Chapter 3
Pricing and Hedging in Discrete Time

We consider the pricing and hedging of financial derivatives in the N-step
Cox-Ross-Rubinstein (CRR) model with N + 1 time instants ¢ = 0,1,..., N.
Vanilla options are priced and hedged using backward induction, and exotic
options with arbitrary claim payoffs are dealt with using the Clark-Ocone
formula in discrete time.
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3.1 Pricing Contingent Claims

Let us consider an attainable contingent claim with (random) claim payoff
C > 0 and maturity N > 1. Recall that by the Definition 2.16 of attainability

there exists a (predictable) self-financing portfolio strategy (& )¢=1,2,..., n that
hedges the claim with payoff C, in the sense that

z g ¢ k k

Ev-Sy=>¢VsV =c (3.1)

k=0
at time N. If (3.1) holds, then, investing the amount
F @ ¢ k k
V0:§1'S():Z§§ )S[() ) (32)
k=0

at time ¢t = 0, and the amount
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d
Vi=6+5=) s (33)
k=0

at times ¢t = 1,2,..., N into a self-financing hedging portfolio (Et) 12 N
will allow one to hedge the option and to reach the perfect replication equality

(3.1) at time t = N.

Definition 3.1. The walue (3.2)-(3.3) at time t of a portfolio strategy
(&)t=1,2,... N will be called an arbitrage-free price of C', and denoted by m(C'),
t=0,1,...,N, provided that this portfolio strategy:

a) 1is predictable and self-financing, and

b) hedges the claim C at maturity time N, i.e. Relation (3.1) is satisfied.

Recall that arbitrage-free prices can be used to ensure that financial deriva-
tives are “marked” at their fair value (mark to market).

Next we develop a second approach to the pricing of contingent claims, based
on conditional expectations and martingale arguments. We will need the fol-
lowing lemma, in which V; := V;/(1 + r)! denotes the discounted portfolio
value, t =0,1,...,N.

Relation (3.4) in the following lemma has a natural interpretation by saying
that when a portfolio is self-financing the value V; of the (discounted) portfolio
at time ¢ is given by summing up the (discounted) trading profits or losses
registered over all trading time periods from time 0 to time ¢. Note that in
(3.4), the use of the vector of discounted asset prices

Xpo= (80,80 8y, t=0,1,...,N,

allows us to add up the discounted trading profits or losses &; + ()7 =X, t—l)
since they are expressed in units of currency “at time 0”. Indeed, in general,
$1 at time ¢ = 0 cannot be added to $1 at time ¢ = 1 without proper
discounting.
Lemma 3.2. The following statements are equivalent:

(i) The portfolio strategy (ét)

=19, N is self-financing, i.e.

&+ S =E41+ 5, t=12,...,N-1L

(i) Under discounting, we have &« Xt = &1+ Xt forallt =1,2,... N —

1.

(iii) The discounted portfolio value Vi can be written as the stochastic sum-
mation
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t
W:%+ng'()?k7yk71)v t:0517¢N? (34)
k=1

Sum of profits or losses

of discounted trading profits or losses.

Proof. First, the self-financing condition (7), i.e.
&+ S =E41+ 5, t=12,...,N—1,

is clearly equivalent to (i) by division of both sides by (1 +r)¢~1.
Assuming now that (iz) holds, by (2.8) we have

d
Vo=E-5 and Vi=§-5 =Y "5, t=12.. N
k=0

which shows that (3.4) is satisfied for ¢ = 0,1. Next, for t = 1,2,..., N we
have the telescoping identity

t
Vi=Vo+ Y (V= Vi)
k=1

t
= %"’Z(gk‘)?k*ék—l‘yk—l)
k=1

¢
:‘70+Z(gk')?k*‘§k'yk—l)
k=1

t
:V()+ng'(yk_)?k—l)v t=12,...,N.
k=1

Finally, assuming that (¢ii) holds, we get
‘Z—‘Z—lzgt'(yt—yt—l), t=1,2,...,N,
which rewrites as
G Xy =& X1 =& (X — Xi1), t=2,3,...,N,

or
S+ X1 =& X1, t=2,3,...,N,

which implies (iz). O

In Relation (3.4), the term &« (X — X;_1) represents the (discounted) trad-

ing profit or loss
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Vi-Vi =&+ (X - Xi1),
of the self-financing portfolio strategy (Ej)jzl o over the time interval
(t—1,¢], computed by multiplication of the portfolio allocation & with the
change of price Xy — X;—1,t=1,2,...,N.
Remark 3.3. As a consequence of Lemma 3.2, if a contingent claim with
payoff C' is attainable by a (predictable) self-financing portfolio strategy
(ﬁt)tzl o then the discounted claim payoff

~ C
Ci=—
(1+r)N
rewrites as the sum of discounted trading profits or losses

N
C:VNZEN'YN:‘/(J"'th'(yt_yt—l)- (35)
t=1

The sum (3.4) is also referred to as a discrete-time stochastic integral of
the portfolio strategy (ft) with respect to the random process

(Yt)tzo,l,...,N'

t=1,2,..,.N

Remark 3.4. By Proposition 2.13, the process (‘Y‘)tzo,l,...w is a martingale
under the risk-neutral probability measure IP*, hence by the martingale trans-
form Theorem 2.11 and Lemma 3.2, (Vy)i—o,1,...,.N in (3.4) is also martingale
under IP*, provided that (g})

cess.

=12, is a self-financing and predictable pro-

The above remarks will be used in the proof of Theorem 3.5.

Theorem 3.5. The arbitrage-free price m,(C) of any (integrable) attainable
contingent with claim payoff C' is given by

L ECIRl,  t=01..N, (36

m(C) = W

where P* denotes any risk-neutral probability measure.

Proof. i) Short proof. Since the claim payoff C' is attainable, there exists a
self-financing portfolio strategy (&¢)¢—12,.,n such that C' = Vi, i.e. C =
V. In addition, by Theorem 2.11 Lemma 3.2 the process (f/t)tzoylwa is a
martingale under IP*; hence we have

Vi =E*[Vy | F] =E*[C|FR], t=0.1,...,N, (3.7)

)
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which shows (3.8). To conclude, we note that by Definition 3.1 the arbitrage-
free price m(C) of the claim at time ¢ is equal to the value V; of the self-
financing hedging C'.

1) Long proof. For completeness, we include a self-contained, step-by-step
derivation of (3.7) by following the argument of Theorem 2.11, as follows. By
Remark 3.3 we have

E*[C|F] =E*[Vv | Fi]

N
=E" [Vo+ ) &+ (X —Xp1) ]:t:|
k=1
~ N - — —
=E W |R]+ Z]E* [Ers (Xp—Xp1) | F)
k=1
~ t — — — N - — —
= VoJrZ]E*[Ek' (X = Xp1) | F] + Z E*[&ps (X — Xp1) | )
k=1 k=t+1
~ t — P —_— N — — —
=Vo+ > & (X —Xp1) + Y E[Gr (X — Xpn) | F]
k=1 k=t+1
~ N — — —
=Vi+ Y E (& (X — Xpa) | ],
k=t+1

where we used Relation (3.4) of Lemma 3.2. In order to obtain (3.8) we need
to show that
N — — —
2 B G (K= Xe) [ F] =0,
k=t+1

or B o o
E*[§- (X; - Xj-1) | R] =0,

forall j =t+1,...,N. Since 0 <t < j —1 we have F; C Fj_1, hence by
the tower property (A.33) of conditional expectations, we get

B¢ (X = Xju) | 7] = BP[E* [+ (X = Xj) [ Fja] | P

therefore it suffices to show that

B (5 -X,0) | Fo] =0, j=12...N.

We note that the portfolio allocation &; over the time period [j — 1,7] is
predictable, i.e. it is decided at time j — 1, and it thus depends only on the
information F;_1 known up to time j — 1, hence

E*[&+ (X = Xjo1) | Fim] =& B [X; — X1 | Fja].
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Finally we note that

E*[X; — Xj-1| Fj1] = E*[X;

because (Yt)tzo LN
sure IP*, and this concludes the proof of (3.7). Let

is a martingale under the risk-neutral probability mea-

~ C
C=—=
(14r)N
denote the discounted payoff of the claim C. We will show that under any

risk-neutral probability measure IP* the discounted value of any self-financing
portfolio hedging C is given by

Vi=E*[C|F], t=0,1,..,N, (3.8)
which shows that 1
Vi = W]E*[C | Fi]
after multiplication of both sides by (1 +7)%. Next, we note that (3.8) follows
from the martingale transform result of Theorem 2.11. g

Note that (3.6) admits an interpretation in an insurance framework, in which
7 (C') represents an insurance premium and C' represents the random value
of an insurance claim made by a subscriber. In this context, the premium of
the insurance contract reads as the average of the values (3.6) of the random
claims after discounting for the time value of money.

Remark 3.6. By Remark 3.4 the self-financing discounted portfolio value
process B
(Vt)t:o,L___,N = ((1+7)"'m(C))i=0,1,...5

hedging the claim C' is a martingale under the risk-neutral probability measure
P*. This fact can be recovered from Theorem 3.5 as in Remark 3.3, since from
the tower property (A.33) of conditional expectation we have

7= E'[C] 7
=E'[E*[C| Fin] | 7]
=E* Vi1 | ), t=0,1,...,N—1. (3.9)
This will also allow us to compute Vy by backward induction ont = 0,1,..., N —

1, starting from Viy = C, see (3.13) below.
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In particular, for ¢ = 0 we obtain the price at time 0 of the contingent claim
with payoff C, i.e.

m0(C) = E*[C| Fo] = E*[C] = E*[C].

(1+ N
3.2 Pricing Vanilla Options in the CRR Model

In this section we consider the pricing of contingent claims in the discrete-time
Cox-Ross-Rubinstein (Cox et al. (1979)) model of Section 2.6, with d = 1 and

SEO):SSO)(l‘FT‘)Ly t=20,1,...,N,

and
[C _
t (1+0)S,, ifR =0
H 1+Rk (1+Rt)St( )1,
k=1 (1+a)S"Y, iR =a
t = 1,...,N. More precisely we are concerned with vanilla options whose

payoffs depend on the terminal value of the underlying asset, as opposed to
exotic options whose payoffs may depend on the whole path of the underlying
asset price until expiration time.

Recall that the portfolio value process (Vt)t:1,2,mN and the discounted port-
folio value process (V;)¢—12,. N respectively satisfy

and

1
A+

Vi=§-5; and V, = Vi = &8 =6-X, t=12...N.

1
(1+7)
Here we will be concerned with the pricing of vanilla options with payoffs of
the form

c=n(sV),

e.g. h(z) = (x — K)™ in the case of a European call option. Equivalently, the
discounted claim payoff

~ C
C=———=
(1+7)N
satisfies C = 71(5](\})) with h(z) = h(z)/(1+7)N. For example in the case
of the European call option with strike price K we have
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- 1

h(z) = W(I_K)+

From Theorem 3.5, the discounted value of a portfolio hedging the attainable
(discounted) claim payoff C' is given by

Vi=Eh(sV)|A],  t=0,1,...,N,
under the risk-neutral probability measure P*. As a consequence of Theo-
rem 3.5, we have the following proposition.
Proposition 3.7. The arbitrage-free price m(C) at time t = 0,1,...,N of
the contingent claim with payoff C = h(SZ(\})) is given by
1

m(C) = W

E*[h(SV) | A],  t=0,1,...,N. (3.10)

In the next proposition we implement the calculation of (3.10) in the CRR
model.*

Proposition 3.8. The price m(C) of the contingent claim with payoff C =
h(S](\})) satisfies

() =v(t,sY),  t=0,1,...,N,

where the function v(t,x) is given by

N
h <x II a+ Rj)>

j=t+1

v(t,z) = ;]E*

T+ )V 31D

1 N o N : o
=t g (oM R,

where the risk-neutral probabilities p*, q* are defined as

" r—a " " -
= d =1-p" = . 3.12
p b—a an q p a ( )

Proof. From the relations

N
sy = s 1] a+Ry),

* Download the corresponding (non-recursive) IPython notebook that can be run
here or here.
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{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "# !pip install networkx"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "%matplotlib inline\n",
    "import networkx as nx \n",
    "import numpy as np\n",
    "import scipy.special\n",
    "import matplotlib \n",
    "import matplotlib.pyplot as plt \n",
    "\n",
    "N=8;S0=1\n",
    "\n",
    "r = 0.75;a=-0.5;b=2\n",
    "\n",
    "p = (r-a)/(b-a)\n",
    "q = (b-r)/(b-a)\n",
    "\n",
    "def plot_tree(g,color):\n",
    "    plt.figure(figsize=(20,10))\n",
    "    pos={}\n",
    "    lab={}\n",
    "    \n",
    "    for n in g.nodes():\n",
    "        pos[n]=(n[0],n[1])\n",
    "        if g.nodes[n]['value'] is not None: lab[n]=float(\"{0:.2f}\".format(g.nodes[n]['value']))\n",
    "        \n",
    "    elarge=g.edges(data=True)\n",
    "    nx.draw_networkx_labels(g,pos,lab,font_size=15)\n",
    "    nx.draw_networkx_nodes(g,pos,node_color=color,alpha=0.4,node_size=1000)\n",
    "    nx.draw_networkx_edges(g,pos,edge_color='blue',alpha=0.7,width=3,edgelist=elarge)\n",
    "    plt.ylim(-N+0.5,N+1.5) \n",
    "    plt.xlim(-0.5,N+0.5)\n",
    "    plt.show()\n",
    "    \n",
    "def graph_stock():\n",
    "    S=nx.Graph()\n",
    "    for t in range(0,N):\n",
    "        for l in range(-t+1,t+3,2):\n",
    "            S.add_edge((t,l),(t+1,l+1))\n",
    "            S.add_edge((t,l),(t+1,l-1))\n",
    "            \n",
    "    for n in S.nodes():\n",
    "        k=n[0]\n",
    "        l=n[1]-1\n",
    "        S.nodes[n]['value']=S0*((1.0+b)**((k+l)/2))*((1.0+a)**((k-l)/2))\n",
    "    return S\n",
    "\n",
    "plot_tree(graph_stock(),'lightblue')"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_price_recursive(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for t in range(0,N):\n",
    "            for l in range(-t+1,t+3,2):\n",
    "                price.add_edge((t,l),(t+1,l+1))\n",
    "                price.add_edge((t,l),(t+1,l-1))\n",
    "                hedge.add_edge((t,l),(t+1,l+1))\n",
    "                hedge.add_edge((t,l),(t+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(S.nodes[(N,l)]['value']-K,0)\n",
    "     \n",
    "    for t in reversed(range(0,N)):\n",
    "        for l in range(-t+1,t+3,2):\n",
    "            price.nodes[(t,l)]['value'] = (price.nodes[(t+1,l+1)]['value']*p+price.nodes[(t+1,l-1)]['value']*q)/(1+r)        \n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_price_non_recursive(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "    sum=0\n",
    "    \n",
    "    for t in range(0,N):\n",
    "            for l in range(-t+1,t+3,2):\n",
    "                price.add_edge((t,l),(t+1,l+1))\n",
    "                price.add_edge((t,l),(t+1,l-1))\n",
    "                hedge.add_edge((t,l),(t+1,l+1))\n",
    "                hedge.add_edge((t,l),(t+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(S.nodes[(N,l)]['value']-K,0)\n",
    "     \n",
    "    for t in reversed(range(0,N)):\n",
    "        for l in range(-t+1,t+3,2):\n",
    "            price.nodes[(t,l)]['value']=0\n",
    "            for i in range (0,N-t+1,1):\n",
    "                price.nodes[(t,l)]['value']=price.nodes[(t,l)]['value']+np.maximum(S.nodes[(t,l)]['value']*(1+b)**i*(1+a)**(N-t-i)-K,0)*p**i*(1-p)**(N-t-i)*scipy.special.binom(N-t,i)/(1+r)**(N-t)              \n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "call_price = European_call_price_recursive(float(K))\n",
    "\n",
    "call_price_non_recursive = European_call_price_non_recursive(float(K))\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock(),'lightblue')\n",
    "print('European call prices:')\n",
    "plot_tree(call_price,'purple')\n",
    "print('Recursive price at time 0 of the European call option:',float(\"{0:.4f}\".format(call_price.nodes[(0,1)]['value'])))\n",
    "print('Non recursive European call prices:')\n",
    "plot_tree(call_price_non_recursive,'purple')\n",
    "print('Non recursive price at time 0 of the European call option:',float(\"{0:.4f}\".format(call_price_non_recursive.nodes[(0,1)]['value'])))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_put_price(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    S = graph_stock()\n",
    "\n",
    "    for t in range(0,N):\n",
    "            for l in range(-t+1,t+3,2):\n",
    "                price.add_edge((t,l),(t+1,l+1))\n",
    "                price.add_edge((t,l),(t+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(K-S.nodes[(N,l)]['value'],0)\n",
    "     \n",
    "    for t in reversed(range(0,N)):\n",
    "        for l in range(-t+1,t+3,2):\n",
    "            price.nodes[(t,l)]['value'] = (price.nodes[(t+1,l+1)]['value']*p+price.nodes[(t+1,l-1)]['value']*q)/(1+r)        \n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_put_parity(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    call = European_call_price_recursive(K)\n",
    "    S = graph_stock()\n",
    "\n",
    "    for t in range(0,N):\n",
    "            for l in range(-t+1,t+3,2):\n",
    "                price.add_edge((t,l),(t+1,l+1))\n",
    "                price.add_edge((t,l),(t+1,l-1))\n",
    "\n",
    "    for t in reversed(range(0,N+1)):\n",
    "        for l in range(-t+1,t+3,2):\n",
    "            price.nodes[(t,l)]['value'] = call.nodes[(t,l)]['value'] + K*(1.0+r)**(t-N) - S.nodes[(t,l)]['value']\n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike=\")\n",
    "\n",
    "put_price = European_put_price(float(K))\n",
    "put_parity = European_put_parity(float(K))\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock(),'lightblue')\n",
    "print('European put prices:')\n",
    "plot_tree(put_price,'purple')\n",
    "print('European put parity prices:')\n",
    "plot_tree(put_parity,'purple')\n",
    "print('Price at time 0 of the European put option:',float(\"{0:.4f}\".format(put_price.nodes[(0,1)]['value'])))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_hedge(K):\n",
    "\n",
    "    price = European_call_price_recursive(K)\n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for t in range(0,N):\n",
    "            for l in range(-t+1,t+3,2):\n",
    "                hedge.add_edge((t,l),(t+1,l+1))\n",
    "                hedge.add_edge((t,l),(t+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        hedge.nodes[(N,l)]['value'] = None\n",
    "\n",
    "    for t in reversed(range(0,N)):\n",
    "        for l in range(-t+1,t+3,2):\n",
    "            hedge.nodes[(t,l)]['value'] = (price.nodes[(t+1,l+1)]['value']-price.nodes[(t+1,l-1)]['value'])/(b-a)/(S.nodes[(t,l)]['value'])\n",
    "    return hedge"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "call_price = European_call_price_recursive(float(K))\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock(),'lightblue')\n",
    "print('European call prices:')\n",
    "plot_tree(European_call_price_recursive(float(K)),'purple')\n",
    "print('Price at time 0 of the European call option:',float(\"{0:.4f}\".format(call_price.nodes[(0,1)]['value'])))\n",
    "print('Hedging strategy:')\n",
    "plot_tree(European_call_hedge(float(K)),'orange')"
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3 (ipykernel)",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.11.6"
  },
  "widgets": {
   "state": {},
   "version": "1.1.2"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
}
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and (3.10) we have, using Property (v) of the conditional expectation,
see page 67, and the independence of the asset returns {Ri,...,R;} and
{Rev1,..-, BN},

m(C) = —— B [n(sV) | 7]

(1+r)N-t
N
h<s§1’ II (1+Rj)> 'st“)}

1 *
j=t+1

(147N
N
h(x II a+ R_,-))

j=t+1

1
B —
(I+r)N-t

)

a::SEl)

where we used Property (v) of the conditional expectation, see page 67, and
the independence of asset returns. Next, we note that the number of times R;
isequaltobforj € {t+1,..., N}, has a binomial distribution with parameter
(N —t, p*) since the set of paths from time ¢ + 1 to time N containing j times

N —t
“(14b)” has cardinality ( j ) and each such path has probability
Py ()N, =0, ,N—t

1 1
In Figure 3.1 we enumerate the 120 = (70 ) = < 30> possible paths corre-
sponding to n = 5 and k = 2.

; Path number 19 out of 120 e s
5 e == Taes -
4 e Sss
3 ke
2 Pid = et
N et e
0 k=™ . -
-1 < —= -
-2 s o — -
-3 Rt
0 1 2 4 5 6 7 8 9 10

3
Q2

Fig. 3.1: Graph of 120 = <170> = <130> paths with n =5 and k = 2.*

Hence we have

* Animated figure (works in Acrobat Reader).
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1
m(C) = (EESLe E*[h(S |.Ff}
S )R (gt )Ntk (1) N—t—k
1+TNsz< > )(a") r(SV (1 +0)k(1+a) ).

a

In the above proof we have also shown that m(C) is given by the conditional
expected value

1
(1+r)N-t

given the value of St(l) at time t = 0,1,..., N, due to the Markov property of

(1)
(St )tzo,l,...,N
as the average (path integral) of the values of the contingent claim over all

1

e “[n(sy) | V]

m(C) = E*[h(sy))| 7] =

. In particular, the price of the claim with payoff C' is written
possible paths starting from St(l)
Market terms and data

Intrinsic value. The intrinsic value at time ¢ = 0,1,..., N of the option
with payoff C' = h(S[(\})) is given by the immediate exercise payoff h(St(l)).
The extrinsic value at time ¢t = 0,1,..., N of the option is the remaining
difference ¢ (C') — h(St(l)) between the option price 7 (C') and the immedi-
ate exercise payoff h(Stm). In general, the option price 7;(C') decomposes
as

(@) = n(SY) + m(@) —n(sY),  t=0,1,...,N.
—— —_—
Intrinsic value Extrinsic value

Moneyness. The moneyness is the ratio of the intrinsic value of the option
vs. the current price of the underlying asset, i.e.

h(si”)

]\Q(C) = St<1)

. t=0,1,...,N.

The option is said to be “in the money” (ITM) when M; > 0, “at the
money” (ATM) when M; = 0, and “out of the money” (OTM) when
M < 0.

Gearing. The gearing at time ¢ = 0,1,..., N of the option with payoff
C= h(S](\})) is defined as the ratio
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n@ s

telling how many time the option price v(t,St(l)) is “contained” in the
stock price Sél) at time ¢t =0,1,..., N.

Break-even price. The break-even price BEP; of the underlying asset at
time t = 0,1,..., N, see also Exercise 1.12, is the value of S for which
the intrinsic option value h(St(l)) equals the option price m(C). In other
words, BEP; represents the price of the underlying asset for which we
would break even if the option was exercised immediately. For European
call options with payoff function h(z) = (z — K)™T, it is given by

BEP; := K +m(C) = K +v(t,S")),  t=0,1,...,N,

whereas for European put options with payoff function h(z) = (K —z)*,
it is given by

BEP; := K —m,(C) = K —v(,S™")),  t=0,1,...,N.

Premium. The option premium OP; can be defined as the variation required
from the underlying asset price in order to reach the break-even price for
which the intrinsic option payoff equals the current option price, i.e. we
have

_BEP -5V K+u(t.5") - sV

OPt:f s t:0717‘ 7N7
Sfl) Sf”
for European call options, and
W _ S 4ot s) — K
op, o= S BB SRS Ky

St(l) St(l)

for European put options. The term “premium” is sometimes also used to

denote the arbitrage-free price v(t, St(l)) of the option.

Pricing by backward induction in the CRR model

In the Cox-Ross-Rubinstein (Cox et al. (1979)) model of Section 2.6, the dis-
counted portfolio value V; can be computed by solving the backward induction
relation (3.9), using the martingale property of the discounted portfolio value
process (vt)t:l),l,..u, n under the risk-neutral probability measure P*.
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Proposition 3.9. The function v(t,x) defined from the arbitrage-free prices
of the contingent claim with payoff C = IL(SI(\})) at timest =0,1,...,N by

D\ _ 1 1)
o(t:5") = Ve = v B T(SY) | 7
satisfies the backward recursion®
q P
v(t,z) = Tr T1)(t+ Lz(l+a))+ 1 +T1}(t +1,2(1+D)), (3.13)

with the terminal condition
v(N,z) = h(z), z > 0.
Proof. By the tower property of conditional expectations, letting

~ 1 1 1
v(t,St( >) = (1+r)tv(t,5§ )), t=0,1,...,N,

we have, using the Markov property of (Stu))t:o LN

=0(t+1,(1+a)SY)P*(Ryty = a) +5(t+ 1, (14 b)SV)P* (Reyy = b)
= ¢t + 1,1+ a)S) 4 p (e + 1, (14 b)s),
which shows that v(¢, z) satisfies
(t,x) =¢v(t+ 1L, z(l+a)) +pU(t+1,2(1+b)), (3.14)

while the terminal condition 171\/ = %(SI(\})) implies

B(N,z) = h(z), x>0

O

* Download the corresponding (backward recursive) IPython notebook that can be
run here or here.
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{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "# !pip install networkx"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "%matplotlib inline\n",
    "import networkx as nx \n",
    "import numpy as np\n",
    "import matplotlib \n",
    "import matplotlib.pyplot as plt \n",
    "%matplotlib inline \n",
    "\n",
    "N=8;S0=1\n",
    "\n",
    "r = 0.1;a=-0.1;b=0.1\n",
    "\n",
    "p = (r-a)/(b-a)\n",
    "q = (b-r)/(b-a)\n",
    "\n",
    "def plot_tree(g,color):\n",
    "    plt.figure(figsize=(20,10))\n",
    "    pos={}\n",
    "    lab={}    \n",
    "    for n in g.nodes():\n",
    "        pos[n]=(n[0],n[1])\n",
    "        if g.nodes[n]['value'] is not None: lab[n]=float(\"{0:.2f}\".format(g.nodes[n]['value']))\n",
    "    elarge=g.edges(data=True)\n",
    "    nx.draw_networkx_labels(g,pos,lab,font_size=15,font_family='sans-serif')\n",
    "    nx.draw_networkx_nodes(g,pos,node_color=color,alpha=0.4,node_size=1000)\n",
    "    nx.draw_networkx_edges(g,pos,edge_color='blue',alpha=0.7,width=3,edgelist=elarge)\n",
    "    plt.ylim(-N+0.5,N+1.5) \n",
    "    plt.xlim(-0.5,N+0.5)\n",
    "    plt.show()\n",
    "    \n",
    "def graph_stock():\n",
    "    S=nx.Graph()\n",
    "    for t in range(0,N):\n",
    "        for l in range(-t+1,t+3,2):\n",
    "            S.add_edge((t,l),(t+1,l+1))\n",
    "            S.add_edge((t,l),(t+1,l-1))\n",
    "            \n",
    "    for n in S.nodes():\n",
    "        k=n[0]\n",
    "        l=n[1]-1\n",
    "        S.nodes[n]['value']=S0*((1.0+b)**((k+l)/2))*((1.0+a)**((k-l)/2))\n",
    "    return S\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock(),'lightblue')"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_price(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for t in range(0,N):\n",
    "            for l in range(-t+1,t+3,2):\n",
    "                price.add_edge((t,l),(t+1,l+1))\n",
    "                price.add_edge((t,l),(t+1,l-1))\n",
    "                hedge.add_edge((t,l),(t+1,l+1))\n",
    "                hedge.add_edge((t,l),(t+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(S.nodes[(N,l)]['value']-K,0)\n",
    "     \n",
    "    for t in reversed(range(0,N)):\n",
    "        for l in range(-t+1,t+3,2):\n",
    "            price.nodes[(t,l)]['value'] = (price.nodes[(t+1,l+1)]['value']*p+price.nodes[(t+1,l-1)]['value']*q)/(1+r)        \n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "call_price = European_call_price(float(K))\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock(),'lightblue')\n",
    "print('European call prices:')\n",
    "plot_tree(call_price,'purple')\n",
    "print('Price at time 0 of the European call option:',float(\"{0:.4f}\".format(call_price.nodes[(0,1)]['value'])))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_put_price(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    S = graph_stock()\n",
    "\n",
    "    for t in range(0,N):\n",
    "            for l in range(-t+1,t+3,2):\n",
    "                price.add_edge((t,l),(t+1,l+1))\n",
    "                price.add_edge((t,l),(t+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(K-S.nodes[(N,l)]['value'],0)\n",
    "     \n",
    "    for t in reversed(range(0,N)):\n",
    "        for l in range(-t+1,t+3,2):\n",
    "            price.nodes[(t,l)]['value'] = (price.nodes[(t+1,l+1)]['value']*p+price.nodes[(t+1,l-1)]['value']*q)/(1+r)        \n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_put_parity(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    call = European_call_price(K)\n",
    "    S = graph_stock()\n",
    "\n",
    "    for t in range(0,N):\n",
    "            for l in range(-t+1,t+3,2):\n",
    "                price.add_edge((t,l),(t+1,l+1))\n",
    "                price.add_edge((t,l),(t+1,l-1))\n",
    "\n",
    "    for t in reversed(range(0,N+1)):\n",
    "        for l in range(-t+1,t+3,2):\n",
    "            price.nodes[(t,l)]['value'] = call.nodes[(t,l)]['value'] + K*(1.0+r)**(t-N) - S.nodes[(t,l)]['value']\n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike=\")\n",
    "\n",
    "put_price = European_put_price(float(K))\n",
    "put_parity = European_put_parity(float(K))\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock(),'lightblue')\n",
    "print('European put prices:')\n",
    "plot_tree(put_price,'purple')\n",
    "print('European put parity prices:')\n",
    "plot_tree(put_parity,'purple')\n",
    "print('Price at time 0 of the European put option:',float(\"{0:.4f}\".format(put_price.nodes[(0,1)]['value'])))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_hedge(K):\n",
    "\n",
    "    price = European_call_price(K)\n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for t in range(0,N):\n",
    "            for l in range(-t+1,t+3,2):\n",
    "                hedge.add_edge((t,l),(t+1,l+1))\n",
    "                hedge.add_edge((t,l),(t+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        hedge.nodes[(N,l)]['value'] = None\n",
    "\n",
    "    for t in reversed(range(0,N)):\n",
    "        for l in range(-t+1,t+3,2):\n",
    "            hedge.nodes[(t,l)]['value'] = (price.nodes[(t+1,l+1)]['value']-price.nodes[(t+1,l-1)]['value'])/(b-a)/(S.nodes[(t,l)]['value'])\n",
    "    return hedge"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "call_price = European_call_price(float(K))\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock(),'lightblue')\n",
    "print('European call prices:')\n",
    "plot_tree(European_call_price(float(K)),'purple')\n",
    "print('Price at time 0 of the European call option:',float(\"{0:.4f}\".format(call_price.nodes[(0,1)]['value'])))\n",
    "print('Hedging strategy:')\n",
    "plot_tree(European_call_hedge(float(K)),'purple')"
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3 (ipykernel)",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.11.6"
  },
  "widgets": {
   "state": {},
   "version": "1.1.2"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
}
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Figure 3.2 presents a tree-based implementation of the pricing recursion
(3.13).

Fig. 3.2: Discrete-time call option pricing tree.

Note that the discrete-time recursion (3.13) can be connected to the continuous-
time Black-Scholes PDE (6.2), cf. Exercises 6.15.

3.3 Hedging Contingent Claims

The basic idea of hedging is to allocate assets in a portfolio in order to
protect oneself from a given risk. For example, a risk of increasing oil prices
can be hedged by buying oil-related stocks, whose value should be positively
correlated with the oil price. In this way, a loss connected to increasing oil
prices could be compensated by an increase in the value of the corresponding
portfolio.

In the setting of this chapter, hedging an attainable contingent claim with
payoff C' means computing a self-financing portfolio strategy (ft)
such that

t=1,2,....N

gN‘§N207 i.e. EN'YNIG. (3.15)
Price, then hedge.

The portfolio allocation £y can be computed by first solving (37.15) for &
from the payoff values C', based on the fact that the allocation {y depends
only on information up to time N — 1, by the predictability of (§k)

1<k<N’
If the self-financing portfolio value V; is known, for example from (3.6), i.e.

1 *
W]E [C|F], t=0,1,...,N, (3.16)

V, =
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we may similarly compute &; by solving &+ S; =V, for all t = 1,2,...,N.
Hedge, then price.

If V; = m(C) has not been computed, we can use backward induction to
compute a self-financing portfolio strategy. Starting from the values of &n
obtained by solving

vt Sn=0C,
we use the self-financing condition (3.17) to solve for Ex_1, En_a, ..., &4,
down to &3, &5, and finally &;.

In order to implement this algorithm we can use the N — 1 self-financing
equations o B .
Ere Xt = &1+ Xy, t=1,2,...,N—1, (3.17)

allowing us in principle to compute the portfolio strategy (&)Lzl o N

Based on the values of £y we can solve
En-1+Snv—1=E&n SN
for €x_1, then ~ B ~ B
En—2* SN2 =E&N-1* SN2
for € _o, and successively &2 down to &1. In Section 3.3 the backward induc-

tion (3.17) will be implemented in the CRR model, see the proof of Proposi-
tion 3.10, and Exercises 3.17 and 3.4 for an application in a two-step model.

The discounted value 17t at time ¢ of the portfolio claim can then be obtained
from

Vo=&+-Xo and V,=§&-X;,, t=12...,N. (3.18)

In addition we have shown in the proof of Theorem 3.5 that the price 7;(C') of
the claim payoff C' at time ¢ coincides with the value V; of any self-financing
portfolio hedging the claim payoff C, i.e.

m(C) =V, t=0,1,...,N,

as given by (3.18). Hence the price of the claim can be computed either al-
gebraically by solving (3.15) and (3.17) using backward induction and then
using (3.18), or by a probabilistic method by a direct evaluation of the dis-
counted expected value (3.16).

The development of hedging algorithms has increased credit exposure, and
counterparty risk, e.g. when one party is unable to deliver the option payoff
stated in the contract.

102 O)

This version: May 3, 2024
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

3.4 Hedging Vanilla Options

In this section we implement the backward induction (3.17) of Section 3.3
for the hedging of contingent claims in the discrete-time Cox-Ross-Rubinstein
model. Our aim is to compute a (predictable) self-financing portfolio strategy
hedging a vanilla option with payoff of the form

c=hn(sV).
Since the discounted price §t(0) of the riskless asset satisfies

SO = (1415 =50,

we may sometimes write S(()O) in place of gt(o). In Propositions 3.10 and 3.12
we present two different approaches to hedging and to the computation of

the predictable process (fél))tzl o N which is also called the Delta.

Proposition 3.10. Price, then hedge.” The self-financing replicating port-
folio strategy

0) (1 0) [ o1 1 1
(ft( ),ﬁt( >)t=1,2,.,A,N = (§t< )(St(—)1)7§t( )(St(—)l))t=1,2,“,,N

hedging the contingent claim with payoff C = h(SI(\})) is given by

ot (1+0)S5) —o(t, (1 + a)siH)

(1) (¢(1)
& (51) =
¢ (1) (b—a)s);
(4 b)S) — ot (1 + a)s) (3.19)
(b—a)8" /(1 +7) ’
where the function v(t,x) is given by (3.11), and
€050 = (1+)o(t, (1+a)s1) — (L +a)u(t, (1+)S)
t -1 (b— a)St(O)
_ (s (s - (L agp(n e nsh)
(b-a)s? L

t = 1,2,...,N, where the function ¥(t,z) = (14 7)"tv(t,z) is given by
(3.11).

* Download the corresponding “price, then hedge” IPython notebook that can be run
here or here.
O 103

This version: May 3, 2024
https://personal.ntu.edu.sg/nprivault/indext.html



{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "# This code implements hedging and pricing using backward recursion\n",
    "\n",
    "%matplotlib inline\n",
    "import networkx as nx \n",
    "import numpy as np\n",
    "import matplotlib \n",
    "import matplotlib.pyplot as plt \n",
    "\n",
    "N=8;S0=1\n",
    "\n",
    "r=0.02;a=-0.1;b=0.1\n",
    "\n",
    "p = (r-a)/(b-a)\n",
    "q = (b-r)/(b-a)\n",
    "\n",
    "def plot_tree(g,color):\n",
    "    plt.figure(figsize=(20,8))\n",
    "    pos={}\n",
    "    lab={}\n",
    "    \n",
    "    for n in g.nodes():\n",
    "        pos[n]=(n[0],n[1])\n",
    "        if g.nodes[n]['value'] is not None: lab[n]=float(\"{0:.2f}\".format(g.nodes[n]['value']))\n",
    "    \n",
    "    elarge=g.edges(data=True)\n",
    "    nx.draw_networkx_labels(g,pos,lab,font_size=15,font_family='sans-serif')\n",
    "    nx.draw_networkx_nodes(g,pos,node_color=color,alpha=0.4,node_size=1000)\n",
    "    nx.draw_networkx_edges(g,pos,edge_color='blue',alpha=0.7,width=3,edgelist=elarge)\n",
    "    plt.ylim(-N+0.5,N+1.5) \n",
    "    plt.xlim(-0.5,N+0.5)\n",
    "    plt.show()\n",
    "    \n",
    "def graph_stock():\n",
    "    S=nx.Graph()\n",
    "    for k in range(0,N):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            S.add_edge((k,l),(k+1,l+1))\n",
    "            S.add_edge((k,l),(k+1,l-1))\n",
    "            \n",
    "    for n in S.nodes():        \n",
    "        k=n[0]\n",
    "        l=n[1]-1\n",
    "        S.nodes[n]['value']=S0*((1.0+b)**((k+l)/2))*((1.0+a)**((k-l)/2))\n",
    "    return S\n",
    "\n",
    "plot_tree(graph_stock(),'lightblue')"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_price(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "                hedge.add_edge((k,l),(k+1,l+1))\n",
    "                hedge.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(S.nodes[(N,l)]['value']-K,0)\n",
    "     \n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l-1)]['value']*q)/(1+r)        \n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "call_price = European_call_price(float(K))\n",
    "\n",
    "print('European call prices:')\n",
    "plot_tree(call_price,'purple')\n",
    "print('Price at time 0 of the European call option:',float(\"{0:.4f}\".format(call_price.nodes[(0,1)]['value'])))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_price_then_hedge_risky(K):\n",
    "\n",
    "    price = nx.Graph()\n",
    "    hedge_risky = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "                hedge_risky.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_risky.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(S.nodes[(N,l)]['value']-K,0)\n",
    "        hedge_risky.nodes[(N,l)]['value'] = None\n",
    "\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l-1)]['value']*q)/(1+r)\n",
    "            hedge_risky.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']-price.nodes[(k+1,l-1)]['value'])/(b-a)/(S.nodes[(k,l)]['value'])\n",
    "    return hedge_risky"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_price_then_hedge_riskless(K):\n",
    "\n",
    "    price = nx.Graph()\n",
    "    hedge_riskless = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "                hedge_riskless.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_riskless.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(S.nodes[(N,l)]['value']-K,0)\n",
    "        hedge_riskless.nodes[(N,l)]['value'] = None\n",
    "\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l-1)]['value']*q)/(1+r)\n",
    "            hedge_riskless.nodes[(k,l)]['value'] = ((1+b)*price.nodes[(k+1,l-1)]['value']-(1+a)*price.nodes[(k+1,l+1)]['value'])/(b-a)/pow(1+r,k+1)\n",
    "    return hedge_riskless"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock(),'lightblue')\n",
    "print('Risky hedging strategy:')\n",
    "plot_tree(European_price_then_hedge_risky(float(K)),'orange')\n",
    "print('Riskless hedging strategy:')\n",
    "plot_tree(European_price_then_hedge_riskless(float(K)),'green')"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def Hedge_then_price(K):\n",
    "\n",
    "    hedge_riskless = European_price_then_hedge_riskless(K)\n",
    "    hedge_risky = European_price_then_hedge_risky(K)\n",
    "    S = graph_stock()\n",
    "    hedge_then_price = nx.Graph()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                hedge_then_price.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_then_price.add_edge((k,l),(k+1,l-1))\n",
    "        \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        hedge_risky.nodes[(N,l)]['value'] = None\n",
    "        hedge_then_price.nodes[(N,l)]['value'] = None\n",
    "\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            hedge_then_price.nodes[(k,l)]['value'] = hedge_risky.nodes[(k,l)]['value']*S.nodes[(k,l)]['value']+hedge_riskless.nodes[(k,l)]['value']*(1+r)**k\n",
    "    return hedge_then_price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {
    "scrolled": true
   },
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock(),'lightblue')\n",
    "print('Hedge then price:')\n",
    "plot_tree(Hedge_then_price(float(K)),'purple')"
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3 (ipykernel)",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.11.6"
  },
  "widgets": {
   "state": {},
   "version": "1.1.2"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
}
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Proof. We first compute the self-financing hedging strategy (&¢),_,,

solving S
e Xe =V, t=12,...,N,

from which we deduce the two equations

1+a .

& (50)s5” + 6 (58 78 = (. L+ a)s)
1+b ~

& 55y + & (5 7 8 = a oS,

which can be solved as

(14 0)i(t, (1+a)S™) = (14 a)i(t, (1 +b)SH)
(b—a)sy”

& (st =

5(t, (14 0)S)) = 5(t, (1+a)S)
(b—a)S, /(14 7)

)

ft(l) (St(i)l) =

t = 1,2,...,N, which only depends on St(i)l, as expected, see also (1.20).

This is consistent with the fact that §t(l) represents the (possibly fractional)
quantity of the risky asset to be present in the portfolio over the time period
[t — 1,t] in order to hedge the claim payoff C' at time IV, and is decided at
time ¢ — 1. |

By applying (3.19) to the function v(¢,z) in (3.11), we find

1 1 1 gl N —t
eV (st = aTrv > < ) >(p*)k(q*)N_t_'“
k=0
§ R(SD (14 )1 (1 + )V =tk) — (S (14 b)F (1 + a) Ntk
(b— lZ)Sl(U

)

t=0,1,...,N.

The next Figure 3.3 presents a tree-based implementation of the risky hedging
component (3.19).
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Fig. 3.3: Discrete-time call option hedging strategy (risky component).

The next Figure 3.4 presents a tree-based implementation of the riskless
hedging component (3.20).

Fig. 3.4: Discrete-time call option hedging strategy (riskless component).

We can also check that the portfolio strategy

3 (N M (R G N R Cria)) .

given by (3.19)-(3.20) is self-financing, as follows:

G- X =g (5) 57 + e (55,
_ g0 DI+ (Lt )S) — (1 a)a(e+ 1 (L +b)s)

0 (b— a)S(()O)
+§t(1)5(t +1,(145)SY) =5t +1,(1+a)s)
(b—a)S /(1 +7)

1+t +1,(1+a)SY) = (1+a)(t+ 1, (1+)SY)
b—a
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R GaNtE: B)SMY — (41, (1+a)sY)
b—a)/(T+r)

r

So(t+1,(1+a)s(")

r- (t+1 (1+b)s§1))+2%

T o
= p*D (t + 1,0+ 5)SM) + g5t + 1, (1+a)S™M)

=a(t.51")
=" ()5 +4 (s1)s1

=&-X;, t=0,1,...,N-1,
where we used (3.14) or the martingale property of the discounted portfolio
value process (ﬁ(t, St(l)))t:() 1 N see Lemma 3.2.

Market terms and data

Delta. The Delta represents the quantity of underlying risky asset St( by held
111 the portfolio over the time interval [¢t — 1,¢]. Here, it is denoted by

ft (tl)fort—12 ,N.

Effective gearing. The effective gearing at time t = 1,2,..., N of the option
with payoff C' = h(Sg\})) is defined as the ratio

Gy 1= Gyel)

st

()

sV (ot (1 + DS — o(t, (1 +0)81)
SM ot 88 (b - a)

(0t 1+ 1)) —o(t, (1 + a)52h)) /o(t,51Y)

= ’ , t=1,2,...,N.
55 (b —a)/ sV

The effective gearing EG; = 5,55' / 7 (C') can be interpreted as the hedge
ratio, i.e. the percentage of the portfolio which is invested on the risky
asset. It also allows one to represent the percentage change in the option
price in terms of the potential percentage change Sﬁ)l(b - a)/St(l) in the
underlying asset price when the asset return switches from a to b, as

(o, 040)510) —o(t 0+ @)SB) o SD0—0)
o(t,5;") s
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By Proposition 3.8 we have the following remark.

Remark 3.11.  4) If the function x — h(z) is non-decreasing, e.g. in the
case of European call options, then the function x +— v(t,x) is also
non-decreasing for all fized t = 0,1,..., N, hence the portfolio strategy

(f,EO)@él))t:lz___N defined by (3.11) or (3.19) satisfies 5§1) >0,t=
1,2,..., N and there is not short selling.

ii) Similarly, we can show that when x — h(x) is a non-increasing function,
e.g. in the case of European put options, the portfolio allocation ft(l) <0
is negative, t = 1,2,..., N, i.e. short selling always occurs.

As a consequence of (3.20), the discounted amounts ft(O)S(()O) and fél)gt(l)
respectively invested on the riskless and risky assets are given by

1+ 0)5(t, (1+a)S™) = (1 +a)i(t, (1 +b)SH)

S0 1) -
(3.21)
and
- 3(t, (1 +0)SM) =5t 1+ a)sY,
St(1)£t(1)<st(i)l) =(1+Ry) ( t 12}7(1( t 1)7
t=1,2,...,N.

Regarding the quantity 5,@ of the riskless asset in the portfolio at time ¢,
from the relation

Vi=§-X, =€989 +eMWgM 1 =12... N,
we also obtain

¢”

In the next proposition we compute the hedging strategy by backward induc-
tion, starting from the relation

5(1)(5(1) ) _ h((l +13)51(\})71) - h((l +‘1)5'5\})71)
A (b-a)sy), ’
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and

1+ 0)a((1+a)SH ) = (1 +a)h((1+)SE )
(b— (z)S(()O)(l +7r)N

0) /(1
& () =

)

that follow from (3.19)-(3.20) applied to the claim payoff function h(-).

Proposition 3.12. Hedge, then price.* The self-financing replicating port-
folio strategy

0 1 0 1 1 1
(ft( )’ft( >)t:1,24,...,N = ($t< )(St(—)1)=€t( >(St(—)1))t:1,2 _____ N

hedging the contingent claim with payoff C = h(SI(\})) is given from (3.19) at
timet =N by

C R((A+)SYL) —h((1+a)SYL))

Wsh) y = , 3.2
&' (Sn) a5 (3-22)

and
(O y - LHDA( +a)Syy) = (1+a)h((1+b)SY) D 23

(b-a)sy
and then inductively by

1+ ) (1 +5)sM) — (1 +a)el (1 +a)s?)

(510, = )-(
1S 0 5z+1((1+b) t— 1) 51:+1((1+‘/l)5())7 (3.24)
(b— ) t— 1/(1+7")
and

€0 (5t = (DU +DENER (O +as) -6 (1+9)51)
vt (b—a)(1+7)s
NS DD (1 +a)S™) = (1+a)e (1 +b)sM)

b—a ’

(3.25)

t=1,2,.. . N—1.
The pricing function v(t,x) = (1 +7)"tv(t,x) is then given by

* Download the corresponding “hedge, then price” IPython notebook that can be run
here or here.
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{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "%matplotlib inline\n",
    "import networkx as nx \n",
    "import numpy as np\n",
    "import matplotlib \n",
    "import matplotlib.pyplot as plt \n",
    "\n",
    "N=8;S0=1\n",
    "\n",
    "r=0.02;a=-0.1;b=0.1\n",
    "\n",
    "p = (r-a)/(b-a)\n",
    "q = (b-r)/(b-a)\n",
    "\n",
    "def plot_tree(g,color):\n",
    "    plt.figure(figsize=(20,10))\n",
    "    pos={}\n",
    "    lab={}\n",
    "    \n",
    "    for n in g.nodes():\n",
    "        pos[n]=(n[0],n[1])\n",
    "        if g.nodes[n]['value'] is not None: lab[n]=float(\"{0:.2f}\".format(g.nodes[n]['value']))\n",
    "    \n",
    "    elarge=g.edges(data=True)\n",
    "    nx.draw_networkx_labels(g,pos,lab,font_size=15,font_family='sans-serif')\n",
    "    nx.draw_networkx_nodes(g,pos,node_color=color,alpha=0.4,node_size=1000)\n",
    "    nx.draw_networkx_edges(g,pos,edge_color='blue',alpha=0.7,width=3,edgelist=elarge)\n",
    "    plt.ylim(-N+0.5,N+1.5) \n",
    "    plt.xlim(-0.5,N+0.5)\n",
    "    plt.show()\n",
    "    \n",
    "def graph_stock():\n",
    "    S=nx.Graph()\n",
    "    for k in range(0,N):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            S.add_edge((k,l),(k+1,l+1))\n",
    "            S.add_edge((k,l),(k+1,l-1))\n",
    "            \n",
    "    for n in S.nodes():        \n",
    "        k=n[0]\n",
    "        l=n[1]-1\n",
    "        S.nodes[n]['value']=S0*((1.0+b)**((k+l)/2))*((1.0+a)**((k-l)/2))\n",
    "    return S\n",
    "\n",
    "plot_tree(graph_stock(),'lightblue')"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_hedge(K):\n",
    "\n",
    "    price = nx.Graph()\n",
    "    hedge_risky = nx.Graph()\n",
    "    hedge_riskless = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "                hedge_risky.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_risky.add_edge((k,l),(k+1,l-1))    \n",
    "                hedge_riskless.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_riskless.add_edge((k,l),(k+1,l-1))    \n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(S.nodes[(N,l)]['value']-K,0)\n",
    "        hedge_risky.nodes[(N,l)]['value'] = None\n",
    "        hedge_riskless.nodes[(N,l)]['value'] = None\n",
    "        \n",
    "    for l in range(-N+2,N+2,2):\n",
    "        hedge_risky.nodes[(N-1,l)]['value'] = (price.nodes[(N,l+1)]['value']-price.nodes[(N,l-1)]['value'])/(b-a)/S.nodes[(N-1,l)]['value']\n",
    "        hedge_riskless.nodes[(N-1,l)]['value'] = ((1+b)*price.nodes[N,l-1]['value']-(1+a)*price.nodes[(N,l+1)]['value'])/(b-a)/(1+r)**N\n",
    "\n",
    "    for k in reversed(range(0,N-1)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            hedge_risky.nodes[(k,l)]['value'] = ((1+b)*hedge_risky.nodes[(k+1,l+1)]['value']-(1+a)*hedge_risky.nodes[(k+1,l-1)]['value'])/(b-a)+(1+r)**(k+1)*(hedge_riskless.nodes[(k+1,l+1)]['value']-hedge_riskless.nodes[(k+1,l-1)]['value'])/(b-a)/(S.nodes[(k,l)]['value'])\n",
    "            hedge_riskless.nodes[(k,l)]['value'] = (1+a)*(1+b)*S.nodes[(k,l)]['value']*(hedge_risky.nodes[(k+1,l-1)]['value']-hedge_risky.nodes[(k+1,l+1)]['value'])/(b-a)/(1+r)**(k+1)+((1+b)*hedge_riskless.nodes[(k+1,l-1)]['value']-(1+a)*hedge_riskless.nodes[(k+1,l+1)]['value'])/(b-a)\n",
    "    return hedge_risky,hedge_riskless"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "print('Risky hedging strategy:')\n",
    "plot_tree(European_call_hedge(float(K))[0],'orange')\n",
    "print('Riskless hedging strategy:')\n",
    "plot_tree(European_call_hedge(float(K))[1],'green')"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def Hedge_then_price(K):\n",
    "\n",
    "    hedge_riskless = European_call_hedge(K)[1]\n",
    "    hedge_risky = European_call_hedge(K)[0]\n",
    "    S = graph_stock()\n",
    "    hedge_then_price = nx.Graph()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                hedge_then_price.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_then_price.add_edge((k,l),(k+1,l-1))\n",
    "        \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        hedge_risky.nodes[(N,l)]['value'] = None\n",
    "        hedge_then_price.nodes[(N,l)]['value'] = None\n",
    "\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            hedge_then_price.nodes[(k,l)]['value'] = hedge_risky.nodes[(k,l)]['value']*S.nodes[(k,l)]['value']+hedge_riskless.nodes[(k,l)]['value']*(1+r)**k\n",
    "    return hedge_then_price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "print('Hedge then price:')\n",
    "plot_tree(Hedge_then_price(float(K)),'purple')"
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3 (ipykernel)",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.11.6"
  },
  "widgets": {
   "state": {},
   "version": "1.1.2"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
}
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Notes on Stochastic Finance

(1, 1) = SO (s + SWeM (s, t=1,2,...,N.
Proof. Relations (3.22)-(3.23) follow from (3.19)-(3.20) stated at time t = N.
Next, by the self-financing condition (3.17), we have

&+ Xt =& Xy, t=12,...,N-1
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By (3.24)-(3.25), we can check that the corresponding discounted portfolio
value process

is a martingale under IP*:
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t=1,2,...,N—1, as in Remark 3.4.

The next Figure 3.5 presents a tree-based implementation of the riskless
hedging component (3.20).*

Fig. 3.5: Tree of asset prices in the CRR model.

The next Figure 3.6 presents a tree-based implementation of call option prices
in the CRR model.

* Download the corresponding pricing and hedging IPython (call) or IPython (put)
notebook that can be run here or here.
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{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {
    "collapsed": true
   },
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 106,
   "metadata": {},
   "outputs": [],
   "source": [
    "%matplotlib inline\n",
    "import networkx as nx \n",
    "import numpy as np\n",
    "import matplotlib \n",
    "import matplotlib.pyplot as plt \n",
    "%matplotlib inline \n",
    "\n",
    "N=9;\n",
    "\n",
    "S0=3.22;\n",
    "\n",
    "K=3.18 \n",
    "\n",
    "sigma=0.289;\n",
    "dt=3.5/365;\n",
    "\n",
    "r = 0.0*dt;\n",
    "\n",
    "a=(1+r)*(1-sigma*np.sqrt(dt))-1;\n",
    "b=(1+r)*(1+sigma*np.sqrt(dt))-1;\n",
    "\n",
    "p = (r-a)/(b-a)\n",
    "q = (b-r)/(b-a)\n",
    "\n",
    "X = np.empty(N+1, dtype=int)\n",
    "for i in range(0,N+1):\n",
    "    X[i]=i\n",
    "\n",
    "def plot_tree(axarr,g):\n",
    "    plt.figure(figsize=(20,10))\n",
    "    Z = np.empty(3)\n",
    "    global N\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            Z[0]=g.nodes[(k,l)]['value']\n",
    "            Z[1]=g.nodes[(k+1,l+1)]['value']\n",
    "            Z[2]=3\n",
    "            axarr.plot(X[k:k+2],Z[0:2],color='blue',marker='.',markersize = 10)\n",
    "            Z[0]=g.nodes[(k,l)]['value']\n",
    "            Z[1]=g.nodes[(k+1,l-1)]['value']\n",
    "            Z[2]=3\n",
    "            axarr.plot(X[k:k+2],Z[0:2],color='blue',marker='.',markersize = 10)\n",
    "    axarr.grid(linestyle='--', linewidth=0.5, color='gray')\n",
    "    \n",
    "#    plt.ylim(g.nodes[(N,-N+1)]['value'],g.nodes[(N,N+1)]['value']) \n",
    "#    plt.xlim(-0.5,N+0.5)\n",
    "#    ff.canvas.draw()\n",
    "# plt.show()\n",
    "\n",
    "    \n",
    "def path(axarr,Y,K,n,color):\n",
    "    global X\n",
    "    Z = np.empty(N+1)\n",
    "\n",
    "    for i in range(0,N+1): Z[i]=K\n",
    "        \n",
    "    axarr.plot(X[0:n+1],Y[0:n+1],marker='.',color=color,linewidth=2.2,markersize = 12)\n",
    "    axarr.plot(X[0:N+1],Z[0:N+1],color='black',linewidth=2)\n",
    "    axarr.grid(linestyle='--', linewidth=0.5, color='gray')\n",
    "#    ff.canvas.draw()\n",
    "\n",
    "def graph_stock():\n",
    "    S=nx.Graph()\n",
    "    for k in range(0,N):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            S.add_edge((k,l),(k+1,l+1))\n",
    "            S.add_edge((k,l),(k+1,l-1))\n",
    "            \n",
    "    for n in S.nodes():\n",
    "        k=n[0]\n",
    "        l=n[1]-1\n",
    "        S.nodes[n]['value']=S0*((1.0+b)**((k+l)/2))*((1.0+a)**((k-l)/2))\n",
    "    return S"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 107,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_price(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(S.nodes[(N,l)]['value']-K,0)\n",
    "     \n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l-1)]['value']*q)/(1+r)        \n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 108,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_hedge_risky(K):\n",
    "\n",
    "    price = European_call_price(K)\n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                hedge.add_edge((k,l),(k+1,l+1))\n",
    "                hedge.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        hedge.nodes[(N,l)]['value'] = (S.nodes[(N,l)]['value']-K>0)\n",
    "\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            hedge.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']-price.nodes[(k+1,l-1)]['value'])/(b-a)/(S.nodes[(k,l)]['value'])\n",
    "\n",
    "    return hedge"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 109,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_hedge_riskless(K):\n",
    "\n",
    "    price = European_call_price(K)\n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                hedge.add_edge((k,l),(k+1,l+1))\n",
    "                hedge.add_edge((k,l),(k+1,l-1))\n",
    "\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            hedge.nodes[(k,l)]['value'] = ((1+b)*price.nodes[(k+1,l-1)]['value']-(1+a)*price.nodes[(k+1,l+1)]['value'])/(b-a)/pow(1+r,k+1)\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        hedge.nodes[(N,l)]['value'] = hedge.nodes[(N-1,N)]['value']*int(S.nodes[(N,l)]['value']-K>0)/(1+r)\n",
    "\n",
    "    return hedge"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 110,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "Underlying asset prices:\n"
     ]
    },
    {
     "data": {
      "image/png": "",
      "text/plain": [
       "<Figure size 1200x1000 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "data": {
      "text/plain": [
       "<Figure size 2000x1000 with 0 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "print('Underlying asset prices:') \n",
    "ff, axarr = plt.subplots(1,figsize=(12,10))\n",
    "\n",
    "plot_tree(axarr,graph_stock())\n",
    "\n",
    "S = np.empty(N+1)\n",
    "\n",
    "S[0]=3.22;S[1]=3.22;S[2]=3.3;S[3]=3.31;S[4]=3.3;S[5]=3.37;S[6]=3.38;S[7]=3.33;S[8]=3.39;S[9]=3.43\n",
    "\n",
    "time=9\n",
    "\n",
    "path(axarr,S,K,time,\"red\")"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 111,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "European call prices:\n",
      "Price at time 0 of the European call option: 0.132\n"
     ]
    },
    {
     "data": {
      "image/png": "",
      "text/plain": [
       "<Figure size 1200x1000 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "data": {
      "text/plain": [
       "<Figure size 2000x1000 with 0 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "print('European call prices:') \n",
    "ff, axarr = plt.subplots(1,figsize=(12,10))\n",
    "\n",
    "plot_tree(axarr,European_call_price(float(K))) \n",
    "\n",
    "P = np.empty(N+1)\n",
    "\n",
    "P[0]=0.132;P[1]=0.126;P[2]=0.175;P[3]=0.163;P[4]=0.202;P[5]=0.196;P[6]=0.199;P[7]=0.167;P[8]=0.21;P[9]=0.25\n",
    "\n",
    "path(axarr,P,0,time,\"red\")\n",
    "\n",
    "print('Price at time 0 of the European call option:',float(\"{0:.4f}\".format(European_call_price(float(K)).nodes[(0,1)]['value']))) "
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 112,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "Hedging strategy - risky component\n",
      "Delta at time 8 : 0.988\n"
     ]
    },
    {
     "data": {
      "image/png": "",
      "text/plain": [
       "<Figure size 1200x1000 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "data": {
      "text/plain": [
       "<Figure size 2000x1000 with 0 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "print('Hedging strategy - risky component') \n",
    "ff, axarr = plt.subplots(1,figsize=(12,10))\n",
    "\n",
    "plot_tree(axarr,European_call_hedge_risky(float(K)))\n",
    "\n",
    "Y = np.empty(N+1)\n",
    "Z = np.empty(N+1)\n",
    "\n",
    "for k in range(N+1):\n",
    "    l=1-k;\n",
    "    if graph_stock().nodes[(k,l)]['value']==S[k]: \n",
    "        Y[k]=European_call_hedge_risky(float(K)).nodes[(k,l)]['value'];\n",
    "    else: \n",
    "        Z[k]=min(max(S[k],graph_stock().nodes[(k,1-k)]['value']),graph_stock().nodes[(k,k+1)]['value'])\n",
    "        while graph_stock().nodes[(k,l)]['value']<=Z[k]:l=l+2 \n",
    "        u=(Z[k]-graph_stock().nodes[(k,l-2)]['value'])/(graph_stock().nodes[(k,l)]['value']-graph_stock().nodes[(k,l-2)]['value'])\n",
    "        Y[k]=(1-u)*European_call_hedge_risky(float(K)).nodes[(k,l-2)]['value']+u*European_call_hedge_risky(float(K)).nodes[(k,l)]['value']\n",
    "\n",
    "time=8\n",
    "\n",
    "path(axarr,Y,0,time,\"red\")\n",
    "\n",
    "print('Delta at time',time,\":\",float(\"{0:.4f}\".format(Y[time])))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 113,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "Hedging strategy - riskless component\n",
      "Riskless account at time 8 : -3.1405\n"
     ]
    },
    {
     "data": {
      "image/png": "",
      "text/plain": [
       "<Figure size 1200x1000 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "data": {
      "text/plain": [
       "<Figure size 2000x1000 with 0 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "print('Hedging strategy - riskless component') \n",
    "ff, axarr = plt.subplots(1,figsize=(12,10))\n",
    "\n",
    "plot_tree(axarr,European_call_hedge_riskless(float(K)))\n",
    "\n",
    "YY = np.empty(N+1)\n",
    "Z = np.empty(N+1)\n",
    "\n",
    "for k in range(N+1):\n",
    "    l=1-k;\n",
    "    if graph_stock().nodes[(k,l)]['value']==S[k]: \n",
    "        YY[k]=European_call_hedge_riskless(float(K)).nodes[(k,l)]['value'];\n",
    "    else: \n",
    "        Z[k]=min(max(S[k],graph_stock().nodes[(k,1-k)]['value']),graph_stock().nodes[(k,k+1)]['value'])\n",
    "        while graph_stock().nodes[(k,l)]['value']<=Z[k]:l=l+2 \n",
    "        u=(Z[k]-graph_stock().nodes[(k,l-2)]['value'])/(graph_stock().nodes[(k,l)]['value']-graph_stock().nodes[(k,l-2)]['value'])\n",
    "        YY[k]=(1-u)*European_call_hedge_riskless(float(K)).nodes[(k,l-2)]['value']+u*European_call_hedge_riskless(float(K)).nodes[(k,l)]['value']\n",
    "\n",
    "path(axarr,YY,0,time,\"red\")\n",
    "\n",
    "print('Riskless account at time',time,\":\",float(\"{0:.4f}\".format(YY[time])))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 114,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "European call prices:\n",
      "Price at time 0 of the European call option: 0.132\n"
     ]
    },
    {
     "data": {
      "image/png": "",
      "text/plain": [
       "<Figure size 1200x1000 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "data": {
      "text/plain": [
       "<Figure size 2000x1000 with 0 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "print('European call prices:') \n",
    "ff, axarr = plt.subplots(1,figsize=(12,10))\n",
    "\n",
    "plot_tree(axarr,European_call_price(float(K))) \n",
    "\n",
    "Q = np.empty(N+1)\n",
    "\n",
    "time=9\n",
    "\n",
    "Q[0]=Y[0]*S[0]+YY[0]*(1+r)**0\n",
    "\n",
    "for k in range(1,time+1): Q[k]=Y[k-1]*S[k]+YY[k-1]*(1+r)**k\n",
    "\n",
    "path(axarr,P,0,time,\"red\")\n",
    "\n",
    "path(axarr,Q,0,time,\"green\")\n",
    "\n",
    "print('Price at time 0 of the European call option:',float(\"{0:.4f}\".format(European_call_price(float(K)).nodes[(0,1)]['value']))) "
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3 (ipykernel)",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.11.6"
  },
  "widgets": {
   "state": {},
   "version": "1.1.2"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
}



{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 1,
   "metadata": {},
   "outputs": [],
   "source": [
    "%matplotlib inline\n",
    "import networkx as nx \n",
    "import numpy as np\n",
    "import matplotlib \n",
    "import matplotlib.pyplot as plt \n",
    "%matplotlib inline \n",
    "\n",
    "N=9;\n",
    "\n",
    "S0=287.8;\n",
    "\n",
    "K=300;\n",
    "\n",
    "sigma=0.475;\n",
    "dt=3.5/365;\n",
    "\n",
    "r = 0.0*dt;\n",
    "\n",
    "a=(1+r)*(1-sigma*np.sqrt(dt))-1;\n",
    "b=(1+r)*(1+sigma*np.sqrt(dt))-1;\n",
    "\n",
    "p = (r-a)/(b-a)\n",
    "q = (b-r)/(b-a)\n",
    "\n",
    "X = np.empty(N+1, dtype=int)\n",
    "for i in range(0,N+1):\n",
    "    X[i]=i\n",
    "\n",
    "def plot_tree(axarr,g):\n",
    "    plt.figure(figsize=(20,10))\n",
    "    Z = np.empty(3)\n",
    "    global N\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            Z[0]=g.nodes[(k,l)]['value']\n",
    "            Z[1]=g.nodes[(k+1,l+1)]['value']\n",
    "            Z[2]=3\n",
    "            axarr.plot(X[k:k+2],Z[0:2],color='blue',marker='.',markersize = 10)\n",
    "            Z[0]=g.nodes[(k,l)]['value']\n",
    "            Z[1]=g.nodes[(k+1,l-1)]['value']\n",
    "            Z[2]=3\n",
    "            axarr.plot(X[k:k+2],Z[0:2],color='blue',marker='.',markersize = 10)\n",
    "    axarr.grid(linestyle='--', linewidth=0.5, color='gray')\n",
    "    \n",
    "#    plt.ylim(g.nodes[(N,-N+1)]['value'],g.nodes[(N,N+1)]['value']) \n",
    "#    plt.xlim(-0.5,N+0.5)\n",
    "#    ff.canvas.draw()\n",
    "# plt.show()\n",
    "    \n",
    "def path(axarr,Y,K,n):\n",
    "    global X\n",
    "    Z = np.empty(N+1)\n",
    "\n",
    "    for i in range(0,N+1):\n",
    "        Z[i]=K\n",
    "        \n",
    "    axarr.plot(X[0:n+1],Y[0:n+1],marker='.',color='red',linewidth=3,markersize = 16)\n",
    "    axarr.plot(X[0:N+1],Z[0:N+1],color='black',linewidth=2)\n",
    "    axarr.grid(linestyle='--', linewidth=0.5, color='gray')\n",
    "#    ff.canvas.draw()\n",
    "\n",
    "def graph_stock():\n",
    "    S=nx.Graph()\n",
    "    for k in range(0,N):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            S.add_edge((k,l),(k+1,l+1))\n",
    "            S.add_edge((k,l),(k+1,l-1))\n",
    "            \n",
    "    for n in S.nodes():\n",
    "        k=n[0]\n",
    "        l=n[1]-1\n",
    "        S.nodes[n]['value']=S0*((1.0+b)**((k+l)/2))*((1.0+a)**((k-l)/2))\n",
    "    return S"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 2,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_put_price(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "   \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(K-S.nodes[(N,l)]['value'],0)\n",
    "     \n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l-1)]['value']*q)/(1+r)        \n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 3,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_put_hedge(K):\n",
    "\n",
    "    price = European_put_price(K)\n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                hedge.add_edge((k,l),(k+1,l+1))\n",
    "                hedge.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        hedge.nodes[(N,l)]['value'] = -1*(K-S.nodes[(N,l)]['value']>0)\n",
    "\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            hedge.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']-price.nodes[(k+1,l-1)]['value'])/(b-a)/(S.nodes[(k,l)]['value'])\n",
    "\n",
    "    return hedge"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 4,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "Underlying asset prices:\n"
     ]
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 864x720 with 1 Axes>"
      ]
     },
     "metadata": {
      "needs_background": "light"
     },
     "output_type": "display_data"
    },
    {
     "data": {
      "text/plain": [
       "<Figure size 1440x720 with 0 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "print('Underlying asset prices:') \n",
    "ff, axarr = plt.subplots(1,figsize=(12,10))\n",
    "\n",
    "plot_tree(axarr,graph_stock())\n",
    "\n",
    "S = np.empty(N+1)\n",
    "\n",
    "time=4\n",
    "\n",
    "S[0]=287.8;S[1]=282; S[2]=273;S[3]=287.2;S[4]=296;\n",
    "\n",
    "path(axarr,S,K,time)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 5,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "European put prices:\n",
      "Price at time 0 of the European put option: 22.8718\n"
     ]
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 864x720 with 1 Axes>"
      ]
     },
     "metadata": {
      "needs_background": "light"
     },
     "output_type": "display_data"
    },
    {
     "data": {
      "text/plain": [
       "<Figure size 1440x720 with 0 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "print('European put prices:') \n",
    "ff, axarr = plt.subplots(1,figsize=(12,10))\n",
    "\n",
    "plot_tree(axarr,European_put_price(float(K))) \n",
    "\n",
    "P = np.empty(N+1)\n",
    "\n",
    "P[0]=22.5;P[1]=23.3;P[2]=30;P[3]=15.7;P[4]=13;\n",
    "\n",
    "path(axarr,P,0,time)\n",
    "\n",
    "print('Price at time 0 of the European put option:',float(\"{0:.4f}\".format(European_put_price(float(K)).nodes[(0,1)]['value']))) "
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 6,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "Hedging strategy:\n"
     ]
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 864x720 with 1 Axes>"
      ]
     },
     "metadata": {
      "needs_background": "light"
     },
     "output_type": "display_data"
    },
    {
     "data": {
      "text/plain": [
       "<Figure size 1440x720 with 0 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "print('Hedging strategy:') \n",
    "ff, axarr = plt.subplots(1,figsize=(12,10))\n",
    "\n",
    "plot_tree(axarr,European_put_hedge(float(K)))\n",
    "\n",
    "Y = np.empty(N+1)\n",
    "Z = np.empty(N+1)\n",
    "\n",
    "for k in range(time+1):\n",
    "    l=1-k;\n",
    "    if graph_stock().nodes[(k,l)]['value']==S[k]: \n",
    "        Y[k]=European_put_hedge(float(K)).nodes[(k,l)]['value']\n",
    "    else: \n",
    "        Z[k]=min(max(S[k],graph_stock().nodes[(k,1-k)]['value']),graph_stock().nodes[(k,k+1)]['value'])\n",
    "        while graph_stock().nodes[(k,l)]['value']<S[k]:l=l+2 \n",
    "        u=(Z[k]-graph_stock().nodes[(k,l-2)]['value'])/(graph_stock().nodes[(k,l)]['value']-graph_stock().nodes[(k,l-2)]['value'])\n",
    "        Y[k]=(1-u)*European_put_hedge(float(K)).nodes[(k,l-2)]['value']+u*European_put_hedge(float(K)).nodes[(k,l)]['value']\n",
    "\n",
    "path(axarr,Y,0,time)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 7,
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/plain": [
       "-0.5963067361357886"
      ]
     },
     "execution_count": 7,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "European_put_hedge(float(K)).nodes[(0,1)]['value']"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 10,
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/plain": [
       "-0.06264578895902892"
      ]
     },
     "execution_count": 10,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "European_put_hedge(float(K)).nodes[(time,time+1)]['value']"
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.10.7"
  },
  "widgets": {
   "state": {},
   "version": "1.1.2"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
}
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Fig. 3.6: Tree of option prices in the CRR model.

The next Figure 3.7 presents a tree-based implementation of risky hedging
portfolio allocation in the CRR model.

Fig. 3.7: Tree of hedging portfolio allocations in the CRR model.

3.5 Hedging Exotic Options

In this section we take p = p* given by (3.12) and we consider the hedging of
path-dependent options. Here we choose to use the finite difference gradient
and the discrete Clark-Ocone formula of stochastic analysis, see also §15-1
of Williams (1991), Lamberton and Lapeyre (1996), Ruiz de Chévez (2001),
Follmer and Schied (2004), Privault (2008), or Chapter 1 of Privault (2009).
See Di Nunno et al. (2009) and Section 8.2 of Privault (2009) for a similar
approach in continuous time. Given

w=(wi,wa,...,wy) € Q2= {-1,1}",

and r =1,2,..., N, let
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t .
wh = (Wi, w2, .. w1, 1 Wi, - WN)

and
t .
Wt = (wr,wa, w1, =1L Wi, - WN)-

We also assume that the return R;(w) takes only two possible values
Ry(wh)=0b and Ry(wl)=aq, t=1,2,...,N, weQ.

Definition 3.13. The operator Dy is defined on any random variable F by

DiF(w) = F(wh) — F(wh), t=1,2,...,N. (3.26)
We define the centered and normalized return Y; by

b—r

=", wy = +1,
Rt -Tr b—a

Yy i=— = t=1,2,...,N.
b—a a—r
+

=-p°, w=-1,

b—a

Note that under the risk-neutral probability measure IP* we have

Rt—T
E*[Y;] = E*
= R
a—r b—r
— P*(R; = P*(R; =
b—a (Rt a)+ h—a (Rt b)

afrxbfr_‘_bfrxrfa
b—a b—a b—a b-a

and
Var [Yi] = p*(¢*)?* + ¢*(»*)* =p*¢*, t=1,2,...,N.

In addition, the discounted asset price increment reads

sV _gm —gu Lth_ sm

t—1 1+7, t—1
_BRi—rz)
N 1+1"St71
b-ay s
= Y; =1,2,...,N.
1+T’ f,S[,_lv t )4y )

We also have

b—r a—r
DY = — =1 t=1,2,...,N
tlt b—a (b—a) ) )4y ) )

and
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N N
DSy = S+ 0) [T+ Re) — 587 (1 +a) JT (1 + R
Kt kot

N
=@®-a)s" J[+Ry)

W b-a T
ey TG+ R

b—a )
= S
1+ RN

t=1,2,...,N.

The following stochastic integral decomposition formula for the functionals
of the binomial process is known as the Clark-Ocone formula in discrete time,
cf. e.g. Privault (2009), Proposition 1.7.1.

Proposition 3.14. For any square-integrable random variables F on (), we

have
F=FE*[F]+ Y VWE*[DpF | Fral. (3.27)
k>1

The Clark-Ocone formula (3.27) has the following consequence.

Corollary 3.15. Assume that (Mg)ren is a square-integrable (Fy)reN-
martingale. Then, we have

N
N =E*[My]+ Y ViDpMy, N >0.
k=1
Proof. We have

My = E*[My] + Y iE*[DeMy | Fii]

k>1

= E*[My] + ) Vi DyE*[My | Fi]
k>1

= E*[My] + ) Vi DM
k>1

N

= E* [My]+ ) VDM

k=1

O

In addition to the Clark-Ocone formula we also state a discrete-time analog
of It6’s change of variable formula, which can be useful for option hedging.
The next result extends Proposition 1.13.1 of Privault (2009) by removing
the unnecessary martingale requirement on (M;),eN.
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Proposition 3.16. Let (Zp)nen be an (F)nen-adapted process and let
f:RxIN — R be a given function. We have

f(2e,t) = £(Z,0 +2Dkf Zi, k)Y

k=1
t
+ 3 (B [f(Zh, k) | Faca] = f(Zp—r, k—1)), ¢ >03.28)
k=1

Proof. First, we note that the process
t
My = f(Z,t) Z (B*[f (Zrs k) | Foa] = F(Zr1,k = 1)),
t=0,1,..., N, is a martingale under IP*. Indeed, we have

E* | f(Zt,t) - Z (E*[f(Z, k) | Fiomr] = f(Zg—1,k — 1)) ‘ ]:tl:|
k=1
=E"[f(Zt,1) | Fi-1]

t
= (E*[E*[f(Zk, k) | Fretl | Fior] = E*[E*[f(Zp—1, k= 1) | Frea] | Fia])

k=1
t
= E*[f(Z0t) | Feor] = ) (B*[f(Zi k) | Fioa] = f(Zp1,k = 1))
k=
t—1 '
= F(Zer,t=1) =Y (B [f(Z, k) | Foca) = f(Zo-1, k= 1)), t>1.
k=1

Next, applying Corollary 3.15 to the martingale (M;);—o,1,...n, We have

F(Zet) = M+ (B*[f(Zko k) | Froa] = F(Zko1, k= 1))
k=1

t t
= E*[M;] + Z Y. D My, + Z (B*[f(Zr. k) | Foe1] — f(Zp—1,k— 1))
k=1 k=1
t t
= £(20,0) + Y ViDyf(Zi, k) + Y (E*[f(Zk, k) | Foo1] = f(Ze1,k - 1)),
k=1 k=1
t>0,as
Dy (E*[f(Zy, k) | Fr—1] — f(Zp—1,k — 1)) =0, k>1
O
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Note that if (Z;)seN is a discrete-time (F;)yen-martingale in L2(Q) written

as
t

Zt:Z0+ZUkYk, t>0,
k=1

where (ut)ien is an (F;);en-predictable process locally® in L2(Q x IN), then
we have
Dif(Zs,t) = f(Ze—1 + que,t) — f(Ze—1 — pus, t), (3.29)
t=1,2,...,N. On the other hand, the term
E*[f(Zi,t) — f(Zi—1,t — 1) | Fra]

in (3.28) is analog to the finite variation part in the continuous-time Itd
formula, and can be written as

pf(Zi-1 + que,t) + af (Zer — pus, t) — f(Ze—1,t—1).

When (f(Z¢,t))ten is a martingale, Proposition 3.16 naturally recovers the
decomposition

f(Zt,t) = f(Zo,0)
¢
+ Z (f(Zi—1 + qui, k) — f(Zi—1 — pug, k)) Yy
k=1

t
= f(20,0) + Y _ YiDyf(Z, k), (3.30)
k=1

that follows from Corollary 3.15 as well as from Proposition 3.14. In this
case, the Clark-Ocone formula (3.27) and the change of variable formula
(3.30) both coincide and we have in particular

Dy f(Zy, k) = E*[Dyf(ZN,N) | Fr—1l,

k=1,2,...,N. For example, this recovers the martingale representation

t
sV = s+ S viisY

k=1
(1), b=ax~ g
=S, +1+rZsk71Yk
k=1

t
_ o) 1) Bp—r
=5 +> 8. T
k=1

* e u(-) 1, N () € L*(Q x N) for all N > 0.
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of the discounted asset price.

Our goal is to hedge an arbitrary claim payoff C' on ), i.e. given
an Fy-measurable random variable C' we search for a portfolio strategy

(Eéo),fgl))tzl 9 N such that the equality
C=Vy=£s0 +{sY (3:31)
holds, where 5’1(\9) = S((]O)(l + )N denotes the value of the riskless asset at

time N > 0.

The next proposition is the main result of this section, and provides a
solution to the hedging problem under the constraint (3.31).

Proposition 3.17. Hedge, then price. Given a contingent claim with payoff
C, let &Y =0,

) (1+r)—(N—t)
&

= EDC|Fal,  t=12....N, (3.32)
(b—a)S; 4
and 1
6" = () OB A - gVsY) ey
t

t=0,1,...,N. Then, the portfolio strategy ({EO), f,o)
and self financing, and we have

=12, N predictable

V= &5 4 elVs = (147) "N DB C | F], t=0,1,...,N.

In particular, we have Viy = C, hence (ft(o),ft(l))
egy leading to C'.

Proof. Let (ét(l))

=12, .N is a hedging strat-

—12..N D€ defined by (3.32), and consider the process

(£§O))t:0,1,...,N recursively defined by

(1) (1 o(1)
0 -~E*[C] 0 0 (Ea-&")s
5(% )= (+4n)V 50 and ft(+)1 =0 ol L I S(é) L,
0 t
t=0,1,...,N — 1. Then (550),§£1>)t:1 o satisfies the self-financing con-
dition o
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Yeh g s g =0 =12 N1

Let now
1 *
Voim e B Vi gs Y glsl =N
and Vi
= t
_ =0,1,...,N.
V= 1m0

Since (gt(‘)),gt“))t:lgww is self-financing, by Lemma 3.2 we have

Vi=To+0b-a) e s, (3:34)

= (147)

t=1,2,...,N. On the other hand, from the Clark-Ocone formula (3.27) and

the definition of (5z(1))t:1 5y We have
7]E C|FH
7IE* E* [c]+zyk1E* DyC | Fi—i] | F
(T+r)N =
1 1 <
= ——FE*[C E*[DC | Fi
(1+7,)N []+(1+ NI;) [k ‘ kl]
1 t
= TV ——<E*[C] + ;) kgk Jst vy
-7

from (3.34). Hence

Vi = 7IE*C F t=0,1,...,N,
= Vel 7
and
Vi=(1+r)"WOE*[C|F], t=0,1,...,N. (3.35)
In particular, (3.35) shows that we have VN = C To conclude the proof
we note that from the relation V; = féo + § ,t=1,2,...,N, the

process (Et(o))t=1 o coincides with (Et ) deﬁned by (3.33). |

t=1,2,....N
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Example - Vanilla options

From Proposition 3.8, the price m(C) of the contingent claim with payoff
C = h(S](\})) is given by
m(C) = v(t,51V),

where the function v(¢,z) is given by

u(t, St( )) 7E*[C | ]

N
h (m I] a+ Rj))

j=t+1

(1+)

1

- (1+r)N‘t]E

z:SiU

Note that in this case we have C' = U(N,SE\})), E[C] = v(0, M), and the
discounted claim payoff C = C/(1+r)N = o(N, S](\})) satisfies

C=FE[C +ZYt (D (N, 5Y)) | Foi]

= E*[C] + ZYtDﬁ(t, s
t=1
N

e 1
=E'[C]+) P sy
=1

N
= B [0] + Y VD (V. 5Y) | 7]
t=1

N

+———=Y V,DE[C | F,
(1+7»)N; DEIC | Fi

=B [0 +
hence we have
E*[Dio(N,SW) | Fior] = 0+ )V Do (t,8Y), t=1,2,...,N,
and by Proposition 3.17 the hedging strategy for C' = h(S;;)) is given by
@ _ (@+r) V0
C e-ash

_(+ r)y=(V=1)
(b— a)St(i)l

E*[Dih(SY) | Fir]

E*[Dw(N, S )|}‘t 1]
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- ! o)
- me(ta% )
t—1
1 1 )
= oasm SO, (1+8)) —o(t, 58 (1 +a))
t—1

STy @(t, 8™ (1 + b)) —5(t, 5™ (1 + a))),
—a)S;4 r

t = 1,2,...,N, which recovers Proposition 3.10 as a particular case. Note

that ft(l) is nonnegative (i.e. there is no short selling) when f is a non-
decreasing function, because a < b. This is in particular true in the case of
the European call option, for which we have f(z) = (z — K)*.

3.6 Convergence of the CRR Model

As the pricing formulas (3.11) in the CRR model can be difficult to implement
for large values on N, in this section we consider the convergence of the
discrete-time model to the continuous-time Black Scholes model.

Continuous compounding - riskless asset

Consider the discretization

T 2T (N-1)T
{Ovﬁﬁﬁa"'vTvT}

of the time interval [0, 7] into N time steps.

=

0 % T

25

Note that
lim (14 7)Y = oo,
N—oo
when 7 > 0, thus we need to renormalize r so that the interest rate on each
time interval becomes 7y, with limpy ;o 7y = 0. It turns out that the correct
renormalization is

=t (3.36)
TN .—rN, .
so that for T" > 0,
N T N
lim (1 = li 1+r—
M () Nf;o( “N)
= lim e Nlog |1+ z
= i e (Ve (1
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=7, (3.37)
(0)

Hence the price S, of the riskless asset is given by
SO = gWert >0, (3.38)

which solves the differential equation

s 0 0
L =rs” sV =1 >0 (3.39)
We can also write
(0)
s =rsPdt, o S . (3.40)
50
t
and using dSt( ) ~ St( +>dt St(O) we can d15c1etue this equation by saying that
the infinitesimal return (St( )d - ) / S ) of the riskless asset equals rdt on
the small time interval [¢,¢ + dt ],
(0) 0
St+dt75t( ) — rdt
oo T
5

In this sense, the rate r is the instantaneous interest rate per unit of time.

The same equation rewrites in integral form as

— [Tas® = [T 5

Continuous compounding - risky asset

We recall the central limit theorem.

Theorem 3.18. Let (X,,)n>1 be a sequence of independent and identically
distributed random variables with finite mean p = E[X1] and variance 0% :=
Var[X1] < co. We have the convergence in distribution

X1+ + Xy —np

: _ 2
i Tn = N(0,07),
or equivalently
X 4+ + X, —
lim 2L A T v,
n—00 a\/n
120 O
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The convergence in distribution of Theorem 3.18 is illustrated by the Gal-
ton board simulation of Figure 3.8, which shows the convergence of the bi-
nomial random walk to a Gaussian distribution in large time.

Q0

Fig. 3.8: Galton board simulation.”
Figure 3.9 pictures a real-life Galton board.

Fig. 3.9: A real-life Galton board at Jurong Point # 03-01.

In the CRR model we need to replace the standard Galton board by its mul-
tiplicative version, which shows that as N tends to infinity the distribution of

51(\}) converges to the lognormal distribution with probability density function
of the form

* The animation works in Acrobat Reader on the entire pdf file.
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2
1 7(r702/2)T+10g(:6/Sé1)))
vovarT V| 202T '

s f(z) =

x > 0, with location parameter (r —o2/2)T + log S(()l) and scale parameter
oV/T, or log-variance 02T, as illustrated in the modified Galton board of
Figure 3.10 below, see also Figure 5.6 and Exercise 5.1.

00000600
0000000
000000
000000
00000
00000
08 0 o0

0@ 0 0
0
0

£ r
(=]

Fig. 3.10: Multiplicative Galton board simulation.*

Exercise: Check that f is the probability density function of o0 X+(r—0?/2)T
where X ~ N(0,T) is a centered Gaussian random variable with variance

T >0.

In addition to the renormalization (3.36) for the interest rate ry := rT/N,
we need to apply a similar renormalization to the coefficients a and b of the
CRR model. In what follows, we let o > 0 denote a positive parameter called
the volatility, which quantifies the range of random fluctuations.

Definition 3.19. We let the normalized market returns ay, by be defined
as

an = (1+ry) (10\/§> -1 and by =(1+ryN) <1+0’\/§> —1.

(3.41)
We note that the returns ap, by satisfy the relations
1+a N T 1+ b N T
=1- — and =1+ —.
Ttry VN T+ry NN
* The animation works in Acrobat Reader on the entire pdf file.
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Consider the random return R;CM € {an,by} and the price process defined

as
t

s =5V [a+RN),  t=12...N. (3.42)
k=1

Note that the risk-neutral probabilities are given by

w(p(N) _byv—rn
P*(R; =an) = oy —an (3.43)
_ (1+7‘N)(1+0'\/T/N)—1—TN
- (1+7°N)(1+0\/T/N) —(1+7‘N)(1—0‘\/T/N)
=5 t=12...N,
and
v p(N) _ TN —GaN
P*(R," =by) = oy an (3.44)

B rn—(1+7ry)(1—ovT/N)+1
(1 +ry)(1+0oVT/N) - (1 +7x5)(1 - o/T/N)

==, t=1,2,...,N.
2

Continuous-time limit in distribution

We have the following convergence result.

Proposition 3.20. Let h be a continuous and bounded function on R. The
(1)

price at time t = 0 of a contingent claim with payoff C = }L(SN,N) converges
as follows:

g 1 * - o rT—o?
Jm e ] = e TR (s e T
(3.45)

where X ~ N(0,T) is a centered Gaussian random variable with variance
T>0.

Proof. This result is a consequence of the weak convergence in distribution of
the sequence (S](\})]\,)N>1 to a lognormal distribution, see e.g. Theorem 5.53

page 261 of Follmer and Schied (2004). Informally, using the Taylor expansion
of the log function and (3.41), by (3.42) we have

@) 123

This version: May 3, 2024
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

N
log SJ(\},)N = log S(()l) + Z log (1 + R,im)

k=1
(V)
1+ Ry
logS +kzllog 1+7yN) +Zlogm
logS +Zlog<1+§>+21®g(1ia\/3\;>
k=1
N 2
rT T T
logS gﬁ-‘rk:l (:I:m/m-‘ro(N))

:logS((J)-‘rrTfT-i-—Z:tv T +o(1).

Next, we note that by the Central Limit Theorem (CLT), the normalized
sum

N
1
—= Y +Vo?T
VN

of independent Bernoulli random variables, with variance obtained from
(3.43)-(3.44) as

N 2 N
1 g T * (N) * (N)
— 2T =4—— — = =
Var \/N;:li\/a T| =4 /;:1 (1-P*(R, by ))P* (R, an)
~ o°T, [N — oo,

converges in distribution to a centered A'(0,02T) Gaussian random vari-
able with variance o?7. Finally, the convergence of the discount factor
(1++rT/N)N to e follows from (3.37). O

Note that the expectation (3.45) can be written as the Gaussian integral

TR ['f(sél)eaX+rT—(rzT/2 _ —7TJ o Tx+7*T—aZT/2)%;T/2d‘I,,
see also Lemma 7.7 in Chapter 7, hence we have
1) VTarr o1z ¢
Jm e E )] = 7T p(sg emmTHr T T/Q)de.
It is a remarkable fact that in case h(z) = (x — K)T, i.e. when
c= (s -
124 O
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is the payoff of the European call option with strike price K, the above
integral can be computed according to the Black-Scholes formula, as

e TE [(S(()l) eaX+rT702T/2 _ K)+] _ él>¢)(d+) _ Ke’TTé(d,),
where

(r—o0%/2)T +log (S[()l)/K)

d_ = ,
oVT

dy =d_+oVT,

and

D(x efyz/Qdy, z€R,

="
o V2 J—o0
is the Gaussian cumulative distribution function, see Proposition 6.3.

The Black-Scholes formula will be derived explicitly in the subsequent
chapters using both PDE and probabilistic methods, cf. Propositions 6.11
and 7.6. It can be regarded as a building block for the pricing of financial
derivatives, and its importance is not restricted to the pricing of options on
stocks. Indeed, the complexity of the interest rate models makes it in general
difficult to obtain closed-form expressions, and in many situations one has
to rely on the Black-Scholes framework in order to find pricing formulas, for
example in the case of interest rate derivatives as in the Black caplet formula
of the BGM model, see Proposition 19.5 in Section 19.3.

Our aim later on will be to price and hedge options directly in continuous-
time using stochastic calculus, instead of applying the limit procedure de-
scribed in the previous section. In addition to the construction of the riskless
asset price (A¢)ier, via (3.38) and (3.39) we now need to construct a math-
ematical model for the price of the risky asset in continuous time.

In addition to modeling the return of the riskless asset St(o) as in (3.40),

the return of the risky asset St(l) over the time interval [t,d + dt] will be
modeled as

ast!
s

t

= pdt + odBy,

where in comparison with (3.40), we add a “small” Gaussian random fluctua-
tion od By which accounts for market volatility. Here, the Brownian increment
dB; is multiplied by the volatility parameter o > 0. In the next Chapter 4
we will turn to the formal definition of the stochastic process (By)ier, which
will be used for the modeling of risky assets in continuous time.
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Exercises

Exercise 3.1 (Exercise 2.7 continued). Consider a two-step trinomial market
(1)

model (Sl )t:0,1,2

and the risk-neutral probability measure IP* given by

with r = 0 and three possible return rates Ry = —1,0,1,

P*(Ry = —1) i=p*, P*(R =0):=1-2p", P*(R,=1):=p"

Taking S(()l) = 1 and using Proposition 3.7, price the European put option
with strike price K = 1 and maturity N = 2 at times ¢t = 0 and ¢ = 1.

Exercise 3.2 Consider a two-step binomial market model (St)t=(l,1.2 with
So = 1 and stock return rates a = 0, b = 1, and a riskless account priced
Ay = (1+ )t at times t = 0,1, 2, where r = 0.5. Price and hedge the tunnel
option whose payoff C' at time ¢ = 2 is given by

3 if Sy =4,
C={1if8 =2

3 if Sy =1.

Exercise 3.3 In a two-step trinomial market model (St)t=0,172 with interest
rate r = 0 and three return rates Ry = —0.5,0, 1, we consider a down-an-out
barrier call option with exercise date N = 2, strike price K and barrier level
B, whose payoff C is given by

(Sx—K)"if  min S > B,
+ t=1,2,..,.N
C = (SN 7K) 1 =
0 if  min NSl < B.

min Sy > B B

t=1,2,...,

a) Show that IP* given by r* = P*(R; = —0.5) :=1/2, ¢* =P*(R; = 0) :=
1/4, p* = P*(R; = 1) := 1/4 is a risk-neutral probability measure.

b) Taking Sop = 1, compute the possible values of the down-an-out barrier
call option payoff C' with strike price K = 1.5 and barrier level B =1, at
maturity N = 2.

¢) Price the down-an-out barrier call option with exercise date N = 2, strike
price K = 1.5 and barrier level B =1, at time ¢t = 0 and ¢ = 1.

Hint: Use the formula
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1
7E*[C | S4], t=0,1,...,N,

O =

where N denotes maturity time and C' is the option payoff.
Is this market complete? Is every contingent claim attainable?

Exercise 3.4 Consider a two-step binomial random asset model (Sk)k:[),l,z
with possible returns @ = 0 and b = 200%, and a riskless asset Ay, = Ag(1 +

)% k = 0,1,2 with interest rate r = 100%, and Sy = Ag = 1, under the risk-
neutral probabilities p* = (r—a)/(b—a) =1/2and ¢* = (b—r)/(b—a) =
1/2.

a) Draw a binomial tree for the possible values of (Sj)x=0,1,2, and compute

o
~

the values Vj, at times k = 0,1, 2 of the portfolio hedging the European
call option on Sy with strike price K = 8 and maturity N = 2.

Hint: Consider three cases when k& = 2, and two cases when k = 1.
Price, then hedge. Compute the self-financing hedging portfolio strategy
(&k> M) e=1,2 With values

Vo = &S0 +mAo, Vi =&S1+mAL = &S1+m2A1, and Vo = §5 + 124,
hedging the European call option with strike price K = 8 and maturity
N =2.

Hint: Consider two separate cases for k = 2 and one case for k = 1.
Hedge, then price. Compute the hedging portfolio strategy (&, mk)r=1,2
from the self-financing condition (3.17), and use it to recover the result of
part (a).

Exercise 3.5 We consider a two-step binomial market model (S;)¢—0,1,2 with
So = 1 and return rates B, = (Sy — Si—1)/Si—1, t = 1,2, taking the values
a=0,b=1, and assume that

p:=P(R, =1)>0, q:=P(R;,=0) >0, t=1,2.

So=4,C=0
S1:2/
/ \
So=1 Sp=2C=1
\Sl:l/
\
So=1,C=
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The riskless account is A; = $1 and the risk-free interest rate is r = 0. We
consider the tunnel option whose payoff C' at time ¢ = 2 is given by

0 if Sp =4,
C =< $1 if S =2,

0 if Sp =1.

»
=

Build a hedging portfolio for the claim C' at time ¢ = 1 depending on the

value of Sj.

b) Price the claim C' at time ¢ = 1 depending on the value of S;.

¢) Build a hedging portfolio for the claim C' at time ¢ = 0.

d) Price the claim C' at time ¢ = 0.

e) Does this model admit an equivalent risk-neutral measure in the sense of
Definitions 2.12-2.147

f) Is the model without arbitrage according to Theorem 2.157

Exercise 3.6 Consider a claim C' with maturity time N > 1 and affine payoff
function

C = h(Syn) = a+ BSN,

where a, 8 € R are constants, in a discrete-time market model made of a
riskless asset priced Ay = (14 7)¥ with the risk-free interest rate r, and
a risky asset with price Si, & > 0, such that the discounted asset price
process ((1+7)7FS))z>0 is a martingale under a risk-neutral probability
measure P*. Using Theorem 3.5, compute the arbitrage-free price m(C) at
time k£ = 0,1,..., N of the claim C, and give its hedging strategy.

Exercise 3.7 Call-put parity.

a) Show that the relation (z — K)* = z — K + (K — )" holds for any
K,z eR.

b) From part (a), find a relation between the prices of call and put options
with strike price K > 0 and maturity N > 1 in a market with risk-free
rate r > 0.

Hints:

i) Recall that an option with payoff ¢(Sy) and maturity N > 1 is priced
at times k = 0,1,...,N as (1 + 7’)’<N’k>IE* [¢(SN) | ]:k} under the
risk-neutral measure P*.

ii) The payoff at maturity of a European call (resp. put) option with
strike price K is (Sy — K)*, resp. (K —Sy)™.

Exercise 3.8 We consider a range forward contract having the payoff
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Sp—F + (Ki— Sr)* = (Sr — K2) ¥,

on an underlying asset priced Sp at maturity 7', where 0 < K1 < F < K».

a) Show that this range forward contract can be realized as a portfolio con-
taining Sp, a call option, a put option, and a certain (positive or negative)
amount in cash. Specify the quantity of every asset held in the portfolio.

b) Draw the graph of the payoff function of the range forward contract by
taking K7 := $80, F':= $100, and K> := $110.

Exercise 3.9 Consider a two-step binomial random asset model (Sy)r—0,1,2

with possible returns a = —50% and b = 150%, and a riskless asset Ay =

Ap(1+7)*, k = 0,1,2 with interest rate r = 100%, and Sy = Ag = 1,

under the risk-neutral probabilities p* = (r —a)/(b—a) = 3/4 and ¢* =

(b—r)/(b—a)=1/4.

a) Draw a binomial tree for the values of (Sg)x=0,1,2-

b) Compute the values Vj, at times k = 0,1, 2 of the hedging portfolio of the
European put option with strike price K = 5/4 and maturity N = 2 on
Sn.

¢) Compute the self-financing hedging portfolio strategy (&g, n5)r—1,2 with
values

Vo = &S0 +mAo, Vi = &151 +mAr = §81 +pAr, and Vo = §2.5 + 1242,

hedging the European put option on Sy with strike price K := 5/4 and
maturity N := 2.

Exercise 3.10  Consider a two-step binomial random asset model (Sk)x=0,1.2
with possible returns a := —50% and b := 200%, and a riskless asset A, :=
Ao(1 +r)k, k = 0,1,2 with interest rate r := 100%, Sp := $4, and Ag := $1.

Price and hedge the European put option on Sy with strike price K := $11
and maturity N = 2.

Write your answers using simplified fractions only. For example, write 7/4
instead of 14/8 or 1.75.

Exercise 3.11 Analysis of a binary option trading website.

a) In a one-step model with risky asset prices Sp, Si at times ¢ = 0 and
t = 1, compute the price at time ¢ = 0 of the binary call option with
payoff

$1 if S;1 > K,
C=1ik00)(S1) =
0 ifS;<K s

in terms of the probability p* = IP*(S; > K) and of the risk-free interest
rate r.
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b) Compute the two potential net returns obtained by purchasing one binary
call option.

c¢) Compute the corresponding expected (net) return.

d) A website proposes to pay a return of 86% in case the binary call option
matures “in the money”, i.e. when S7 > K. Compute the corresponding
expected (net) return. What do you conclude?

Exercise 3.12 A put spread collar option requires its holder to sell an asset
at the price f(S) when its market price is at the level S, where f(S) is the
function plotted in Figure 3.11, with K := 80, K3 := 90, and K3 := 110.

130 prgl
Put spread collar price map f(S) =——— -7

120 y=Snint et -

110 —

100 / -
90 ~ B
80 SR B
70 ==

60 70 80 90 s, 100 110 120 130
K1 Ky oW K3

Fig. 3.11: Put spread collar price map.

a) Draw the payoff function of the put spread collar as a function of the
underlying asset price at maturity. See e.g. https://optioncreator.com/.

b) Show that this put spread collar option can be realized by purchasing
and/or issuing standard European call and put options with strike prices
to be specified.

Hints: Recall that an option with payoff ¢(Sy) is priced (14 1) "VE* [¢(Sx)]

at time 0. The payoff of the European call (resp. put) option with strike
price K is (Sy — K)™, resp. (K — Sy)™.

Exercise 3.13 A call spread collar option requires its holder to buy an asset
at the price f(S) when its market price is at the level S, where f(S) is the
function plotted in Figure 3.11, with K; := 80, K3 := 100, and K3 := 110.
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Call spread collar price map f(S) =———
130 y=S ---- L

120 R

110 S _
100 - -

90 =

80 = =
70 Chc =

60 ==
60 70 80 90 s, 100 110 120 130
K1 N Ky Ks

Fig. 3.12: Call spread collar price map.

a) Draw the payoff function of the call spread collar as a function of the
underlying asset price at maturity. See e.g. https://optioncreator.com/.

b) Show that this call spread collar option can be realized by purchasing
and/or issuing standard European call and put options with strike prices
to be specified.

Hints: Recall that an option with payoff ¢(Sy) is priced (141)"VE* [¢(Sx)]
at time 0. The payoff of the European call (resp. put) option with strike
price K is (Sy — K)™, resp. (K — Sy)™.

Exercise 3.14 Consider an asset price (Sy)n=o,1,.,~ Which is a martingale
under the risk-neutral probability measure P*, with respect to the filtration
(Fr)n=01,. - Given the (convex) function ¢(z) := (z — K)*, show that
the price of an Asian option with payoff

Si+-+ 8y
o()

and maturity N > 1 is always lower than the price of the corresponding
European call option, i.e. show that

N S1+S+---+ S "
E [¢ (%)] <E’[o(Sw)].
Hint: Use in the following order:

(i) the convexity inequality ¢(x1/N + - - +azn/N) < ¢(z1)/N + -+
o(zn)/N,
(ii) the martingale property Sy, = E*[Sy | Fi], k =1,2,...,N.
(iii) The Jensen (1906) inequality

S(E*[Sn | Fi]) SE"[O(SN) [ Fi],  k=1,2,..., N,
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(iv) the tower property E*[E*[¢(Sy) | Fi]] = E*[¢(Sn)] of conditional
expectations, k =1,2,..., N.
Exercise 3.15  (Exercise 2.11 continued).
a) We consider a forward contract on Sy with strike price K and payoff
C:=85y—K.
Find a portfolio allocation (ny,£y) with value

VN =nnmn +ENSN
at time IV, such that
Vn=0C, (3.46)

by writing Condition (3.46) as a 2 x 2 system of equations.

b) Find a portfolio allocation (ny—_1,&y—1) with value

=

VN-1 =nn-17Nn-1 +&{N-15N-1
at time N — 1, and verifying the self-financing condition
VN1 =nNTN-1+ENSN-1-

Next, at all times ¢ = 1,2,...,N — 1, find a portfolio allocation (m,&;)
with value V; = mymy + &.S; verifying (3.46) and the self-financing condi-
tion

Vi = nepame + §415t,

where 1, resp. &, represents the quantity of the riskless, resp. risky, asset
in the portfolio over the time period [t —1,¢], t =1,2,...,N — 1.
Compute the arbitrage-free price m(C) = V; of the forward contract C,
at time t =0,1,...,N.

d) Check that the arbitrage-free price m (C) satisfies the relation

C

N

1
E*[C'| ], t=0,1,...,N.

mt(C) :W

Exercise 3.16  Power option. Let (Sy)nen denote a binomial price process
with returns —50% and +50%, and let the riskless asset be valued A; = $1,
k € IN. We consider a power option with payoff C := (Sy)2, and a predictable
self-financing portfolio strategy (&x,Mk)r=1,2,...n with value

Vi = &Sk + mxAo, k=1,2,...,N.
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a) Find the portfolio allocation (£, 7x) that matches the payoff C' = (Sy)?
at time N, i.e. that satisfies

Vv = (Sn)%

Hint: We have ny = —3(Sy_1)2/4.
b) In the following questions we use the risk-neutral probability p* = 1/2 of
a +50% return.

i) Compute the portfolio value
Vo1 =E*[C | Fn-a].

ii) Find the portfolio allocation (ny_1,én—1) at time N — 1 from the
relation
VN-1 =¢éNn-15N-1+ nn-140.
Hint: We have ny_1 = —15(Sny_2)2/16.
iii) Check that the portfolio satisfies the self-financing condition

V-1 =E&n-1Sn-1 tnn—140 = EnSn—1 + N Ao-

Exercise 3.17 Consider the discrete-time Cox-Ross-Rubinstein model with
N +1 time instants ¢ = 0, 1,..., N. The price S? of the riskless asset evolves
as S = 70(1+7)t, t =0,1,..., N. The return of the risky asset, defined as

_ St—= 5t

A Si—1

t=1,2,...,N,

is random and allowed to take only two values a and b, with —1 < a <r <b.
The discounted asset price is given by S = St/(1+7)t t=0,1,...,N.

Show that this model admits a unique risk-neutral probability measure IP*
and explicitly compute P*(R; = a) and P(R; = b) forallt =1,2,..., N,
with a = 2%, b = ™%, r = 5%.

b) Does there exist arbitrage opportunities in this model? Explain why.

¢) Is this market model complete? Explain why.

d) Consider a contingent claim with payoff*

a

Naiy

C = (Sy)%

Compute the discounted arbitrage-free price f}t, t=0,1,...,N, of a self-
financing portfolio hedging the claim payoff C, i.e. such that

— O = (5x)? vo_ao (Sn)?
VN—C—(SN), or VN—C—W.

* This is the payoff of a power call option with strike price K = 0.
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e) Compute the portfolio strategy

(gt)tzl,Z,...,N = (f?vétl)tzl 2,..,N

associated to ‘7}, i.e. such that
Vi=§&- X, =&X)+¢l X}, t=1,2,...,N.
f) Check that the above portfolio strategy is self-financing, .e.
&+ St =E&1- Sy, t=1,2,...,N—1.
Exercise 3.18 We consider the discrete-time Cox-Ross-Rubinstein model

with NV + 1 time instants ¢t = 0,1,..., N.

The price 7; of the riskless asset evolves as m; = mo(1+ )%, t =0,1,..., N.
The evolution of S;_; to S is given by

(14b)Si—1 if Ry =b,
S =
(]. + a)St,1 if Rt = a,
with —1 < a < r < b. The return of the risky asset is defined as

Sy — S
Ry =2t 271 t=1,2,...

. ,N.
St-1

Let &, resp. nt, denote the (possibly fractional) quantities of the risky, resp.
riskless, asset held over the time period [t — 1,¢] in the portfolio with value

‘/t:&St+7]t7Tt, t:0,1,...,N. (347)
a) Show that
‘/I, = (1+RL)£[,SL_1+(1 +T)77/,71'/,_1, t= 1,2,..4,N. (348)

b) Show that under the probability IP* defined by

b— r—a
P*(R; = ) =— P*(R, =10 1) =
(Rt =al| Fi1) - (Rt =b|Fim1) =
where F;_1 represents the information generated by {R1, Ra,..., Ri—1},
we have
E*[R; | Fi—1] = .
¢) Under the self-financing condition
Vie1r = &S1—1 + mme—1, t=12...,N, (3.49)
134 O
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recover the mar mgale pl()pelty
V = —E*|V ‘ F
t— 1 t t—

using the result of Question (a).

d) Let a = 5%, b = 25% and r = 15%. Assume that the value V; at time ¢
of the portfolio is $3 if Ry = a and $8 if Ry = b, and compute the value
Vi—1 of the portfolio at time ¢ — 1.

Problem 3.19 CRR model with transaction costs. Stock broker income is
generated by commissions or transaction costs representing the difference
between ask prices (at which they are willing to sell an asset to their client),
and bid prices (at which they are willing to buy an asset from their client).

We consider a discrete-time Cox-Ross-Rubinstein model with one risky
asset priced Sy at time ¢ = 0,1,...,N. The price A; of the riskless asset
evolves as

A = pl, t=0,1,...,N

with Ag := 1 and p > 0, and the random evolution of S;_; to Sy is given by
two possible returns «, 3 as

BSt-1
St =
St
t=1,...,N,with0<a<f.
Sz = 6250
/
S1 = BSo
/ \
So Sa2 = aBSo
\ /
S1 = aSo
\
So = QQS[).

Fig. 3.13: Tree of market prices with N = 2.

The ask and bid prices of the risky asset quoted S; on the market are respec-
tively given by (14 A)S¢, and (1 — A)S; for some A € [0, 1), such that

at:=a(l+ ) <B(l=X) =8,
a i=a(l—=X) <B(1=X):=8,
ati=a(l+2) < B(14N) =: 47,
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i.e., transaction costs are charged at the rate A € [0, 1), proportionally to the
traded amount.

B78So = B S1 BiBSo = BiS1

B"So 8150

/ a'BSy = a'Sy / a,3S0 = ay 51
So
\ BT aSo = 8151 \

a8y

/\
/\

So
BiaSo = BiS1

a,;So

/\
/\

LYTLYSQ = aTSl. oang = (XJ,SL
(a) Tree of ask prices. (b) Tree of bid prices.

Fig. 3.14: Trees of bid and ask prices with N = 2.

The riskless asset is not subject to transaction costs or bid/ask prices, and
is priced A at time t = 0,1,..., N. We consider a predictable, self-financing
replicating portfolio strategy

(ne(St-1),&(St-1))t=1,2,...N -

made of 7;(S¢—1) of the riskless asset A; and of &(S;—1) units of the risky
asset St at time t =1,2,...,N.

Our goal is to derive a backward recursion giving & (S¢—1), n¢(S¢—1) from
E+1(St), m+1(St) for t = N —1,N —2...,1. The following questions are
interdependent and should be treated in sequence.

a) We consider a portfolio reallocation (n¢(Si—1), & (St=1)) = (me41(Se), E4+1(St))
at time ¢ € {1,..., N —1}. Write down the self-financing condition in the
event of:

i) an increase in the stock position from & (S;—1) to &4+1(St),
ii) a decrease in the stock position from & (S¢—1) to &+1(St).
The conditions are written using 7:(Si—1), m+1(St), &(Si=1), &+1(St),
Ay, Sy and .
b) From Questions ai)-aii), deduce two self-financing equations in case S; =
aS¢—1, and two self-financing equations in case Sy = S5¢—_1.
¢) Using the functions

ot ifa <y, B ifx <y,
ga(xmy) = and Qﬂ(a“»y) =
ap ifz >y, By ifx>uy,
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rewrite the equations of Question (b) into a single equation in case S; =
aSi—1, and a single equation in case Sy = 51

From the result of Question (c), derive an equation satisfied by & (S¢—1),
and show that it admits a unique solution & (Si—1).

Hint: Show that the piecewise affine function

z = f(x,5-1) = g3(x,&+41(BSt-1)) (x — &+1(BSe-1))

g, 11 (aS1-1)) (2 — €1 (aSi_1)) — p’r/t+1(ﬁ5t71)§* Ne+1(a@Si-1)
1

is strictly increasing in = € R.
Find the expressions of &(S;—1) and n:(S¢—1) by solving the 2 X 2 system
of equations of Question (c).

Hint: The expressions have to use the quantities

9a(&(Si—1), &v1(Se-1)), 98(&(Se-1), &+1(BSi-1)),

and they should be consistent with Proposition 3.12 when A = 0, i.e.
when o =a; =14+aand BT =3, =1+0b, with p=1+7.
Find the value of g (& (Si—1),&+1(Si—1)) in the following two cases:

i) f(&+1(aSi-1),Si-1) 20,
i) f(&+1(aSe-1),Si-1) <0,

and the value of gg(&:(Si—1),&+1(8S¢—1)) in the following two cases:

i) f(&+1(BSi-1),St-1) =0,
i) f(&+41(BSt-1),5-1) <O.

Hedge and price the call option with strike price K = $2 and N = 2 when
So=8,p=1,a=0.5,8 =2, and the transaction cost rate is A = 12.5%.
Provide sufficient details of hand calculations.

Remark: The evaluation of the terminal payoff uses the value of Sy only,
and is not affected by bid/ask prices.

Modify the attached IPython notebook in order to include the treatment
of transaction costs.
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{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "%matplotlib inline\n",
    "import networkx as nx \n",
    "import numpy as np\n",
    "import matplotlib \n",
    "import matplotlib.pyplot as plt \n",
    "\n",
    "N=8;S0=1\n",
    "\n",
    "r=0.02;a=-0.1;b=0.1\n",
    "\n",
    "p = (r-a)/(b-a)\n",
    "q = (b-r)/(b-a)\n",
    "\n",
    "def plot_tree(g,color):\n",
    "    plt.figure(figsize=(20,10))\n",
    "    pos={}\n",
    "    lab={}\n",
    "    \n",
    "    for n in g.nodes():\n",
    "        pos[n]=(n[0],n[1])\n",
    "        if g.nodes[n]['value'] is not None: lab[n]=float(\"{0:.2f}\".format(g.nodes[n]['value']))\n",
    "    \n",
    "    elarge=g.edges(data=True)\n",
    "    nx.draw_networkx_labels(g,pos,lab,font_size=15,font_family='sans-serif')\n",
    "    nx.draw_networkx_nodes(g,pos,node_color=color,alpha=0.4,node_size=1000)\n",
    "    nx.draw_networkx_edges(g,pos,edge_color='blue',alpha=0.7,width=3,edgelist=elarge)\n",
    "    plt.ylim(-N+0.5,N+1.5) \n",
    "    plt.xlim(-0.5,N+0.5)\n",
    "    plt.show()\n",
    "    \n",
    "def graph_stock():\n",
    "    S=nx.Graph()\n",
    "    for k in range(0,N):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            S.add_edge((k,l),(k+1,l+1))\n",
    "            S.add_edge((k,l),(k+1,l-1))\n",
    "            \n",
    "    for n in S.nodes():        \n",
    "        k=n[0]\n",
    "        l=n[1]-1\n",
    "        S.nodes[n]['value']=S0*((1.0+b)**((k+l)/2))*((1.0+a)**((k-l)/2))\n",
    "    return S\n",
    "\n",
    "plot_tree(graph_stock(),'lightblue')"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_hedge(K):\n",
    "\n",
    "    price = nx.Graph()\n",
    "    hedge_risky = nx.Graph()\n",
    "    hedge_riskless = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "                hedge_risky.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_risky.add_edge((k,l),(k+1,l-1))    \n",
    "                hedge_riskless.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_riskless.add_edge((k,l),(k+1,l-1))    \n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(S.nodes[(N,l)]['value']-K,0)\n",
    "        hedge_risky.nodes[(N,l)]['value'] = None\n",
    "        hedge_riskless.nodes[(N,l)]['value'] = None\n",
    "        \n",
    "    for l in range(-N+2,N+2,2):\n",
    "        hedge_risky.nodes[(N-1,l)]['value'] = (price.nodes[(N,l+1)]['value']-price.nodes[(N,l-1)]['value'])/(b-a)/S.nodes[(N-1,l)]['value']\n",
    "        hedge_riskless.nodes[(N-1,l)]['value'] = ((1+b)*price.nodes[N,l-1]['value']-(1+a)*price.nodes[(N,l+1)]['value'])/(b-a)/(1+r)**N\n",
    "\n",
    "    for k in reversed(range(0,N-1)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            hedge_risky.nodes[(k,l)]['value'] = ((1+b)*hedge_risky.nodes[(k+1,l+1)]['value']-(1+a)*hedge_risky.nodes[(k+1,l-1)]['value'])/(b-a)+(1+r)**(k+1)*(hedge_riskless.nodes[(k+1,l+1)]['value']-hedge_riskless.nodes[(k+1,l-1)]['value'])/(b-a)/(S.nodes[(k,l)]['value'])\n",
    "            hedge_riskless.nodes[(k,l)]['value'] = (1+a)*(1+b)*S.nodes[(k,l)]['value']*(hedge_risky.nodes[(k+1,l-1)]['value']-hedge_risky.nodes[(k+1,l+1)]['value'])/(b-a)/(1+r)**(k+1)+((1+b)*hedge_riskless.nodes[(k+1,l-1)]['value']-(1+a)*hedge_riskless.nodes[(k+1,l+1)]['value'])/(b-a)\n",
    "    return hedge_risky,hedge_riskless"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "print('Risky hedging strategy:')\n",
    "plot_tree(European_call_hedge(float(K))[0],'orange')\n",
    "print('Riskless hedging strategy:')\n",
    "plot_tree(European_call_hedge(float(K))[1],'green')"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def Hedge_then_price(K):\n",
    "\n",
    "    hedge_riskless = European_call_hedge(K)[1]\n",
    "    hedge_risky = European_call_hedge(K)[0]\n",
    "    S = graph_stock()\n",
    "    hedge_then_price = nx.Graph()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                hedge_then_price.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_then_price.add_edge((k,l),(k+1,l-1))\n",
    "        \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        hedge_risky.nodes[(N,l)]['value'] = None\n",
    "        hedge_then_price.nodes[(N,l)]['value'] = None\n",
    "\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            hedge_then_price.nodes[(k,l)]['value'] = hedge_risky.nodes[(k,l)]['value']*S.nodes[(k,l)]['value']+hedge_riskless.nodes[(k,l)]['value']*(1+r)**k\n",
    "    return hedge_then_price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "print('Hedge then price:')\n",
    "plot_tree(Hedge_then_price(float(K)),'purple')"
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3 (ipykernel)",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.11.6"
  },
  "widgets": {
   "state": {},
   "version": "1.1.2"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
}


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

Grouping: 0.10

0.
0.
0. .
0 0.

6744 .43 USDT

0. 0.
0.
0.
0.
0.
0.

Fig. 3.15: BTC/USD order book example.*

In the above figure, ask prices are marked in red and bid prices are marked
in green. The center column gives the quantity of the asset available at that
row’s bid or ask price, and the right column represents the cumulative volume
of orders from the last-traded price until the current bid/ask price level. The
large number in the center shows the last-traded price.

Problem 3.20  CRR model with dividends (1). Consider a two-step binomial
model for a stock paying a dividend at the rate a € (0,1) at times &k = 1 and
k = 2, and the following recombining tree represents the ez-dividend prices
Sk at times k = 1,2, starting from Sy = $1.

* The animation works in Acrobat Reader on the entire pdf file.
 “Ex-dividend” means after dividend payment.
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* Sl:
/
So=1
9\)
S1 =

Se =9
So =3
So=1

install.packages("quantmod");library(quantmod)

getDividends("Z74.SI",from="2018-01-01",t0="2018-12-31",stc="yahoo")

getSymbols("Z74.SI" from="2018-11-16",t0="2018-12-19",src="yahoo")

dev.new(width=16,height="7)

myPars <- chart_pars();myPars$cex<-1.8

myTheme <- chart_theme();myTheme$col$line.col <- "purple"

myTheme$rylab <- FALSE

chart_ Series(Op(" Z74.SI"),name="Opening prices (purple) - Closing prices
(blue)" lty=4,lwd=6,pars=myPars,theme=myTheme)

add__TA(CI(" Z74.8SI"),lwd=3,1ty=>5,legend="'Difference',col="blue",on = 1)

Z74.81.div
2018-07-26 0.107
2018-12-17 0.068
2018-12-18 0.068

3.12
3.10
3.08
3.06
3.04
3.02
3.00

2.98

Opening prices (purple) — Closing prices (blue) 2018
PN
2 N

11-16/2018-12-18

T T T T T T T T T T T T T T T T
Nov16 Nov20 Nov22 Nov26 Nov28 Nov30 Dec04 Dec06 Dec10
2018 2018 2018 2018 2018 2018 2018 2018 2018

T T T
Dec12 Dec14  Dec 18
2018 2018 2018

Fig. 3.16: SGDO0.068 dividend detached on 18 Dec 2018 on Z74.SL.

The difference between the closing price on Dec 17 ($3.06) and the opening
price on Dec 18 ($2.99) is $3.06 — $2.99 = $0.07. The adjusted price on Dec
17 ($2.992) is the closing price ($3.06) minus the dividend ($0.068).
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774.SI | Open| High| Low| Close| Volume | Adjusted (ex-dividend)
2018-12-17| 3.05 | 3.08 [3.05 | 3.06 17441000 2.992
2018-12-18| 2.99 | 2.99 [2.96 | 2.96 [28456400 2.960

The dividend rate « is given by a = 0.068/3.06 = 2.22%.

We consider a riskless asset A = Ag(1+ r)k, k = 0,1,2 with interest rate
r = 100% and Ay = 1, and two portfolio allocations (&1,71) at time k& = 0
and (£2,72) at time k = 1, with the values

Vi =865 +md (3.50)

and
Vo = &1.50 + mAo- (351)

We make the following three assumptions:

[A] All dividends are reinvested.

[B] The portfolio strategies are self-financing.

[C] The portfolio value V5 at time k = 2 hedges the European call option
with payoff C = (S7 — K)™, strike price K = 8, and maturity 7' = 2.

a) Using (3.50) and [A], express V in terms of &2, 72, Sa, A2 and a.

b) Using (3.51) and [A]-[B], express Vi in terms of &1, n1, S1, 41 and a.

c¢) Using Assumption [C] and the result of Question (a), compute the port-
folio allocation (&2,72) in cases S; = 1 and S; = 3.

d) Using (3.50) and the portfolio allocation (£2,172) obtained in Question (c),
compute the portfolio value Vj in cases S1 = 1 and S; = 3.

e) From the results of Questions (b) and (d), compute the initial portfolio
allocation (&1,m1)-

f) Compute the initial portfolio value Vp from the result of Question (e).

g) Knowing that the dividend rate is o = 25%, draw the tree of asset prices
(Sk)k=12 before (i.e. without) dividend payments.

* 52 7?
/
* gl =?
/ \
_ 7* _
So=S)=1 . [
? S =?
9\> _
Sy =?
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h) Compute the risk-neutral probabilities p* and ¢* under which the con-
ditional expected return of (gk)k:qm is the risk-free interest rate r =
100%.

i) v' Check that the portfolio value V; found in Question (d) satisfies

- R* _ +
VlflJr E*[(S2 — K)" | S1].

j) v Check that the portfolio value V found in Question (f) satisfies

1

TS =K and Vo= E WL

Vo =
0 1+r

Problem 3.21 CRR model with dividends (2). We consider a riskless asset
priced as

SI(CO) :Sé0>(1+r)ka k:()’l’""N’

with 7 > —1, and a risky asset S whose return is given by

with N + 1 time instants £ = 0,1,..., N and d = 1. In the CRR model the
return Ry is random and allowed to take two values a and b at each time
step, i.e.

)

Ry, € {a,b}, k=1,2...,N
with —1 < a < 0 < b, and the random evolution of S,(Cljl to S]il) is given by
(1+6)sY, i R, =b

S = =(1+RY8Y),  k=12..N
(1+a)sY, if Ry =a

i

(3.52)
according to the tree
(1
(1+b)stY,
1)
Sy
(1)
(14a)S,~,
and we have
k
Slil):S()H(lJFRZ) k=0,1,....N
i=1
O 141
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The information Fj known to the market up to time k is given by the knowl-
edge of Sil), Sél), Ceey S](CU7 i.e. we write

Fi=o(s, s . SY = 6(Ri, Ry, Ry),

k=0,1,...,N, where Sél) is a constant and Fy = {0, O} contains no infor-
mation.

Under the risk-neutral probability measure IP* defined by

r—a b—r
*:=P*(R, =b) = 0 *:=P"(Ry =a) = >0
P (Rp=b)=3—>0, ¢ (By =a) = 7— >0,
k=1,2,..., N, the asset returns (Rk)kzl,Z,“.,N form a sequence of indepen-

dent identically distributed random variables.

In what follows we assume that the stock Sy pays a dividend rate o > 0
at times k = 1,2,..., N. At the beginning of every time step k = 1,2,..., N,
the price Sy is immediately adjusted to its ex-dividend level by losing a%
of its value. The following ten questions are interdependent and should be
treated in sequence.

a) Rewrite the evolution (3.52) of S,gljl to S,(cl) in the presence of a daily
dividend rate o > 0.

b) Express the dividend amount as a percentage of the ex-dividend price

=

S ](Cl) , and show that under the risk-neutral probability measure the return
of the risky asset satisfies

(1)
S
E* 1@—*& Fel =+mst,  k=01,...,N-1.

c) We consider a (predictable) portfolio strategy (&x,mk)k=12,...n With value
process

Vi = §k+151i1) + 7]k+1S;(CO)

at time k = 0,1,..., N — 1. Write down the self-financing condition for the
portfolio value process (V)k—o,1,...,n by taking into account the reinvested
dividends, and give the expression of V.
d) Show that under the self-financing condition, the discounted portfolio
value process
Vi
s\
is a martingale under the risk-neutral probability measure IP*.
Show that the price at time k = 0,1,..., N of a claim with random payoff
C can be written as

Vi, = k=0,1,...,N,

e

Ny
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1

Y= G

E'[C| ), k=01,... N,

assuming that the claim C is attained at time N by the portfolio strategy

(Ek> M) k=1,2,...,N -

f) Compute the price at time ¢ = 0,1,..., N of a vanilla option with payoff

=

h(S](\})) using the pricing function

Co(kxNabr)

N—k
1+,, (14 r)N-F ; ( ) ) @)V (e (1 + ) 1+ a)V R

of a vanilla claim with payoff h(SZ(\}))A
Show that the price at time ¢t = 0,1,..., N of a vanilla option with payoff

=

g
function h(SZ(\})) can be rewritten as

Vi = Ca (b, S, N b ) = (1= )N 5o (k, SV N, s bas )

k =0,1,...,N, where the coefficients aq,bn, 7o Will be determined ex-
plicitly.

Find a recurrence relation between the functions Cy, (k,:v,N ,aa,ba,ra)
and Cy, (k + 1,2, N, aq, b, ra) using the martingale property of the dis-

h

Nasd

counted portfolio value process (17;6);@:0’1,“” n~ under the risk-neutral prob-
ability measure P*.

i) Using the function Cy (k, z, N, aq, b, ra), compute the quantity & of risky
asset S ,(CU allocated on the time interval [k — 1, k) in a self-financing port-

folio hedging the claim C' = }L(S](\})).
j) How are the dividends reinvested in the self-financing hedging portfolio?

Problem 3.22 ~ We consider a ternary tree (or trinomial) model with N +1
time instants k = 0,1,..., N and d = 1 risky asset. The price S,(CO) of the
riskless asset evolves as

SO =04k k=0,1,...,N,
with » > —1. Let the return of the risky asset .S (M) be defined as
Ry:=—k _“k=l ' L —_19 .. N.
In this ternary tree model, the return Ry is random and allowed to take only

three values a, 0 and b at each time step, i.e.

@) 143

This version: May 3, 2024
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

Ry, €{a,0,b}, k=1,2...,N,

with —1 < a < 0 < b. That means, the evolution of S ,(;7)1 to S,(Cl) is random
and given by

(1+b)s&, it R =

st =3 s ifRy =0 ¢ =1+ RS, k=12...N,

(1+a)SY, if Ry =a
and

k
=S [[a+R), k=0,1,...,N.
i=1

The price process (Sl(c]))k:o Ly evolves on a ternary tree of the form:
(14b)s)
1 1
S5 s5Y
(1+a)ss)

The information Fj, known to the market up to time k is given by the knowl-
edge of S;l), Sél), R S]il), i.e. we write

Fr = 0(S§1)7Sél)7‘“7sl(cl)) = U(R17R27“'¢Rk)7

k=0,1,..., N, where, as a convention, S(()l) is a constant and Fy = {0, Q}
contains no mformatlon In what follows we will consider that (Rg)k—1,2,.. N

is a sequence of independent identically distributed random variables under
any risk-neutral probability measure P*, and we denote

p*:=P*(Rx =b) >0,
0" :=P*(R =0) >0,
¢ =P"(R,=a)>0, k=1,2,...,N.

a) Determine all possible risk-neutral probability measures IP* equivalent to
IP in terms of the parameter §* € (0,1).

b) Give a necessary and sufficient condition for absence of arbitrage in this
ternary tree model.
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Hint: Use your intuition of the market to find what the condition should
be, and then prove that it is necessary and sufficient. Note that we have
a < 0 and b > 0, and the condition should only depend on the model
parameters a, b and r.

When the model parameters allow for arbitrage opportunities, explain
how you would exploit them if you joined the market with zero money to
invest.

Is this ternary tree market model complete?

In this question we assume that the conditional variance

s _ g
Var* | AL "k I pl =62>0
s
k
of the asset return (AS'I(CIJE1 - S](;))/ S]il) given Fj, is constant and equal
to 0%, k=0,1,...,N — 1. Show that this condition determines a unique
value of 8* and a unique risk-neutral probability measure [P}, to be written
explicitly, under a certain condition on a,b,r and o.
In this question and in the following we impose the condition (1+a)(1+
b) =1, i.e. we let a := —b/(b+1). What does this imply on this ternary
tree model and on the risk-neutral probability measure P*?
We consider a vanilla financial claim with payoff C' = h(Sy) and maturity
N, priced as time k as

1
(4 r)vF
- WE; [h(sw) | ],

Flky Sy = Ej[h(Sn) | Fi]

k = 0,1,...,N, under the risk-neutral probability measure Py. Find a
recurrence equation between the functions f(k,-) and f(k+1,-), k =
0,...,N—1.

Hint: Use the tower property of conditional expectations.

Assuming that C' is the payoff of the European put option with strike price
K, give the expression of f(N,z).

Modify the attached binomial Python code in order to make it deal with
the trinomial model.

Taking SO1 =1,r=01,b=1, (1+a)(1+b) =1, compute the price
at time £ = 0 of the European put option with strike price K = 1 and
maturity N = 2 using the code of Question (i) with § = 0.5.

Download® and install the Anaconda distribution from https://www.
anaconda.com/distribution/ or try it online at https://jupyter.org/try.

* Download the corresponding IPython notebook that can be run here or here.

O
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{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "!pip install networkx"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "%matplotlib inline\n",
    "import networkx as nx \n",
    "import numpy as np\n",
    "import matplotlib \n",
    "import matplotlib.pyplot as plt \n",
    "\n",
    "N=2;S0=1\n",
    "\n",
    "r = 0.1;a=-0.5;b=1; # change \n",
    "\n",
    "# add definition of theta \n",
    "\n",
    "p = (r-a)/(b-a) # change \n",
    "q = (b-r)/(b-a) # change \n",
    "\n",
    "def plot_tree(g):\n",
    "    plt.figure(figsize=(20,10))\n",
    "    pos={}\n",
    "    lab={}\n",
    "    \n",
    "    for n in g.nodes():\n",
    "        pos[n]=(n[0],n[1])\n",
    "        if g.nodes[n]['value'] is not None: lab[n]=float(\"{0:.2f}\".format(g.nodes[n]['value']))\n",
    "        \n",
    "    elarge=g.edges(data=True)\n",
    "    nx.draw_networkx_labels(g,pos,lab,font_size=15)\n",
    "    nx.draw_networkx_nodes(g,pos,node_color='lightblue',alpha=0.4,node_size=1000)\n",
    "    nx.draw_networkx_edges(g,pos,edge_color='blue',alpha=0.7,width=3,edgelist=elarge)\n",
    "    plt.ylim(-N-0.5,N+0.5) \n",
    "    plt.xlim(-0.5,N+0.5)\n",
    "    plt.show()\n",
    "    \n",
    "def graph_stock():\n",
    "    S=nx.Graph()\n",
    "    for k in range(0,N):\n",
    "        for l in range(-k,k+2,2): # change range and step size\n",
    "            S.add_edge((k,l),(k+1,l+1))\n",
    "#           add edge\n",
    "            S.add_edge((k,l),(k+1,l-1))\n",
    "            \n",
    "    for n in S.nodes():\n",
    "        k=n[0]\n",
    "        l=n[1]\n",
    "        S.nodes[n]['value']=S0*((1.0+b)**((k+l)/2))*((1.0+a)**((k-l)/2))\n",
    "    return S\n",
    "\n",
    "plot_tree(graph_stock())"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_price(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k,k+2,2): # change range and step size\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "#               add edge\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N,N+2,2): # change range and step size \n",
    "        price.nodes[(N,l)]['value'] = np.maximum(S.nodes[(N,l)]['value']-K,0)\n",
    "     \n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k,k+2,2): # change range and step size         \n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l-1)]['value']*q)/(1+r) # add theta       \n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "call_price = European_call_price(float(K))\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock())\n",
    "print('European call prices:')\n",
    "plot_tree(call_price)\n",
    "print('Price at time 0 of the European call option:',float(\"{0:.4f}\".format(call_price.nodes[(0,0)]['value'])))"
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.10.4"
  },
  "widgets": {
   "state": {},
   "version": "1.1.2"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
}
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Y%matplotlib inline
import networkx as nx
import numpy as np
import matplotlib
5 | import matplotlib.pyplot as plt
N=2;50=1
7 |r = 0.1;a=-0.5;b=1; # change
# add definition of theta
9 |p = (r-a)/(b-a) # change
q = (b-r)/(b-a) # change
def plot_tree(g):
plt.figure(figsize=(20,10))
pos={};lab={}
for n in g.nodes():
5 pos[n]=([0],n[1])
if g.nodesn]['value'l is not None: lab[n]=float("{0:.2f}" format(g.nodes[nl['value'l))
7 elarge=g.edges(data=True)
nx.draw_networkx_ labels(g,pos,lab,font_size=15)
9 nx.draw_networkx_ nodes(g,pos,node_ color='lightblue',alpha=0.4,node_ size=1000)
nx.draw_ networkx_ edges(g,pos,edge_ color='blue',alpha=0.7,width=3,edgelist=elarge)
2 plt.ylim(-N-0.5,N+0.5)
plt.xlim(-0.5,N+0.5)
23 plt.show()

def graph_stock():
S=nx.Graph()
3 for k in range(0,N):
for 1in range(-k,k+2,2): # change range and step size
5 S.add_edge((k,1),(k+1,1+1)) # add edge
S.add_edge((k,1),(k+1,1-1))
7 for n in S.nodes():
k=nl[0]
9 1=nl[1]
S.nodes[n]['value'|=50%((1.04+b)**((k+1)/2))*((1.0+a)+*((k-1)/2))
return S
plot__tree(graph_stock())

def European_ call_price(K):

2 price = nx.Graph()

hedge = nx.Graph()

4 S = graph_ stock()

for k in range(0,N):

6 for 1 in range(-k,k+2,2): # change range and step size
price.add_edge((k,1),(k+1,1+1)) # add edge

8 price.add_edge((k,1),(k+1,1-1))

for 1 in range(-N,N+2,2): # change range and step size

0 price.nodes[(N,D]['value'] = np.maximum(S.nodes[(N,))]['value']-K,0)

2 for k in reversed(range(0,N)):
for 1in range(-k,k+2,2): # change range and step size
price.nodes[(k,D]['value'] = (price.nodes[(k+1,14+1)]['value'l*p
+price.nodes[(k+1,1-1)]['value'l*q)/(1+1) # add theta
return price
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= input("Strike K="
call_price = European_ call_price(fioat(K))
print('Underlying asset prices:')
plot__tree(graph_stock())
print('European call option prices:')
plot__tree(call_price)
print('Price at time 0 of the European call option:',
float("{0:.4f}".format(call_price.nodes[(0,0)]['value')))
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