.412		1.85		1.85		1		100000

		2013-06-28		94.004		93.404		2.17		1.966		3		40000

		2013-06-26		94.718		92.567		2.454		1.721		3		50000

		2013-06-11		92.56		92.56		2.42		2.42		2		12000

		2013-06-05		91.111		91.111		2.907		2.907		1		5000

		2013-06-04		95.282		95.282		1.528		1.528		6		250000

		2013-05-31		95.122		95.122		1.547		1.547		1		225000

		2013-05-30		94.292		91.069		2.907		1.821		4		28000

		2013-05-29		94.96		94.885		1.633		1.6		5		200000

		2013-05-24		92.682		92.682		2.35		2.35		1		10000

		2013-05-23		94.488		93.073		2.217		1.749		4		210000

		2013-05-21		96.791		93.731		1.99		1		7		495000

		2013-05-16		91.276		91.276		2.804		2.804		1		20000

		2013-05-02		91.676		90.15		3.151		2.638		3		27000

		2013-04-24		92.099		91.639		2.632		2.48		3		45000

		2013-04-22		92.074		91.614		2.632		2.48		3		54000

		2013-04-17		96.45		94.159		1.8		1.079		8		55000

		2013-04-15		92.054		91.954		2.505		2.472		2		20000

		2013-04-11		91.7		91.7		2.584		2.584		1		7000

		2013-04-09		96.358		89.785		3.208		1.099		6		57000

		2013-03-12		91.44		91.44		2.602		2.602		1		800000

		2013-02-22		91.643		89.32		3.243		2.501		3		483000

		2013-02-06		90.2		90		2.985		2.922		2		40000

		2012-11-29		88.152		87.964		3.457		3.399		10		320000

		2012-11-28		88.176		87.884		3.479		3.389		4		120000

		2012-11-27		90.487		90.487		2.682		2.682		1		15000

		2012-11-23		89.062		89.062		3.106		3.106		1		5000

		2012-11-13		87		87		3.707		3.707		1		5000

		2012-11-09		84.723		83.048		4.956		4.417		5		20000

		2012-10-31		88.79		88.79		3.135		3.135		1		10000

		2012-10-25		90.7		90.5		2.619		2.561		2		30000

		2012-10-24		90.353		90.353		2.66		2.66		2		40000

		2012-10-16		88.458		88.458		3.197		3.197		2		40000

		2012-10-02		90.866		90.055		2.7		2.468		2		30000

		2012-10-01		90.148		90.047		2.7		2.671		2		20000

		2012-09-26		88.239		87.797		3.351		3.22		2		50000

		2012-09-24		90.513		90.512		2.554		2.554		2		10000

		2012-09-21		90.5		90.5		2.556		2.556		1		30000

		2012-09-13		91.031		89.907		2.709		2.392		3		75000

		2012-08-09		85.18		85.18		4.002		4.002		3		25000

		2012-08-08		86.03		83.339		4.551		3.75		5		41000

		2012-08-03		86.486		85.986		3.75		3.605		2		4000

		2012-07-27		85		84.9		4.049		4.019		2		20000

		2012-07-19		87.61		83.625		4.407		3.25		4		180000

		2012-07-18		87.073		87.073		3.4		3.4		2		35000

		2012-07-17		86.522		86.048		3.686		3.609		2		40000

		2012-07-16		85.088		84.088		4.254		3.961		3		105000

		2012-07-13		86.541		86.541		3.54		3.54		1		15000

		2012-06-29		86.572		86.572		3.5		3.5		1		40000

		2012-06-28		85.25		85.25		3.872		3.872		1		40000

		2012-06-21		87.751		86.853		3.4		3.15		2		110000

		2012-06-20		85.289		84.689		4.012		3.84		3		165000

		2012-06-13		86.43		85.59		3.736		3.5		2		150000

		2012-06-11		83.861		83.861		4.221		4.221		1		75000

		2012-05-25		85.184		85.184		3.809		3.809		1		30000

		2012-05-23		83.866		83.866		4.178		4.178		1		30000

		2012-05-21		85.331		85.331		3.75		3.75		1		25000

		2012-05-18		83		83		4.409		4.409		1		5000

		2012-05-17		84.424		84.224		4.057		4		3		75000

		2012-04-05		85.32		83.662		4.106		3.65		4		100000

		2012-03-29		88.243		85.103		3.69		2.85		2		53000

		2012-03-27		87.25		83.421		4.144		3.11		2		53000

		2012-03-22		84.95		84.075		3.956		3.717		3		135000

		2012-03-02		85.5		85.5		3.525		3.525		1		10000

		2012-03-01		83.685		83.685		4.007		4.007		1		10000

		2012-02-07		87.5		84.664		3.685		2.951		5		75000

		2012-01-26		86.645		86.585		3.167		3.152		4		150000

		2012-01-25		86.45		86.45		3.2		3.2		1		161000

		2012-01-24		83		80.75		4.703		4.097		4		254000

		2012-01-20		81.18		81.18		4.584		4.584		1		10000

		2012-01-17		82.451		82.351		4.253		4.226		3		65000

		2012-01-12		84.137		81.755		4.408		3.774		6		60000

		2012-01-11		81.65		80.9		4.639		4.434		3		165000

		2012-01-04		79.575		79.575		4.98		4.98		1		20000

		2011-12-30		78.75		78.75		5.198		5.198		1		3000

		2011-12-29		76.475		76.475		5.824		5.824		1		3000

		2011-12-08		80.385		80.385		4.683		4.683		1		15000

		2011-12-01		79.88		79.88		4.8		4.799		2		30000

		2011-11-30		79.693		79.693		4.848		4.848		1		15000

		2011-11-01		77		75		6.045		5.491		2		4000

		2011-10-28		78.85		78.85		4.98		4.98		1		10000

		2011-10-26		76.75		76.75		5.55		5.55		1		10000

		2011-10-05		77		75		5.972		5.418		2		8000

		2011-08-26		78.119		77.319		5.211		5		2		110000

		2011-08-23		77.423		77.423		5.169		5.169		1		7000

		2011-08-22		76.5		76.5		5.406		5.406		1		7000

		2011-07-27		81.358		81.358		4.1		4.1		1		130000

		2011-06-22		74.1		74.1		5.864		5.864		1		130000

		2011-04-26		75.545		75.545		5.322		5.322		1		10000

		2011-04-25		74.819		64.916		8.255		5.505		3		40000

		2011-04-20		64.741		63.965		8.533		8.298		3		60000

		2011-04-15		76.709		75.4		5.334		5.005		5		500000

		2011-04-08		76.201		76.201		5.113		5.113		1		15000

		2011-03-31		74.502		74.502		5.52		5.52		1		15000

		2011-03-17		74.434		74.434		5.5		5.5		1		40000

		2011-03-16		73		73		5.865		5.865		1		40000

		2011-03-03		74.556		74.556		5.43		5.43		1		50000

		2011-03-01		73.903		73.903		5.583		5.583		1		50000

		2011-01-28		71.317		71.317		6.15		6.15		3		20000

		2011-01-26		67.25		67.25		7.234		7.233		2		20000

		2011-01-18		73.004		73.004		5.687		5.687		1		60000

		2011-01-12		73.719		71.65		6.021		5.5		6		150000

		2011-01-04		73.5		73.5		5.524		5.524		2		54000

		2011-01-03		71.592		71.375		6.055		6		2		120000

		2010-12-22		73.1		73		5.598		5.598		2		30000

		2010-12-13		74.185		69.764		6.305		5.3		3		25000

		2010-12-10		73.558		73.558		5.45		5.45		4		80000

		2010-12-09		73.547		73.547		5.45		5.45		2		20000

		2010-12-02		65.899		65.899		7.408		7.408		1		5000

		2010-12-01		73.125		70.75		6.124		5.532		4		198000

		2010-11-29		75.085		71.889		5.826		5.049		5		29000

		2010-11-19		73.8		73.8		5.336		5.336		1		15000

		2010-11-10		77.279		76		4.5		4.5		2		40000

		2010-11-09		76		74.969		5.034		4.793		4		80000

		2010-11-08		79.141		78.641		4.072		4.072		2		40000

		2010-11-03		79.531		78.606		3.978		3.978		2		30000

		2010-11-02		77.087		77.087		4.52		4.52		1		35000

		2010-10-06		80.727		79.568		3.715		3.671		4		70000

		2010-10-05		79.068		78.277		4.197		4.197		2		70000

		2010-10-04		80.1		79		3.797		3.797		2		110000

		2010-10-01		80.489		78.903		3.711		3.711		3		30000

		2010-09-30		77.1		77.1		4.453		4.453		2		130000

		2010-09-20		78.883		77.821		4.034		4.034		2		40000

		2010-09-17		77.812		77.812		4.267		4.267		2		10000

		2010-09-14		76.942		76.942		4.45		4.45		1		25000

		2010-09-09		74.462		74.462		5.006		5.006		1		18000

		2010-09-08		73.205		73.205		5.296		5.296		1		5000

		2010-09-03		75.752		75.752		4.7		4.7		2		10000

		2010-09-02		74.831		74.831		4.907		4.907		1		5000

		2010-08-31		76.585		74.829		4.896		4.5		2		80000

		2010-08-30		74.039		74.039		5.073		5.073		1		18000

		2010-08-23		76.519		76.519		4.5		4.5		2		55000

		2010-08-20		74.639		74.639		4.921		4.921		1		55000

		2010-08-16		75.5		74.5		4.932		4.706		6		210000

		2010-08-11		75.365		75.365		4.736		4.736		1		10000

		2010-08-06		74.255		73.255		5.206		5.206		3		30000

		2010-07-26		74.578		72.51		5.35		4.876		5		100000

		2010-07-22		74.004		72.452		5.3		5.001		6		175000

		2010-07-21		73.417		70		5.936		5.133		8		460000

		2010-07-20		70.75		70.65		5.772		5.772		2		200000

		2010-07-07		72.211		72.111		5.377		5.377		2		20000

		2010-07-06		72.079		72.079		5.4		5.4		4		34000

		2010-07-02		72.934		72.068		5.201		5.201		2		16000

		2010-06-30		71		69.934		5.868		5.668		6		90000

		2010-06-29		69.42		69.073		6.094		6.094		2		20000

		2010-06-17		71.404		67.85		6.364		5.514		9		200000

		2010-06-11		73.56		73.56		5.008		5.008		1		35000

		2010-06-10		72.391		71.391		5.27		5.27		2		50000

		2010-06-09		70.864		70.51		5.703		5.703		2		50000

		2010-06-08		72.812		71.524		5.23		5.165		7		105000

		2010-06-07		70.992		70.638		5.663		5.663		2		70000

		2010-05-03		72.072		71.072		5.477		5.25		2		10000

		2010-04-01		67.75		66.125		6.568		6.177		3		100000

		2010-03-05		67.656		67.556		6.126		6.126		2		40000

		2010-03-03		66.75		66.65		6.36		6.36		2		40000

		2010-02-10		67.946		67.8		6.006		5.996		6		90000

		2010-02-09		65.8		64.38		6.834		6.834		3		30000

		2010-02-08		66.2		64.874		6.711		6.711		4		80000

		2010-01-06		65.425		65.425		6.494		6.494		2		20000

		2010-01-05		70.859		63.108		7.046		5.25		6		50000

		2009-12-15		70.815		70.155		5.215		5.215		4		20000

		2009-12-14		65		65		6.529		6.529		2		20000

		2009-11-18		68.569		68.569		5.65		5.65		2		50000

		2009-11-17		67.174		67.174		5.952		5.952		1		40000

		2009-11-16		68.526		68.526		5.65		5.65		2		40000

		2009-11-12		70.39		67		5.25		5.239		4		1700000

		2009-10-01		70.974		64.292		6.063		5.029		5		201000

		2009-09-30		70.152		60.557		7.397		5.2		4		46000

		2009-09-29		63		62.9		6.819		6.819		2		120000

		2009-09-03		64.605		64.605		6.36		6.36		1		30000

		2009-08-28		61.908		61.908		6.972		6.972		1		30000

		2009-08-19		62.65		61.75		6.774		6.774		3		150000

		2009-08-18		61.444		60.83		7.2		7.2		2		100000

		2009-08-12		62.1		60.25		7.329		6.884		12		590000

		2009-07-21		61.465		61.465		6.971		6.971		1		10000

		2009-07-20		60.331		60.307		7.245		7.245		2		20000

		2009-06-26		59.301		59.301		7.426		7.426		1		30000

		2009-06-22		61.121		61.121		6.972		6.972		1		25000

		2009-06-17		59.919		59.319		7.395		7.395		2		50000

		2009-06-10		60.888		60.888		7		7		1		18000

		2009-06-09		58.68		58.68		7.522		7.522		1		18000

		2009-06-02		60.962		60.962		6.955		6.955		1		25000

		2009-05-22		59.939		59.939		7.178		7.178		1		25000

		2009-05-21		62.041		61		6.925		6.684		2		60000

		2009-04-16		60.95		60.95		6.84		6.84		2		40000

		2009-04-15		60.4		60.4		6.965		6.965		1		40000

		2009-04-14		62.224		62.224		6.54		6.54		1		10000

		2009-04-06		59.868		59.868		7.06		7.06		1		10000

		2009-03-06		56		56		7.912		7.912		1		25000

		2009-03-05		53.983		53.983		8.42		8.42		1		25000

		2009-02-09		57.704		57.554		7.45		7.414		4		145000

		2009-02-06		57.692		56.917		7.6		7.414		3		105000

		2009-01-28		55.635		55.635		7.887		7.887		1		250000

		2009-01-22		58.225		58.225		7.25		7.25		1		25000

		2009-01-21		56.715		56.715		7.606		7.606		1		25000

		2008-11-06		57.201		57.201		7.289		7.289		1		15000

		2008-10-16		60.219		59.294		6.557		6.557		2		20000

		2008-10-15		60.958		59.283		6.395		6.395		4		50000

		2008-10-08		55.4		54.8		7.78		7.78		4		200000

		2008-07-31		63.623		62.351		5.681		5.681		3		150000

		2008-07-18		61.929		61.929		6		6		1		15000

		2008-07-15		63.614		60.368		6.314		5.649		4		60000

		2008-07-10		62.5		62.25		5.918		5.918		2		100000

		2008-07-08		64.201		61.701		6.022		5.52		2		10000

		2008-07-02		60.567		60.567		6.25		6.25		1		18000

		2008-07-01		58.594		58.594		6.667		6.667		1		18000

		2008-06-23		59		58.9		6.576		6.576		2		30000

		2008-06-20		61.993		61.86		5.929		5.929		3		45000

		2008-06-16		61.584		59.893		6		6		3		150000

		2008-06-13		58.9		58.8		6.58		6.58		2		100000

		2008-06-12		60.944		60.944		6.127		6.127		1		15000

		2008-05-15		62.375		62.375		5.782		5.782		1		10000

		2008-05-13		61.372		61.372		5.976		5.976		1		10000

		2008-04-24		61.08		61.08		6		6		4		20000

		2008-03-07		62.639		61.575		5.808		5.6		2		200000

		2008-02-22		64.25		60.4		6.012		5.266		6		240000

		2008-02-11		64.214		64.214		5.25		5.25		1		40000

		2008-02-07		61.75		61.75		5.717		5.717		1		40000

		2008-01-08		63.851		62.951		5.261		5.261		4		60000

		2008-01-04		61.071		60.46		5.906		5.906		3		55000

		2008-01-03		59.977		59.277		6.14		6.14		2		10000

		2007-10-18		60.844		60.844		5.69		5.69		2		130000

		2007-10-17		61.313		61.313		5.599		5.599		1		5000

		2007-10-16		59.65		59.65		5.913		5.913		1		70000

		2007-09-17		61.008		61.008		5.6		5.6		1		55000

		2007-09-14		59.4		59.4		5.905		5.905		2		55000

		2007-09-12		60.714		60.714		5.65		5.65		1		20000

		2007-09-11		61.4		58.101		6.15		5.516		6		135000

		2007-09-06		60.863		60.75		5.612		5.612		3		75000

		2007-08-28		59.514		59.514		5.85		5.85		1		50000

		2007-08-23		59.947		59.947		5.762		5.762		1		11000

		2007-08-20		59.899		58.311		6.069		5.762		2		25000

		2007-07-12		59.422		59.422		5.788		5.788		1		25000

		2007-07-11		59.634		59.603		5.752		5.746		2		85000

		2007-07-09		58.842		58.842		5.89		5.89		1		95000

		2007-07-02		59.408		59.408		5.771		5.771		1		5000

		2007-06-27		59.934		59.009		5.665		5.665		4		180000

		2007-06-26		59.433		58.282		5.754		5.754		3		190000

		2007-06-25		59.847		58.75		5.674		5.674		3		60000

		2007-06-22		57.77		57.77		6.069		6.069		1		5000

		2007-06-20		59.275		56.835		6.248		5.782		2		105000

		2007-06-18		57.214		57.214		6.166		6.166		1		300000

		2007-05-25		59.096		59.096		5.768		5.768		1		35000

		2007-05-21		59.592		59.592		5.663		5.663		1		55000

		2007-05-15		61.523		61.523		5.3		5.3		1		15000

		2007-05-14		61.514		61.253		5.347		5.3		2		60000

		2007-05-09		60.22		58.95		5.766		5.766		3		195000

		2007-05-01		60.284		60.284		5.502		5.502		1		5000

		2007-04-25		61.2		61.2		5.329		5.329		1		50000

		2007-04-24		61.179		58.597		5.802		5.328		5		250000

		2007-04-23		59.675		58		5.913		5.913		3		150000

		2007-04-19		56.5		56.5		6.198		6.198		1		5000

		2007-03-28		61.658		60.7		5.203		5.203		2		50000

		2007-03-27		59.537		58.877		5.703		5.703		3		75000

		2007-02-28		61.125		60.257		5.256		5.256		2		200000

		2007-02-27		59.953		59.753		5.496		5.496		2		200000

		2007-02-26		58.822		58.423		5.665		5.665		3		15000

		2007-02-21		58		58		5.808		5.808		1		5000

		2007-02-08		59.269		59.269		5.553		5.553		1		10000

		2007-02-05		60.196		60.196		5.378		5.378		1		30000

		2007-02-02		58.806		58.456		5.627		5.627		2		10000

		2007-02-01		59.222		59.222		5.55		5.55		1		50000

		2007-01-31		60.063		58.5		5.68		5.397		2		20000

		2007-01-26		57.003		57.003		5.943		5.943		1		10000

		2007-01-24		57.915		57.915		5.778		5.778		1		10000

		2007-01-23		60.275		60.275		5.345		5.345		1		10000

		2007-01-16		60.129		60.129		5.36		5.36		1		40000

		2007-01-11		59.886		59.44		5.467		5.4		3		40000

		2007-01-05		58.51		57.466		5.829		5.637		4		40000

		2006-12-18		59.359		57.952		5.707		5.453		5		240000

		2006-12-01		57.3		55.3		6.178		6.178		3		15000

		2006-11-21		60.013		60.013		5.3		5.3		1		5000

		2006-11-15		58.316		58.316		5.591		5.591		1		5000

		2006-09-07		58.221		58.221		5.5		5.5		2		45000

		2006-09-06		56.812		56.812		5.751		5.751		1		45000

		2006-08-22		57.745		56.75		5.558		5.558		2		40000

		2006-08-16		55.709		55.709		5.92		5.92		1		20000

		2006-08-03		56.591		54.8		6.067		5.738		4		120000

		2006-07-31		55.135		54.135		6.183		5.996		4		100000

		2006-07-27		54.558		54.558		6.1		6.1		1		10000

		2006-07-24		56.094		51.922		5.81		5.81		4		40000

		2006-07-17		56.247		55.372		5.771		5.771		2		20000

		2006-07-11		54.819		54.819		6.023		6.023		1		10000

		2006-07-06		54.791		51.68		6.618		6.023		5		170000

		2006-07-05		54.5		54.5		6.075		6.075		1		100000

		2006-06-26		50.571		50.571		6.816		6.816		1		100000

		2006-06-16		54.25		52.25		6.47		6.47		2		40000

		2006-06-14		49.319		49.319		7.051		7.051		1		100000

		2006-05-15		54.438		54.438		6		6		2		50000

		2006-05-12		52.185		52.185		6.422		6.422		1		50000

		2006-04-25		56.194		56.194		5.652		5.652		1		45000

		2006-04-21		54.515		53.1		6.212		6.212		3		135000

		2006-04-12		55.574		55.574		5.746		5.746		1		25000

		2006-04-05		56.636		54.525		5.923		5.546		5		65000

		2006-04-03		53.503		53.503		6.103		6.103		1		10000

		2006-03-30		55.99		55.99		5.651		5.651		1		10000

		2006-03-28		55.149		55.149		5.796		5.796		1		10000

		2006-03-24		54.735		54.735		5.867		5.867		2		10000

		2006-03-23		56.5		56.3		5.587		5.587		2		20000

		2006-03-21		56.5		56.5		5.546		5.546		1		10000

		2006-03-13		56.25		54.993		5.8		5.578		2		30000

		2006-02-15		57.671		56.771		5.297		5.297		2		200000

		2006-02-14		56.219		55.794		5.614		5.614		3		300000

		2006-02-08		57.6		57.6		5.301		5.301		1		35000

		2006-01-26		58.5		58.5		5.131		5.131		3		30000

		2006-01-24		58.5		58.5		5.125		5.125		1		5000

		2006-01-23		57.125		57.125		5.354		5.354		1		10000

		2006-01-17		57.32		57.32		5.313		5.313		2		70000

		2006-01-12		58.375		58.375		5.134		5.134		1		25000

		2006-01-10		57.178		56		5.528		5.327		3		55000

		2006-01-06		53.7		53.7		5.93		5.93		1		20000

		2006-01-03		56.394		56.394		5.45		5.45		1		35000

		2005-11-07		56		56		5.437		5.437		1		35000

		2005-10-07		56.707		56.707		5.281		5.281		1		35000

		2005-09-20		58.406		58.406		4.977		4.977		1		100000

		2005-09-13		56.906		56.906		5.211		5.211		1		100000

		2005-09-07		58.816		57.233		4.897		4.897		3		195000

		2005-08-31		56.894		56.594		5.249		5.249		2		110000

		2005-08-25		59.013		59.013		4.851		4.851		1		140000

		2005-08-17		56.78		56.78		5.2		5.2		1		40000

		2005-08-16		55.728		54.728		5.539		5.539		3		30000

		2005-08-11		54.832		54.832		5.517		5.517		1		40000

		2005-07-22		56.668		56.668		5.185		5.185		1		5000

		2005-07-19		57		57		5.125		5.125		1		18000

		2005-07-18		56.103		56.103		5.27		5.27		1		18000

		2005-07-08		56.215		56.215		5.241		5.241		1		80000

		2005-07-06		58.75		58.75		4.832		4.832		1		50000

		2005-06-29		58.911		56		5.266		4.8		4		160000

		2005-06-24		56.711		56.711		5.142		5.142		1		5000

		2005-06-21		56.006		56.006		5.25		5.25		1		15000

		2005-06-20		54.494		53.949		5.592		5.592		2		30000

		2005-06-15		56.03		56.03		5.241		5.241		1		50000

		2005-06-01		58.365		56.537		5.14		4.85		2		35000

		2005-05-25		56.497		56.497		5.14		5.14		1		25000

		2005-04-25		56.486		55.486		5.1		5.1		2		50000

		2005-04-20		54.941		53.788		5.539		5.539		2		50000

		2005-04-07		55.421		55.421		5.251		5.251		2		80000

		2005-04-05		53.405		52.567		5.723		5.723		3		240000

		2005-03-03		54.908		54.908		5.291		5.291		1		20000

		2005-03-02		55.149		54.22		5.402		5.25		2		30000

		2005-03-01		55.127		53.405		5.533		5.25		2		60000

		2005-02-28		55.74		55.74		5.15		5.15		1		25000

		2005-02-25		54.192		54.192		5.4		5.4		1		25000

		2005-02-24		56.664		55.35		5.001		5.001		2		200000

		2005-02-23		53.661		53.661		5.483		5.483		1		100000

		2005-02-18		55.722		55.722		5.141		5.141		1		30000

		2005-02-15		54.664		54.664		5.304		5.304		1		40000

		2005-01-27		51.25		51.25		5.855		5.855		1		25000

		2005-01-26		55.991		55.613		5.13		5.07		2		27628000
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Fig. 17.12: Orange Cnty Calif bond prices.

The next Figure 17.13 plots the bond yield y(t,T ), defined as

y(t,T ) := − logP (t,T )
T − t

, or P (t,T ) = e−(T−t)y(t,T ), 0 ⩽ t ⩽ T ,

see also here for another source of bond price market data.
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Fig. 17.13: Orange Cnty Calif bond yields.

Bond pricing in the Dothan model

In the Dothan (1978) model, the short-term interest rate process (rt)t∈R+ is
modeled according to a geometric Brownian motion

drt = µrtdt+ σrtdBt, (17.38)

where the volatility σ > 0 and the drift µ ∈ R are constant parameters
and (Bt)t∈R+ is a standard Brownian motion. In this model the short-term
interest rate rt remains always positive, while the proportional volatility term

" 627

This version: May 3, 2024
https://personal.ntu.edu.sg/nprivault/indext.html

https://www.investing.com/rates-bonds/
https://personal.ntu.edu.sg/nprivault/indext.html


N. Privault

σrt accounts for the sensitivity of the volatility of interest rate changes to
the level of the rate rt.

On the other hand, the Dothan model is the only lognormal short rate
model that allows for an analytical formula for the zero-coupon bond price

P (t,T ) = E∗
[

e−
r T

t
rsds

∣∣∣ Ft
]

, 0 ⩽ t ⩽ T .

For convenience of notation we let p = 1 − 2µ/σ2 and rewrite (17.38) as

drt = (1 − p)
σ2

2 rtdt+ σrtdBt,

with solution
rt = r0 eσBt−pσ2t/2, t ⩾ 0. (17.39)

By the Markov property of (rt)t∈R+ , the bond price P (t,T ) is a function
F (t, rt) of rt and time t ∈ [0,T ]:

P (t,T ) = F (t, rt) = E∗
[

e−
r T

t
rsds

∣∣∣ rt] , 0 ⩽ t ⩽ T . (17.40)

By computation of the conditional expectation (17.40) using (13.10) we easily
obtain the following result, cf. Proposition 1.2 of Pintoux and Privault (2011),
where the function θ(v, t) is defined in (13.8).

Proposition 17.4. The zero-coupon bond price P (t,T ) = F (t, rt) is given
for all p ∈ R by

F (t,x) (17.41)

= e−σ2p2(T−t)/8
w ∞

0

w ∞

0
e−ux exp

(
−2
(
1 + z2)
σ2u

)
θ

(
4z
σ2u

, (T − t)σ2

4

)
du

u

dz

zp+1 ,

x > 0.

Proof. By Proposition 13.5, cf. Proposition 2 in Yor (1992), the probability
distribution of the time integral

w T−t

0
eσBs−pσ2s/2ds is given by

P

(w T−t

0
eσBs−pσ2s/2ds ∈ dy

)
=

w ∞

−∞
P

(w t
0

eσBs−pσ2s/2ds ∈ dy, Bt − pσt/2 ∈ dz

)
=
σ

2
w ∞

−∞
e−pσz/2−p2σ2t/8 exp

(
−21 + eσz

σ2y

)
θ

(
4 eσz/2

σ2y
, σ

2t

4

)
dy

y
dz
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= e−(T−t)p2σ2/8
w ∞

0
exp

(
−21 + z2

σ2y

)
θ

(
4z
σ2y

, (T − t)σ2

4

)
dz

zp+1
dy

y
, y > 0,

where the exchange of integrals is justified by the Fubini theorem and the
nonnegativity of integrands. Hence, by (13.10) and (17.39) we find

F (t, rt) = P (t,T )

= E∗
[
exp

(
−
w T
t
rsds

) ∣∣∣ Ft
]

= E∗
[
exp

(
−rt

w T
t

eσ(Bs−Bt)−σ2p(s−t)/2ds

) ∣∣∣ Ft
]

= E∗
[
exp

(
−x

w T
t

eσ(Bs−Bt)−σ2p(s−t)/2ds

)]
x=rt

= E∗
[
exp

(
−x

w T−t

0
eσBs−σ2ps/2ds

)]
x=rt

=
w ∞

0
e−rty P

(w T−t

0
eσBs−pσ2s/2ds ∈ dy

)
= e−(T−t)p2σ2/8

w ∞

0
e−rty

w ∞

0
exp

(
−21 + z2

σ2y

)
θ

(
4z
σ2y

, (T − t)σ2

4

)
dz

zp+1
dy

y
.

□

The zero-coupon bond price P (t,T ) = F (t, rt) in the Dothan model can also
be written for all p ∈ R as

F (t,x) = (2x)p/2

2π2σp

w ∞

0
u e−(p2+u2)σ2t/8 sinh(πu)

∣∣∣Γ(−p

2 + i
u

2

)∣∣∣2 Kiu

(√
8x
σ

)
du

+
(2x)p/2

σp

∑
k⩾0

2(p− 2k)+
k!(p− k)!

eσ2k(k−p)t/2Kp−2k

(√
8x
σ

)
, x > 0, t > 0,

cf. Corollary 2.2 of Pintoux and Privault (2010), see also Privault and Uy
(2013) for numerical computations. Zero-coupon bond prices in the Dothan
model can also be computed by the conditional expression

E

[
exp

(
−
w T

0
rtdt

)]
=

w ∞

0
E

[
exp

(
−
w T

0
rtdt

) ∣∣∣rT = z

]
dP(rT ⩽ z),

(17.42)
where rT has the lognormal distribution

dP(rT ⩽ z) = dP(r0 eσBT −pσ2T/2 ⩽ z) =
1

z
√

2πσ2T
e−(pσ2T/2+log(z/r0))2/(2σ2T ).

In Proposition 17.5 we note that the conditional Laplace transform
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E

[
exp

(
−
w T

0
rtdt

) ∣∣∣rT = z

]
cf. (17.46) above, can be computed by a closed-form integral expression based
on the modified Bessel function of the second kind

Kζ(z) :=
zζ

2ζ+1

w ∞

0
exp

(
−u− z2

4u

)
du

uζ+1 , ζ ∈ R, z ∈ C, (17.43)

cf. e.g. Watson (1995) page 183, provided that the real part R(z2) of z2 ∈ C

is positive.

Proposition 17.5. (Privault and Yu (2016), Proposition 4.1). Taking r0 =
1, for all λ, z > 0 we have

E

[
exp

(
−λ

w T
0
rsds

) ∣∣∣ rT = z

]
=

4 e−σ2T/8

π3/2σ2p(z)

√
λ

T
(17.44)

×
w ∞

0
e2(π2−ξ2)/(σ2T ) sin

(
4πξ
σ2T

)
sinh(ξ)

K1
(√

8λ
√

1 + 2
√
z cosh ξ + z/σ

)√
1 + 2

√
z cosh ξ + z

dξ.

Note however that the numerical evaluation of (17.44) can fail for small values
of T > 0, and for this reason the integral can be estimated by a gamma
approximation as in (17.45) below. Under the gamma approximation we can
approximate the conditional bond price on the Dothan short rate rt as

E

[
exp

(
−λ

w T
0
rtdt

) ∣∣∣rT = z

]
≃ (1 + λθ(z))−ν(z) ,

where, letting
ΛT :=

w T
0
rtdt,

the parameters ν(z) and θ(z) are determined by conditional moment fitting
to a gamma distribution, as

θ(z) :=
Var[ΛT | ST = z]

E[ΛT | ST = z]
, ν(z) :=

(E[ΛT | ST = z])2

Var[ΛT | ST = z]
=

E[ΛT | ST = z]

θ
,

cf. Privault and Yu (2016), which yields

E

[
exp

(
−λ

w T
0
rsds

)]
≃

w ∞

0
(1 + λθ(z))−ν(z) dP(rT ⩽ z). (17.45)
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Fig. 17.14: Fitting of a gamma probability density function.

The quantity θ(z) is also known in physics as the Fano factor or dispersion
index that measures the dispersion of the probability distribution of ΛT given
that ST = z. Figures 17.15 shows that the stratified gamma approximation
(17.45) matches the Monte Carlo estimate, while the use of the integral ex-
pressions (17.42) and (17.44) leads to numerical instabilities.
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Fig. 17.15: Approximation of Dothan bond prices t 7→ F (t, x) with σ = 0.3 and T = 10.

Related computations for yield options in the Cox et al. (1985) (CIR) model
can also be found in Prayoga and Privault (2017).

Path integrals in option pricing

Let ℏ denote the Planck constant, and let S(x(·)) denote the action functional
given as

S(x(·)) =
w T
t
L(x(s), ẋ(s), s)ds =

w T
t

(
1
2m(ẋ(s))2 − V (x(s))

)
ds,

where L(x(s), ẋ(s), s) is the Lagrangian
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L(x(s), ẋ(s), s) :=
1
2m(ẋ(s))2 − V (x(s)).

In physics, the Feynman path integral

ψ(y, t) :=
w

x(t)=x, x(T )=y
Dx(·) exp

(
i

ℏS(x(·))
)

solves the Schrödinger equation

iℏ∂ψ
∂t

(x, t) = − ℏ2

2m
∂2ψ

∂x2 (x, t) + V (x(t))ψ(x, t).

After the Wick rotation t 7→ −it, the function

ϕ(y, t) :=
w

x(t)=x, x(T )=y
Dx(·) exp

(
− 1
ℏS(x(·))

)
solves the heat equation

ℏ∂ϕ
∂t

(x, t) = − ℏ2

2m
∂2ϕ

∂x2 (x, t) + V (x(t))ϕ(x, t).

By reformulating the action functional S(x(·)) as

S(x(·)) =
w T
t

(
1
2m(ẋ(s))2 + V (x(s))

)
ds

≃
N∑
i=1

(
(x(ti) − x(ti−1))2

2(ti − ti−1)2 + V (x(ti−1))

)
∆ti,

we can rewrite the Euclidean path integral as

ϕ(y, t) =
w

x(t)=x, x(T )=y
Dx(·) exp

(
− 1
ℏS(x(·))

)
=

w

x(t)=x, x(T )=y
Dx(·) exp

(
− 1

2ℏ

N∑
i=1

(x(ti) − x(ti−1))2

2∆ti
− 1

ℏ

N∑
i=1

V (x(ti−1))

)

= E∗
[
exp

(
− 1
ℏ

w T
t
V (Bs)ds

) ∣∣∣Bt = x,BT = y

]
.

This type of path integral computation

ϕ(y, t) = E∗
[
exp

(
−
w T
t
V (Bs)ds

) ∣∣∣Bt = x,BT = y

]
. (17.46)

is particularly useful for bond pricing, as (17.46) can be interpreted as
the price of a bond with short-term interest rate process (rs)s∈R+ :=
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(V (Bs)))s∈R+ conditionally to the value of the endpoint BT = y, cf. (17.44)
below. It can also be useful for exotic option pricing, cf. Chapter 13, and
for risk management, see e.g. Kakushadze (2015). The path integral (17.46)
can be estimated either by closed-form expressions using Partial Differential
Equations (PDEs) or probability densities, by approximations such as (con-
ditional) Moment matching, or by Monte Carlo estimation, from the paths
of a Brownian bridge as shown in Figure 17.16.

Fig. 17.16: Brownian bridge.

Exercises

Exercise 17.1 We consider the stochastic differential equation

drt = (a− brt)dt+ σdBt, (17.47)

where a,σ ∈ R, b > 0.

a) Show that the solution of (17.47) is

rt = r0 e−bt +
a

b

(
1 − e−bt)+ σ

w t
0

e−(t−s)bdBs, t ⩾ 0. (17.48)

b) Show that the Gaussian N (a/b,σ2/(2b)) distribution is the invariant (or
stationary) distribution of (rt)t∈R+ .

Exercise 17.2 (Huang (2017)) Consider an asset whose price St follows the
stochastic differential equation

dSt = rtStdt+ σStdBt

with solution
ST = S0 eσBT +

r T
0 rsds−σ2T/2,

where (Bt)t∈R+ is a standard Brownian motion under a risk-neutral proba-
bility measure P∗, and (rt)t∈R+ is a stochastic interest rate process.
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a) Express the price

C(t,T ) = E∗
[
(ST − St) e−

r T
t
rsds

∣∣∣Ft] (17.49)

of the contract for difference (CFD) in terms of St and of the zero-coupon
bond price

P (t,T ) := E∗
[

e−
r T

t
rsds

∣∣∣Ft] , 0 ⩽ t ⩽ T .

b) Express the price F (t,T ) of the futures contract on ST in terms of St and
of the zero-coupon bond price P (t,T ), from the no-arbitrage relation

E∗
[
F (t,T ) e−

r T
t
rsds

∣∣∣Ft] = E∗
[
ST e−

r T
t
rsds

∣∣∣Ft] , 0 ⩽ t ⩽ T .

c) Evaluate the CFD price C(t,T ) in terms of F (t,T ) and P (t,T ) only.

Exercise 17.3 Consider the Chan-Karolyi-Longstaff-Sanders (CKLS) in-
terest rate model (Chan et al. (1992)) parametrized as

drt = (a− brt)dt+ σrγt dBt,

and time-discretized as

rtk+1 = rtk + (a− brtk )∆t+ σrγtkZk

= a∆t+ (1 − b∆t)rtk + σrγtkZk, k ⩾ 0,

where ∆t := tk+1 − tk and (Zk)k⩾0 is an i.i.d. sequence of N (0, ∆t) random
variables. Assuming that a, b, γ > 0 are known, find an unbiased estimator
σ̂2 for the variance coefficient σ2, based on a market data set (r̃tk )k=0,1,...,n.

Exercise 17.4 (Brody et al. (2018)) In the mean-reverting Vasicek model
(17.48) with b > 0, compute:

i) The asymptotic bond yield, or exponential long rate of interest

r∞ := − lim
T→∞

logP (t,T )
T − t

.

ii) The long-bond return

Lt := lim
T→∞

P (t,T )
P (0,T ) .

Hint: Start from log(P (t,T )/P (0,T )).
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Exercise 17.5 Let (Bt)t∈R+ denote a standard Brownian motion started at
0 under the risk-neutral probability measure P∗. We consider a short-term
interest rate process (rt)t∈R+ in a Ho-Lee model with constant deterministic
volatility, defined by

drt = adt+ σdBt, (17.50)

where a ∈ R and σ > 0. Let P (t,T ) denote the arbitrage-free price of a
zero-coupon bond in this model:

P (t,T ) = E∗
[
exp

(
−
w T
t
rsds

) ∣∣∣∣ Ft
]

, 0 ⩽ t ⩽ T . (17.51)

a) State the bond pricing PDE satisfied by the function F (t,x) defined via

F (t,x) := E∗
[
exp

(
−
w T
t
rsds

) ∣∣∣∣ rt = x

]
, 0 ⩽ t ⩽ T .

b) Compute the arbitrage-free price F (t, rt) = P (t,T ) from its expression
(17.51) as a conditional expectation.

Hint: One may use the integration by parts relation
w T
t
Bsds = TBT − tBt −

w T
t
sdBs

= (T − t)Bt + (BT −Bt)T −
w T
t
sdBs

= (T − t)Bt +
w T
t
(T − s)dBs,

and the Gaussian moment generating function E[ eλX ] = eλ2η2/2 for X ≃
N (0, η2).

c) Check that the function F (t,x) computed in Question (b) does satisfy the
PDE derived in Question (a).

Exercise 17.6 Consider the Courtadon (1982) model

drt = β(α− rt)dt+ σrtdBt, (17.52)

where α, β, σ are nonnegative, which is a particular case of the Chan-Karolyi-
Longstaff-Sanders (CKLS) model (Chan et al. (1992)) with γ = 1.

a) Show that the solution of (17.52) is given by

rt = αβ
w t

0
St
Su
du+ r0St, t ⩾ 0, (17.53)

where (St)t∈R+ is the geometric Brownian motion solution of dSt =
−βStdt+ σStdBt with S0 = 1.
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b) Given that the discounted bond price process is a martingale, derive the
bond pricing PDE satisfied by the function F (t,x) such that

F (t, rt) = P (t,T ) = E∗
[

e−
r T

t
rsds

∣∣∣ Ft
]
= E∗

[
e−

r T
t
rsds

∣∣∣ rt] .

Exercise 17.7 Consider the Marsh and Rosenfeld (1983) short-term interest
rate model

drt =
(
βrγ−1

t + αrt
)
dt+ σrγ/2

t dBt

where α ∈ R and β,σ, γ > 0.

a) Letting Rt := r2−γ
t , t ⩾ 0, find the stochastic differential equation satisfied

by (Rt)t∈R+ .
b) Given that the discounted bond price process is a martingale, derive the

bond pricing PDE satisfied by the function F (t,x) such that

F (t, rt) = P (t,T ) = E∗
[

e−
r T

t
rsds

∣∣∣ Ft
]
= E∗

[
e−

r T
t
rsds

∣∣∣ rt] .

Exercise 17.8 Consider the Cox et al. (1985) (CIR) process (rt)t∈R+ solution
of

drt = −artdt+ σ
√
rtdBt,

where a,σ > 0 are constants (Bt)t∈R+ is a standard Brownian motion started
at 0.

a) Write down the bond pricing PDE for the function F (t,x) given by

F (t,x) := E∗
[
exp

(
−
w T
t
rsds

) ∣∣∣∣ rt = x

]
, 0 ⩽ t ⩽ T .

Hint: Use Itô calculus and the fact that the discounted bond price is a
martingale.

b) Show that the PDE found in Question (a) admits a solution of the form
F (t,x) = eA(T−t)+xC(T−t) where the functions A(s) and C(s) satisfy
ordinary differential equations to be also written down together with the
values of A(0) and C(0).

Exercise 17.9 Convertible bonds. Consider an underlying asset price process
(St)t∈R+ given by

dSt = rStdt+ σStdB
(1)
t ,

and a short-term interest rate process (rt)t∈R+ given by

drt = γ(t, rt)dt+ η(t, rt)dB(2)
t ,
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where
(
B

(1)
t

)
t∈R+

and
(
B

(2)
t

)
t∈R+

are two correlated Brownian motions un-

der the risk-neutral probability measure P∗, with dB(1)
t

• dB
(2)
t = ρdt. A con-

vertible bond is made of a corporate bond priced P (t,T ) at time t ∈ [0,T ],
that can be exchanged into a quantity α > 0 of the underlying company’s
stock priced Sτ at a future time τ , whichever has a higher value, where α is
a conversion rate.

a) Find the payoff of the convertible bond at time τ .
b) Rewrite the convertible bond payoff at time τ as the linear combination

of P (τ ,T ) and a call option payoff on Sτ , whose strike price is to be
determined.

c) Write down the convertible bond price at time t ∈ [0, τ ] as a function
C(t,St, rt) of the underlying asset price and interest rate, using a dis-
counted conditional expectation, and show that the discounted corporate
bond price

e−
r t

0 rsdsC(t,St, rt), t ∈ [0, τ ],

is a martingale.
d) Write down d

(
e−

r t
0 rsdsC(t,St, rt)

)
using the Itô formula and derive the

pricing PDE satisfied by the function C(t,x, y) together with its terminal
condition.

e) Taking the bond price P (t,T ) as a numéraire, price the convertible bond
as a European option with strike price K = 1 on an underlying asset
priced Zt := St/P (t,T ), t ∈ [0, τ ] under the forward measure P̂ with
maturity T .

f) Assuming the bond price dynamics

dP (t,T ) = rtP (t,T )dt+ σB(t)P (t,T )dBt,

determine the dynamics of the process (Zt)t∈R+ under the forward mea-
sure P̂.

g) Assuming that (Zt)t∈R+ can be modeled as a geometric Brownian motion,
price the convertible bond using the Black-Scholes formula.

Exercise 17.10 Bond duration. Compute the duration

Dc(0,n) := − 1 + r

Pc(0,n)
∂

∂r
Pc(0,n)

of a discrete-time coupon bond priced as

Pc(0,n) = 1
(1 + r)n

+ c
n∑
k=1

1
(1 + r)k

=
c

r
+
(

1 − c

r

) 1
(1 + r)n

,
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where r > 0, and c ⩾ 0 denotes the coupon rate. What happens when n
becomes large?

Exercise 17.11 Let (rt)t∈R+ denote a short-term interest rate process. For
any T > 0, let P (t,T ) denote the price at time t ∈ [0,T ] of a zero-coupon
bond defined by the stochastic differential equation

dP (t,T )
P (t,T ) = rtdt+ σTt dBt, 0 ⩽ t ⩽ T , (17.54)

under the terminal condition P (T ,T ) = 1, where (σTt )t∈[0,T ] is an adapted
process. We define the forward measure P̂ by

E∗
[

dP̂

dP∗

∣∣∣ Ft

]
=
P (t,T )
P (0,T ) e−

r t
0 rsds, 0 ⩽ t ⩽ T .

Recall that
BTt := Bt −

w t
0
σTs ds, 0 ⩽ t ⩽ T ,

is a standard Brownian motion under P̂.

a) Solve the stochastic differential equation (17.54).
b) Derive the stochastic differential equation satisfied by the discounted bond

price process
t 7→ e−

r t
0 rsdsP (t,T ), 0 ⩽ t ⩽ T ,

and show that it is a martingale.
c) Show that

E∗
[

e−
r T

0 rsds
∣∣∣ Ft

]
= e−

r t
0 rsdsP (t,T ), 0 ⩽ t ⩽ T .

d) Show that

P (t,T ) = E∗
[

e−
r T

t
rsds

∣∣∣ Ft
]

, 0 ⩽ t ⩽ T .

e) Compute P (t,S)/P (t,T ), 0 ⩽ t ⩽ T , show that it is a martingale under
the forward measure P̂ with maturity T , and that

P (T ,S) = P (t,S)
P (t,T ) exp

(w T
t
(σSs − σTs )dB

T
s − 1

2
w T
t
(σSs − σTs )

2ds

)
.

f) Assuming that (σTt )t∈[0,T ] and (σSt )t∈[0,S] are deterministic functions of
time, compute the price

E∗
[

e−
r T

t
rsds(P (T ,S) − κ)+

∣∣∣ Ft
]
= P (t,T )Ê

[
(P (T ,S) − κ)+

∣∣∣ Ft
]
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of a bond option with strike price κ.
Recall that if X is a Gaussian random variable with mean m(t) and vari-
ance v2(t) given Ft, we have

E
[(

eX −K
)+ ∣∣Ft]

= em(t)+v2(t)/2Φ
(
v(t)

2 +
1
v(t)

(m(t) + v2(t)/2 − logK)

)
−KΦ

(
−v(t)

2 +
1
v(t)

(m(t) + v2(t)/2 − logK)

)
where Φ(x), x ∈ R, denotes the Gaussian cumulative distribution func-
tion.

Exercise 17.12 (Exercise 4.20 continued). Write down the bond pricing PDE
for the function

F (t,x) = E∗
[

e−
r T

t
rsds

∣∣∣ rt = x
]

and show that in case α = 0 the corresponding bond price P (t,T ) equals

P (t,T ) = e−rtB(T−t), 0 ⩽ t ⩽ T ,

where
B(x) :=

2( eγx − 1)
2γ + (β + γ)( eγx − 1) , x ∈ R,

with γ =
√
β2 + 2σ2.

Exercise 17.13 Consider a zero-coupon bond with prices P (1, 2) = 91.74%
and P (0, 2) = 83.40% at times t = 0 and t = 1.
a) Compute the corresponding yields y0,1, y0,2 and y1,2 at times t = 0 and

t = 1.
b) Assume that $0.1 coupons are paid at times t = 1 and t = 2. Price the

corresponding coupon bond at times t = 0 and t = 1 using the yields y0
and y1.

Exercise 17.14 Let (rt)t∈R+ denote the Vasicek process solution of the
equation

drt = (a− brt)dt+ σdBt. (17.55)

a) Consider the discretization

rtk+1 := rtk + (a− brtk )∆t± σ
√

∆t, k = 0, 1, 2, . . .

of the equation (17.55) with p(rt0) = p(rt1) = 1/2 and
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E[∆rt1 ] = (a− brt0)∆t+ σp(rt0)
√

∆t− σq(rt0)
√

∆t = (a− brt0)∆t

and

E[∆rt2 ] = (a− brt1)∆t+ σp(rt0)
√

∆t− σq(rt0)
√

∆t = (a− brt1)∆t.

Does this discretization lead to a (recombining) binomial tree?
b) Using the Girsanov Theorem, find a probability measure Q under which

the process (rt/σ)t∈[0,T ] with

drt
σ

=
a− brt
σ

dt+ dBt

is a standard Brownian motion.

Hint: By the Girsanov Theorem, the process Xt = X0 +
r t
0 usds+Bt is a

martingale under the probability measure Q with Radon-Nikodym density

dQ

dP
= exp

(
−
w T

0
utdBt − 1

2
w T

0
(ut)

2dt

)
with respect to P.

c) Prove the Radon-Nikodym derivative approximation

2T/∆T
∏

0<t<T

(
1
2 ± a− brt

2σ
√

∆t
)

≃ exp
(

1
σ2

w T
0
(a− brt)drt − 1

2σ2

w T
0
(a− brt)

2dt

)
. (17.56)

d) Using (17.56), show that the Vasicek process can be discretized along the
binomial tree
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rt2 = rt1 + σ
√

∆t = rt0 + 2σ
√

∆t

rt1 = rt0 + σ
√

∆t

rt0 rt2 = rt0

rt1 = rt0 − σ
√

∆t

rt2 = rt1 − σ
√

∆t = rt0 − 2σ
√

∆t

p(rt0
)

q(rt0 )

p(rt1
)

q(rt1 )

p(rt1
)

q(rt1 )

with

E[∆rt1 | rt0 ] = (a− brt0)∆t and E[∆rt2 | rt1 ] = (a− brt1)∆t,

where ∆rt1 := rt1 − rt0 , ∆rt2 := rt2 − rt1 , and the probabilities p(rt0),
q(rt0), p(rt1), q(rt1) will be computed explicitly.

The use of binomial (or recombining) trees can make the implementation
of the Monte Carlo method easier as their size grows linearly instead of
exponentially.

Exercise 17.15 Black-Derman-Toy model (Black et al. (1990)). Consider a
one-step interest rate model in which the short-term interest rate r0 on [0, 1]
can turn into two possible values ru1 = r0 eµ∆t+σ

√
∆t and rd1 = r0 eµ∆t−σ

√
∆t

on the time interval [1, 2] with equal probabilities 1/2 at time ∆t = 1 year
and volatility σ = 22% per year, and a zero-coupon bonds with prices P (0, 1)
and P (0, 2) at time t = 0.

a) Write down the value of P (1, 2) using ru1 and rd1 .
b) Write down the value of P (0, 2) using ru1 , rd1 and r0.
c) Estimate the value of r0 from the market price P (0, 1) = 91.74.
d) Estimate the values of ru1 and rd1 from the market price P (0, 2) = 83.40.

Exercise 17.16 Consider a yield curve (f(t, t,T ))0⩽t⩽T and a bond paying
coupons c1, c2, . . . , cn at times T1,T2, . . . ,Tn until maturity Tn, and priced as

P (t,Tn) =
n∑
k=1

ck e−(Tk−t)f (t,t,Tk), 0 ⩽ t ⩽ T1,
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where cn is inclusive of the last coupon payment and the nominal $1 value
of the bond. Let f̃(t, t,Tn) denote the compounded yield to maturity defined
by equating

P (t,Tn) =
n∑
k=1

ck e−(Tk−t)f̃ (t,t,Tn), 0 ⩽ t ⩽ T1, (17.57)

i.e. f̃(t, t,Tn) solves the equation

F
(
t, f̃(t, t,Tn)

)
= P (t,Tn), 0 ⩽ t ⩽ T1,

with

F (t,x) :=
n∑
k=1

ck e−(Tk−t)x, 0 ⩽ t ⩽ T1.

The bond duration D(t,Tn) is the relative sensitivity of P (t,Tn) with respect
to f̃(t, t,Tn), defined as

D(t,Tn) := − 1
P (t,Tn)

∂F

∂x

(
t, f̃(t, t,Tn)

)
, 0 ⩽ t ⩽ T1.

The bond convexity C(t,Tn) is defined as

C(t,Tn) :=
1

P (t,Tn)
∂2F

∂x2
(
t, f̃(t, t,Tn)

)
, 0 ⩽ t ⩽ T1.

a) Compute the bond duration in case n = 1.
b) Show that the bond duration D(t,Tn) can be interpreted as an average of

times to maturity weighted by the respective discounted bond payoffs.
c) Show that the bond convexity C(t,Tn) satisfies

C(t,Tn) = (D(t,Tn))2 + (S(t,Tn))2,

where

(S(t,Tn))2 :=
n∑
k=1

wk(Tk − t−D(t,Tn))2

measures the dispersion of the duration of the bond payoffs around the
portfolio duration D(t,Tn).

d) Consider now the zero-coupon yield defined as

P (t, t+ α(Tn − t)) = exp
(

− α(Tn − t)fα(t, t,Tn)
)
,

where α ∈ (0, 1), i.e.

fα(t, t,Tn) := − 1
α(Tn − t)

logP (t, t+ α(Tn − t)), 0 ⩽ t ⩽ Tn.
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Compute the bond duration associated to the yield fα(t, t,Tn) in affine
bond pricing models of the form

P (t,T ) = eA(T−t)+rtB(T−t), 0 ⩽ t ⩽ T .

e) (Wu (2000)) Compute the bond duration associated to the yield fα(t, t,Tn)
in the Vasicek model, in which

B(T − t) :=
1 − e−(T−t)b

b
, 0 ⩽ t ⩽ T .
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