Chapter 6
Black-Scholes Pricing and Hedging

The Black and Scholes (1973) PDE is a Partial Differential Equation that is
used for the pricing of vanilla options under the absence of arbitrage and self-
financing portfolio assumptions. In this chapter, we derive the Black-Scholes
PDE and present its solution by the heat kernel method, with application to
the pricing and hedging of European call and put options.
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6.1 The Black-Scholes PDE

In this chapter, we work in a market based on a riskless asset with price
(At)ter, given by

Aprar — At dA
—=—— —rdt, — =rdt — = b >
A rdt, A rdt, d rAsy, t20,

with
Ap = Age™, t>0,

and a risky asset with price (St);ecr, modeled using a geometric Brownian
motion defined from the equation

ds
?‘ = pdt +odB;, t3>0, (6.1)
t

which admits the solution
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1
St = Sp exp <oBt + pt — 50%) s t>0,

see Proposition 5.15.

library(quantmod); getSymbols("0005.HK" from="2016-02-15",t0="2017-05-11",src="yahoo")

Market_ Prices<-Ad(*0005.HK"); returns = (Market_ Prices-lag(Market_ Prices)) /
lag(Market_ Prices)

sigma=sd(as.numeric(returns[-1])); r=mean(as.numeric(returns[-11))

N=length(Market_ Prices); t <- 0:N; a=(1+r)*(1-sigma)-1;b=(1+1)*(1+sigma)-1

X <- matrix((a+b)/2+(b-a)*rnorm( N-1, 0, 1)/2, 1, N-1)

X <- as.numeric(Market_Prices[1])*cbind(0,t(apply((1+X),1,cumprod)));
X[,1]=Market_Prices[1];

x=seq(100,100+N-1); dates <- index(Market_ Prices)

Geometric_Brownian_ Motion<-xts(x =X[1,], order.by = dates)

myPars <- chart_pars();myPars$cex<-1.4

myTheme <- chart_theme();myTheme$col$line.col <- "blue"; myTheme$rylab <- FALSE;

chart_ Series(Market_ Prices,pars=myPars, theme = myTheme);

dexp<-as.numeric(Market_ Prices[1])*exp(r*seq(1,305)); ddexp<-xts(x =dexp, order.by = dates)

dev.new(width=16,height=8); par(mfrow=c(1,2));

add_ TA(exp(log(ddexp)), on=1, col="black",layout=NULL, lwd=4 ,legend=NULL)

graph <- chart_ Series(Geometric_Brownian_Motion,theme=myTheme,pars=myPars); myylim
<- graph$get_ylim()

graph <- add_ TA(exp(log(ddexp)), on=1, col="black",layout=NULL, lwd=4 ,legend=NULL)

myylim[[2]] <- structure(c(min(Market_ Prices),max(Market_ Prices)), fixed=TRUE)

graph$set_ylim(myylim); graph

The adjusted close price Ad() is the closing price after adjustments for ap-
plicable splits and dividend distributions.

The next Figure 6.1 presents a graph of underlying asset price market data,
which is compared to the geometric Brownian motion simulations of Fig-
ures 5.4 and 5.5.
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Fig. 6.1: Graph of underlying market prices.
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Fig. 6.2: Graph of simulated geometric Brownian motion.

The ‘R package Sim.DiffProc can be used to estimate the coefficients of a
geometric Brownian motion fitting observed market data.

library("Sim.DiffProc")

fx <- expression( theta[l]*x ); gx <- expression( theta[2]*x )

fitsde(data = as.ts(Market_ Prices), drift = fx, diffusion = gx, start = list(thetal=0.01,
theta2=0.01),pmle="euler")

In the sequel, we start by deriving the Black and Scholes (1973) Partial
Differential Equation (PDE) for the value of a self-financing portfolio. Note
that the drift parameter p in (6.1) is absent in the PDE (6.2), and it does
not appear as well in the Black and Scholes (1973) formula (6.12).

Proposition 6.1. Let (n:,&)ier, be a portfolio strategy such that
(i) the portfolio strategy (ne, & )ier, s self-financing,
(ii) the portfolio value Vi := niA¢ + &Sy, takes the form
Vi = g(t, St), t>0,

for some function g € CY?(Ry x Ry) of t and S.
Then, the function g(t,z) satisfies the Black and Scholes (1973) PDE

rg(t,x) = %(t, x)+ m%(t, z)+

L 220%

50°% 61.2(15,30), z>0, (6.2)

and & = &(St) is given by the partial derivative

& = &(St) = %(tvst)v t=0. (6.3)

Proof. (i) First, we note that the self-financing condition (5.9) in Proposi-
tion 5.8 implies
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dVy = nid Ay + &dS;
= rneArdt + p&eSedt + 0&4Std By
rVidt + (p — r)&Sidt + 0£,.S1d By
rg(t, Se)dt + (u — )& Sedt + 0&¢.Sid By, (6.4)

> 0. We now rewrite (5.20) under the form of an Itd process
t t
Sy = So+ fO vsds + jo usdBy, 130,
as in (4.22), by taking
ur = oS, and v = uSt, t>0.

(7) By (4.24), the application of It6’s formula Theorem 4.24 to V; = g(¢,S¢)
leads to
dVi = dg(t, )
_ Og

g 9
= St Sf)dt+a—(t Sy)dS; + = (dSt)za Z9(t,5)

g g g
=% 9, St)dt+vta (t, St)dtJruta (t,S¢)dBt + = \ut|2 (t Sy)dt

dg dg &g d
= Bf-t(t, Sy)dt + uSta—‘x(t, Sy)dt + 502538—36‘2(@ Sp)dt + USta—;E(t, S¢)dB;.
(6.5)

By respective identification of components in dB; and dt in (6.4) and (6.5),
we get

7] 0 1 d?
rg(t, Sp)dt + (1 — )&, Spdt = aﬁ(t, Sp)dt + uSta—i(t, Sy)dt + 502538—5(@ Sy)dt,
ftStUdBt Stag (t St)dBf,

hence
dg dg 202
rg(t,S0) = (1, 1) + rSio (t,S0) + 50757 o2 (1, 51),
ot Ox t oz (6.6)
& = gg(tSt) 0<t<T,
which yields (6.2) after substituting S; with = > 0. O
As a byproduct of Proposition 6.1 and (6.5), we also find
Vi=Vo+r [ Vid '5,99 (5, 5,)dB >
t = O+7”j0 s S+UI0 S%(Sv s) S5 t >0,
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which also yields the discounted expansion
V= v0+aJ S sS)dB t20. (6.7)

The derivative giving & in (6.3) is called the Delta of the option price, see
Proposition 6.4 below. The amount invested on the riskless asset is

@(tv St)a

Ay = Ve — &S; = g(t, St) — St ™

and 7 is given by

Vi — &St
i 7At
1

=4 (g(t,St) - s,%(t, Sﬂ)

1 g
= Agert <g(t75t) —St%(t, St)) .

In the next Proposition 6.2 we add a terminal condition g(T,z) = h(x) to
the Black-Scholes PDE (6.2) in order to price a claim payoff C' of the form
C = h(Sr). As in the discrete-time case, the arbitrage-free price m(C) at
time ¢ € [0,T] of the claim payoff C' is defined to be the value V; of the
self-financing portfolio hedging C'.

Proposition 6.2. Under the assumptions of Proposition 6.1, the arbitrage-
free price m(C) at time t € [0,T] of the (vanilla) option with claim payoff
C = h(St) is given by m:(C) = g(t, St) and the hedging allocation & is given
by the partial derivative (6.3), where the function g(t,z) is solution of the
following Black-Scholes PDE:

0 0 1 92
rg(t,z) = a‘(t]( )+rx£(t z) + 0'21“20—2(1‘ z), 6.8)

g(T,z) = h(z), z>0.

Proof. Proposition 6.1 shows that the solution g(t,z) of (6.2), g € CH? (R x
Ry ), represents the value V; = niA; + &St = g(¢,St), t € Ry, of a self-
financing portfolio strategy (n:,&)ier, - By Definition 3.1, m(C) = V; =
g(t, S) is the arbitrage-free price at time ¢ € [0, T of the vanilla option with
claim payoff C = h(Sr). d
The absence of the drift parameter p from the PDE (6.8) can be understood
in the next forward contract example, in which the claim payoff can be hedged
by leveraging on the value S; of the underlying asset, independently of the
trend parameter p.
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Example - Forward contracts

The holder of a long forward contract is committed to purchasing a risky
asset at the price K at maturity time 7', while the contract issuer has the
obligation to hand in the asset priced St in exchange for the amount K at
maturity time 7.

Clearly, the contract has the claim payoff C = Sp — K, and it can be hedged
by simply holding & = 1 asset in the portfolio at all times ¢ € [0,7]. Denoting
by Vi the option price at time ¢ € [0,T], the amount S; — V; has to be
borrowed at time ¢ in order to purchase the asset. As the amount K received
at maturity T should be used to refund the loan at time 7', we should have
(8; — Vi) eT=D" = K hence

Vi=S—Ke T 0<t<T. (6.9)

C—T‘T

We note that the riskless allocation 7 = —K is also constant over time

t € [0,7] due to self-financing.

More precisely, the forward contract can be realized by the option issuer via
the following steps:

At time ¢, receive the option premium V; := S; — e~ (T=O"K from the

option buyer.

b) Borrow e~ (T K from the bank, to be refunded at maturity.

¢) Buy the risky asset using the amount Sy — e Tt 4 o~ (T-trg — g,

d) Hold the risky asset until maturity (do nothing, constant portfolio strat-
egy).

e) At maturity 7', hand in the asset to the option holder, who will pay the
amount K in return.

f) Use the amount K = (T~ ¢~(T=H" K to refund the lender of ¢~ (T i

borrowed at time .

a

Nad

On the other hand, the payoff C' of the long forward contract can be written
as C = Sp— K = h(Sy) where h is the (affine) payoff function h(z) = z — K,
and the Black-Scholes PDE (6.8) admits the easy solution

gtz =z —Ke T 250 0<t<T, (6.10)
showing that the price at time ¢ € [0, 7] of the long forward contract is
g(t,8) =8 —Ke T 0<t<T.

In addition, the Delta of the option price is given by

dg
=) =1 <<,
&t Bx(t’st) , 0<t

which recovers the static, “hedge and forget” strategy, cf. Exercise 6.7.
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Forward contracts can be used for physical delivery, e.g. for live cattle. In
the case of European options, the basic “hedge and forget” constant strategy
&=1, m=mn, 0<t<T,
will hedge the option only if
Sp+mnoAr > (Sp— K)¥,

i.e. if —7]0AT < K < ST.
Futures contracts

For a futures contract expiring at time T, we take K = Spe’! and the
contract is usually quoted at time ¢ in terms of the forward price

e(Tft)'r (St _ Kef(Tft)r) _ e(Tft)'rSt _ K= B(Tft)rst — Sy erT7
discounted at time T, or simply using e(T=t" 5, Futures contracts are non-
deliverable forward contracts which are “marked to market” at each time
step via a cash flow exchange between the two parties, ensuring that the
absolute difference |e(T’t)TSt — K| is being credited to the buyer’s account
if e(T-878, > K, or to the seller’s account if e(T=0"g, < K.

6.2 European Call Options

Recall that in the case of the European call option with strike price K the
payoff function is given by h(z) = (x — K)™ and the Black-Scholes PDE (6.8)
reads

2
rge(t,z) = 99c (t,z) +rz 89; (t,z) + %021'2 %;]; (t,z)

(6.11)
The next proposition will be proved in Sections 6.5-6.6, see Proposition 6.11.

Proposition 6.3. The solution of the PDE (6.11) is given by the Black-
Scholes formula for call options:
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ge(t,z) = Bl(z, K, 0,7, T —t) = 2®(dy (T — 1)) = K e~ T @ (d_(T - 1)),
(6.12)
v log(a/ ) + (r + 02/2)(T — 1)
og(x + (r+o0°/2 —t
T—1t):= .
d(T-1) oV =1 (6.13)
e log(a/K) + (r — 0*/2)(T — )
og(x +(r—o°/2 —t
(T —1t):= 14
d-(T 1) T SRR
0<t<T.
‘We note the relation
dy(T—t) =d_(T —t) + |o|VT — ¢, 0<t<T. (6.15)

Here, “log” denotes the natural logarithm “In”, and

P(z)=P(X <z eV 24y, z € R,

1 €T
1=l

denotes the Cumulative Distribution Function (CDF) of a standard normal
random variable X ~ A(0,1), with the relation

O(—z) =1-P(z), z eR. (6.16)

1.2

1 ——

1 Gaussian CDF ®(x) =

0.8
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Fig. 6.3: Graph of the Gaussian Cumulative Distribution Function (CDF).

In other words, the European call option with strike price K and maturity
T is priced at time ¢t € [0,7] as
gc(t7 St) = Bl(St7 K, a,r, T— t)
= $®(dy (T — 1)) — Ke T (d_(T—1)), 0<t<T.
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The following ‘R script implements the Black-Scholes formula for European
call options in ‘R.*

BSCall <- function(S, K, r, T, sigma)

{d1 <- (log(S/K)+(r+sigma~2/2)*T)/(sigma*sqrt(T));d2 <- d1 - sigma * sqrt(T)
BSCall = S*pnorm(dl) - K*exp(-r*T)*pnorm(d2)

BSCall}

In comparison with the discrete-time Cox-Ross-Rubinstein (CRR) model of
Section 2.6, the interest in the formula (6.12) is to provide an analytical
solution that can be evaluated in a single step, which is computationally
much more efficient.

Underlying HIKS

S s

Fig. 6.4: Graph of the Black-Scholes call price map with strike price K = 100.

Figure 6.4 presents an interactive graph of the Black-Scholes call price map,
i.e. the solution

(t,z) — ge(t, ) = 2®(di (T — 1)) — K e~ T=07®(d_(T 1))

of the Black-Scholes PDE (6.8) for a call option.

* Download the corresponding IPython notebook that can be run here or here.

t Right-click on the figure for interaction and “Full Screen Multimedia” view.
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////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton1'){ocgs[i].state=false;}}


////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Alexander Grahn
//
// 3Dspintool.js
//
// version 20120301
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript')
//
// enables the Spin tool (also accessible via 3D toolbar or context menu)
// upon activation of the 3D scene; the scene then rotates around the upright
// axis while dragging with the mouse
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

runtime.setCurrentTool(runtime.TOOL_NAME_SPIN);




{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {
    "collapsed": true
   },
   "outputs": [],
   "source": [
    "import numpy as np\n",
    "import scipy.stats as ss\n",
    "import time \n",
    "\n",
    "#Black and Scholes\n",
    "def d1(S0, K, r, sigma, T):\n",
    "    return (np.log(S0/K) + (r + sigma**2 / 2) * T)/(sigma * np.sqrt(T))\n",
    " \n",
    "def d2(S0, K, r, sigma, T):\n",
    "    return (np.log(S0 / K) + (r - sigma**2 / 2) * T) / (sigma * np.sqrt(T))\n",
    " \n",
    "def BlackScholes(type,S0, K, r, sigma, T):\n",
    "    if type==\"C\":\n",
    "        return S0 * ss.norm.cdf(d1(S0, K, r, sigma, T)) - K * np.exp(-r * T) * ss.norm.cdf(d2(S0, K, r, sigma, T))\n",
    "    else:\n",
    "        return K * np.exp(-r * T) * ss.norm.cdf(-d2(S0, K, r, sigma, T)) - S0 * ss.norm.cdf(-d1(S0, K, r, sigma, T))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "BlackScholes(\"C\",100, 120, 0.02, 0.2, 1.0)"
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.7.5rc1"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
}
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Underlying asset price
(=Je+)

Fig. 6.5: Time-dependent solution of the Black-Scholes PDE (call option).*

The next proposition is proved by a direct differentiation of the Black-Scholes
function, and will be recovered later using a probabilistic argument in Propo-
sition 7.13 below.

Proposition 6.4. The Black-Scholes Delta of the European call option is
given by

& =a(s) = SE(s) = @((T-0) €01, (617)

where

oglx T 0'2 -
(7 —) = LT 0L /DT 20

is giwen by (6.13).

Proof. From Relation (6.15), we note that the derivative of the standard
normal probability density function

1
o(z) = (z) = Eeﬂ”zn, z € R,

satisfies

e(d(T—1)) =

/N

log(z/K) + (r+rf?/2)(T—t)>

lo|vVT —t
S S (bg(z/K) + (r+02/2)(T_t)>2
RN VT
- L 1 (log(a/K) + (r—a2/2)(T 1) 2
= meXP <—2 ( lo VT —t +\0|\/ﬁ> )
ﬁexp <_%(d—(T_t))2_(T—t)r—log%>

* The animation works in Acrobat Reader on the entire pdf file.
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hence by (6.12) we have

% 10) = 2 (o (B KL DT 1))
ke 9 (g log(z/K) + (r —o2/2)(T —t)
qD(log(x/Kfigj/é/Z)(T:)j/ﬁ ))

lo|VT -1

(6.18)

0 log(z/K) + (r+02/2)(T —t)
“%@( oVT—1 )
B e—<”—’)7'3 log(xz/K) + (r —o?/2)(T —t)
et 027(D< lo|V/T —t >
_ o (log(e/K) + (r+0%/2)(T ~t)
! lolVT—t )

1 log(z/K) + (r+0%/2)(T —t)
+|oW—t"°< oVT—1 )
_Ke~(T-tr (log(m/K) +(r—o2/2)(T - t)>

o VT =" lo| VT —t

p(dy (T —1t))

Ke—(T—t)r

= Q(d(T - 1)) —WQO

RN = — (d—(T 1))

— B(d4 (T~ 1)),
and we conclude from (6.3). O

As a consequence of Proposition 6.4, the Black-Scholes call price splits into a
risky component StCD(dJr (T —t)) and ariskless component —K o_(T_t)’CD(d, (T-
t)), as follows:

9c(t,5) = S ®(de(T—1)) —Ke T 0®d_(T—-1t)), 0<t<T.

Risky investment (held)  Risk free investment (borrowed)
(6.19)
See Exercise 6.4 for a computation of the boundary values of g.(¢,z), t €
[0,T), z > 0. The following ‘R script is an implementation of the Black-
Scholes Delta for European call options.
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DeltaCall <- function(S, K, r, T, sigma)
{d1 <- (log(8/K)+(r+sigma~2/2)*T)/(sigma*sqrt(T))
DeltaCall = pnorm(d1);DeltaCall}

In Figure 6.6 we plot the Delta of the European call option as a function of
the underlying asset price and of the time remaining until maturity.

0.5

150
Underlying 100 s
e 10
0 - Time to maturity T-t

Fig. 6.6: Delta of a European call option with strike price K = 100, r = 3%, o = 10%.

The Gamma of the European call option is defined as the first derivative or
sensitivity of Delta with respect to the underlying asset price. It also repre-
sents the second derivative of the option price with respect to the underlying
asset price. This gives

L '
Y= W ﬁd:’ (d+(T* t))

(log(Sl/K) (r+02/2)(T - t)>2
Sl\a\\/ T-t)r lo|V/T —t

In particular, a positive value of y; implies that the Delta & = & (S;) should
increase when the underlying asset price S; increases. In other words, the
position & in the underlying asset should be increased by additional purchases
if the underlying asset price S; increases.

In Figure 6.7 we plot the (truncated) value of the Gamma of a European call
option as a function of the underlying asset price and of time to maturity.
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Fig. 6.7: Gamma of European call and put options with strike price K = 100.

As Gamma is always nonnegative, the Black-Scholes hedging strategy is to
keep buying the risky underlying asset when its price increases, and to sell it
when its price decreases, as can be checked from Figure 6.7.

Numerical example - Hedging a call option

In Figure 6.8 we consider the historical stock price of HSBC Holdings
(0005.HK) over one year:

140 T T T T T T
120 P g

100 ,-"\_
sof 1 WML O

g0t A

a0

20

| | | | 1 |
Nowog Janog Marog Maydg Julog Sepog

Fig. 6.8: Graph of the stock price of HSBC Holdings.

Consider the call option issued by Societe Generale on 31 December 2008 with
strike price K=$63.704, maturity T = October 05, 2009, and an entitlement
ratio of 100, meaning that one option contract is divided into 100 warrants,
cf. page 10. The next graph gives the time evolution of the Black-Scholes
portfolio value

t— gc (t7 St)
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driven by the market price t — S; of the risky underlying asset as given in
Figure 6.8, in which the number of days is counted from the origin and not
from maturity.

50
100
150 time'in days

70 6
Underlying (HK$)

200

o
w
ol

»H
o

Fig. 6.9: Path of the Black-Scholes price for a call option on HSBC with K = 63.70.

As a consequence of (6.19), in the Black-Scholes call option hedging model,
the amount invested in the risky asset is

Si&y = Sid (d+ (T — t))

B log(Si/K) + (r +0%/2)(T —t)
-sio o VT—1 )

20,

which is always nonnegative, 4.e. there is no short selling, and the amount
invested on the riskless asset is

Ay = —Kef(T’t)T'ib(d_(T —t))

— _Ke (T-0rg <10g(5t/K) ‘+|(7‘T__‘7j/2)(T - t))

<0y

which is always nonpositive, i.e. we are constantly borrowing money on the
riskless asset, as noted in Figure 6.10.
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Fig. 6.10: Time evolution of a hedging portfolio for a call option on HSBC.

A comparison of Figure 6.10 with market data can be found in Figures 9.10a
and 9.10b below.

Cash settlement. In the case of a cash settlement, the option issuer will satisfy
the option contract by selling &7 = 1 stock at the price Sp = $83, refund
the K = $63 risk-free investment, and hand in the remaining amount C' =
(St — K)™ =83 —63 = $20 to the option holder.

Physical delivery. In the case of physical delivery of the underlying asset, the
option issuer will deliver {7 = 1 stock to the option holder in exchange for
K = $63, which will be used together with the portfolio value to refund the
risk-free loan.

6.3 European Put Options

Similarly, in the case of the European put option with strike price K the
payoff function is given by h(z) = (K —2)™ and the Black-Scholes PDE (6.8)
reads

% (,2) + 2 222 1,) + 20202 T % 1,2,

9gp
rgp(t,z) = o 92

t
9p(T,2) = (K =),

(6.20)

The next proposition can be proved from the call-put parity of Proposition 6.6
and Proposition 6.11, see Sections 6.5-6.6.

Proposition 6.5. The solution of the PDE (6.20) is given by the Black-
Scholes formula for put options:
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gp(t,z) = Ke T"0®( —d_(T —t)) —2®( - dy (T - 1)),  (6.21)

with
1 /K P 2 2NT —
d, (1 —1) = o8/ )L(\,/%/ -0 (6.22)
d
o oty OB K) £ = /) (T =) 623)
N B lo|vVT —t ' ‘
0<t<T,

Figure 6.11 presents an interactive graph of the Black-Scholes put price map
(t,z) = gp(t,z) given in (6.21).

Pime to maturity 77 — ¢

Fig. 6.11: Graph of the Black-Scholes put price function with strike price K = 100.*

In other words, the European put option with strike price K and maturity
T is priced at time ¢ € [0,T] as

go(t,S) = Ke T ®( —d_(T — 1)) = S, ®(—dy (T — 1)), 0<t<T.

* Right-click on the figure for interaction and “Full Screen Multimedia” view.
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Fig. 6.12: Time-dependent solution of the Black-Scholes PDE (put option).*

The following ‘R script is an implementation of the Black-Scholes formula for
European put options in ‘R.

1 | BSPut <- function(S, K, r, T, sigma)
{d1 = (log(S/K)+(r+sigma~2/2)*T)/(sigma*sqrt(T));d2 = d1 - sigma * sqrt(T);
BSPut = Kxexp(-r+T) * pnorm(-d2) - S*xpnorm(-d1);BSPut}

Call-put parity

Proposition 6.6. Call-put parity. We have the relation
S — Ke =07 = g.(t,5) —gp(t,51), 0<t<T, (6.24)

between the Black-Scholes prices of call and put options, in terms of the
forward contract price Sy — K e~ (T=0r,

Proof. The call-put parity (6.24) is a consequence of the relation
r—-K=(@-K)"—(K-z)"

satisfied by the terminal call and put payoff functions in the linear Black-
Scholes PDE (6.8), which is solved as

r—Ke (T-0r = ge(t,z) — gp(t, x)
for ¢ € [0,T], since & — K e~ (T=9" is the pricing function of the long forward
contract with payoff Sp — K, see (6.9). It can also be verified directly from
(6.12) and (6.21) as

gel(t,z) — gp(t, ) = 2®(ds (T — 1)) — K~ T~ ®(d_(T — t))
—(Ke T0®(—d_(T 1)) —a®( - ds (T —t)))

* The animation works in Acrobat Reader on the entire pdf file.
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= a®(dy (T — 1)) — Ke T ®d(d_(T — 1))
~Ke T (1 - @(d_(T — 1)) + z(1 — ®(ds (T — 1))
—g— Ke (T,
O

The Delta of the Black-Scholes put option can be obtained by differentiation
of the call-put parity relation (6.24) and Proposition 6.4.

Proposition 6.7. The Delta of the Black-Scholes put option is given by

G=—-(1-@(d(T-1))=-P(—ds(T—-1t)) €[-1,0], 0<t<T. I

Proof. By differentiating on both sides of the call-put parity relation (6.24)
and applying Proposition 6.4, we have

9 9ge
%(ast) - 0%‘@,5,‘,)71
= (T 1)~ 1

= —®(—d (T—t)), O0<t<T,

where we applied (6.16). O

As a consequence of Proposition 6.7, the Black-Scholes put price splits
into a risky component —S;®( — dy(T —t)) and a riskless component
Ke~T=0r®( —d_(T —t)), as follows:

go(t,S) = Ke T ( —d_(T — 1)) - $@( —d (T —t)), 0<t<T.

Risk—free investment (savings) Risky investment (short)

(6.25)

DeltaPut <- function(S, K, r, T, sigma)
{d1 <- (log(S/K)+(r+sigma~2/2)*T)/(sigma*sqrt(T)); DeltaPut = -pnorm(-d1);DeltaPut}

In Figure 6.13 we plot the Delta of the European put option as a function of
the underlying asset price and of the time remaining until maturity.
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Fig. 6.13: Delta of a European put option with strike price & = 100, r = 3%, o = 10%.

Numerical example - Hedging a put option

For one more example, we consider a put option issued by BNP Paribas on
04 November 2008 with strike price K=$77.667, maturity T = October 05,
2009, and entitlement ratio 92.593, cf. page 10. In the next Figure 6.14, the
number of days is counted from the origin, not from maturity.

as AT T 77 7 g7 777
CATT 7 7 7 A 777757 AL LT

40 L7V 7S5 LLIT 777777

35 77 FAAAALL LT T 777

50 100 150  sge o0 80 70 60 °
Time in days

Fig. 6.14: Path of the Black-Scholes price for a put option on HSBC.

As a consequence of (6.25), the amount invested on the risky asset for the
hedging of a put option is

_SB( = dy (T — 1)) = —Syb <
<o,

_log(S/K) + (T+U2/2)(T7t)>
lo|vVT —t

i.e. there is always short selling, and the amount invested on the riskless asset
priced 4; = e", t € [0,T], is
mAr = Ke T0"@d(—d_(T 1))
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— fo-(T-trg (_108(S/K) + (r — 0?/2)(T — 1)
=K ®< lo|VT —t )

20,

which is always nonnegative, i.e. we are constantly saving money on the
riskless asset, as noted in Figure 6.15.

o 50 100 150 200

Fig. 6.15: Time evolution of the hedging portfolio for a put option on HSBC.
In the above example the put option finished out of the money (OTM), so that

no cash settlement or physical delivery occurs. A comparison of Figure 6.10
with market data can be found in Figures 9.11a and 9.11b below.

6.4 Market Terms and Data

Table 6.1 provides a summary of formulas for the computation of Black-
Scholes sensitivities, also called Greeks.*

Call option Put option
Option price|  g(t, St) S ®(dy (T 1) = K e T=0"d(d_(T - 1)) Ke T=0r@(—d_(T —t)) - $;®(—d+ (T 1))
Detta () | 21,50 @dy(T=1) >0 —®(=di(T =) <0

3 P9, o D' (di (T~ 1))
Gamma (1) | 5= (t,0) o= "

Wz %(L.S” ST 10/ (dy (T~ 1)) > 0
] Stla|®'(d: (T 1)) ¢ o—(T=t)r, Stlo|®'(dy (T 1)) e (T—0)r

Theta (0) | (150 || ~=T e —rke O(d-(T-1)) <0 |- e ke @(d_(T 1))
Rho (p) zfi(r.s,) (T—t)Ke T @d(d_(T—1)) >0 —(T—t)Ke T=d(—d_(T - 1)) <0

Table 6.1: Black-Scholes Greeks (Wikipedia).

* “Every class feels like attending a Greek lesson” (AY2018-2019 student feedback).
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From Table 6.1 we can conclude that call option prices are increasing func-
tions of the underlying asset price St, of the interest rate r, and of the volatil-
ity parameter ¢. Similarly, put option prices are decreasing functions of the
underlying asset price Sy, of the interest rate r, and increasing functions of

the volatility parameter o, see also Exercise 6.14.

Parameter

Variation of call option prices

Variation of put option prices

Underlying S

Increasing '

Decreasing

Volatility o

Increasing '

Increasing

Time ¢

Decreasing \, if r >0

Depends on the underlying price level if r > 0

Depends on the underlying price level if r < 0

Decreasing N\ if r <0

Interest rate r

Increasing

Increasing \,

Table 6.2: Variations of Black-Scholes prices.

The change of sign in the sensitivity Theta (®) with respect to time ¢ can be
verified in the following Figure 6.16 when r > 0.

10

T4=000

9clx.t)
o

%0 95

(a) Black-Scholes call price maps.

(b) Black-Scholes put price maps

Fig. 6.16: Time-dependent solutions of the Black-Scholes PDE with r = +3% > 0.*

The next two figures show the variations of call and put option prices as
functions of time when r < 0.

* The animation works in Acrobat Reader on the entire pdf file.
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(a) Black-Scholes call price maps. (b) Black-Scholes put price maps

Fig. 6.17: Time-dependent solutions of the Black-Scholes PDE with r = —3% < 0.

The next two figures show the variations of call and put option prices as
functions of time when r = 0.

90 95 100 105 10 9%

95 100 105 110

Q6 QY6

(a) Black-Scholes call price maps. (b) Black-Scholes put price maps

Fig. 6.18: Time-dependent solutions of the Black-Scholes PDE with r = 0.f

Intrinsic value. The intrinsic value at time t € [0,T] of the option with

claim payoff C' = h(Sgpl >) is given by the immediate exercise payoff

h(St(l)). The extrinsic value at time ¢ € [0,7] of the option is the re-
maining difference 7 (C) — h(St(l)) between the option price m;(C) and

the immediate exercise payoff h(St(l))‘ In general, the option price m(C)
decomposes as

(@) = h(SY) + m(@) —n(sY),  o<t<T.
—— | ——
Intrinsic value Extrinsic value

Moneyness. The moneyness is the ratio of the intrinsic value of the option

vs. the current price of the underlying asset, i.e.

 The animation works in Acrobat Reader on the entire pdf file.
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M(C) := h

The option is said to be “in the money” (ITM) when M; > 0, “at the
money” (ATM) when M; = 0, and “out of the money” (OTM) when
M; < 0.

Break-even price. The break-even price BEP; of the underlying asset is the
value of S for which the intrinsic option value h(S) equals the option price
m(C) at time ¢ € [0,7]. For European call options with payoff function
h(z) = (z — K)™T, it is given by

BEP, := K +m(C) = K +g.(,5;), t=0,1,...,N. (6.26)

whereas for European put options with payoff function h(z) = (K — )™,

it is given by
BEPt = K—m(C) :K—gp(t,St), nggT (627)
Premium. The option premium OP; can be defined as the variation required

from the underlying asset price in order to reach the break-even price, i.e.
we have

o BEP; — S; _ K+g(t,St) — S

OP; := , 0<t<T,
¢ St St
for European call options, and
— BEP t -K
OPt::St ¢ _ Sitg(t,5) 0<t<T,

St St ’

for European put options, see Figure 6.19 below. The term “premium”
is sometimes also used to denote the arbitrage-free price g(t,S¢) of the
option.

Gearing. The gearing at time ¢ € [0,7T] of the option with claim payoff
C = h(Sr) is defined as the ratio

St S

Effective gearing. The effective gearing at time ¢ € [0, T of the option with
claim payoff C = h(Sr) is defined as the ratio

EGt := Gyt
&Sy
WA(C)
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- ey a5
- g(:gz)%(t’sl’)
- Sl%logg(t,&), 0<t<T
The effective gearing g
b - 85

can be interpreted as the hedge ratio, i.e. the percentage of the portfolio
which is invested on the risky asset. When written as

Ag(t, S, AS,

g(t, St) —RG, x 2%

g(t, St) St
the effective gearing gives the relative variation, or percentage change,
Ag(t,S)/g(t,Si) of the option price g(t,S;) from the relative variation
AS;/ Sy in the underlying asset price.

The ratio EG; = Sidlog g(t, S;)/ Oz can also be interpreted as an elasticity
coefficient.
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Fig. 6.19: Warrant terms and data.

The R package bizdays (requires to install QuantLib) can be used to compute
calendar time vs. business time to maturity

install.packages("bizdays")

library(bizdays)

load_ quantlib_ calendars('HongKong', from='2018-01-01', to='2018-12-31")
load_ quantlib_ calendars('Singapore', from='2018-01-01', to='2018-12-31")
bizdays('2018-03-10', '2018-04-03', 'QuantLib/HongKong')
bizdays('2018-03-10', '2018-04-03', 'QuantLib/Singapore')

6.5 The Heat Equation

In the next proposition we notice that the solution f(¢,z) of the Black-
Scholes PDE (6.8) can be transformed into a solution g(¢,y) of the simpler
heat equation by a change of variable and a time inversion t — T — ¢ on
the interval [0,7], so that the terminal condition at time 7" in the Black-
Scholes equation (6.28) becomes an initial condition at time ¢ = 0 in the
heat equation (6.31). See also here for a related discussion on changes of
variables for the Black-Scholes PDE.
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Proposition 6.8. Assume that f(t,z) solves the Black-Scholes call pricing
PDE

¢ 2 ¢
rf(t,z) = 2—{(1?,:0) +rx8—f(t,x) + l021:20—f(t,1:),

Ox 2 0z? (6.28)

f(T,2)=(x—K)",

with terminal condition h(x) = (z — K)*, x > 0. Then, the function g(t,y)
defined by
g(ty) = e f(T —t, elolur(?/220)t) (6.29)

solves the heat equation (6.31) with initial condition

U(y) = h(el¥),  yeR, (6.30)
i.e. we have o 5
99, =199,

9(0,y) = h(elol).

Proposition 6.8 will be proved in Section 6.6. It will allow us to solve the
Black-Scholes PDE (6.28) based on the solution of the heat equation (6.31)
with initial condition ¢ (y) = h(c‘”‘y), y € R, by inversion of Relation (6.29)
with s = T —t, z = eloly+(@®/2=1)t 4 ¢

—(0%/2=7)(T —s) +10gz>

lo]

f(s,z) = e~ T=9)rg <T — s,
Next, we focus on the heat equation

dp 10%p

—(t,y) = = =5 (¢, 6.32
EAGEN 26y2( y) (6.32)
which is used to model the diffusion of heat over time through solids. Here,
the data of g(w,t) represents the temperature measured at time ¢ and point
2. We refer the reader to Widder (1975) for a complete treatment of this
topic.
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t=0.0256

oly.t)
N
T
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o .
Y
(S

Fig. 6.20: Time-dependent solution of the heat equation.®

Proposition 6.9. The fundamental solution of the heat equation (6.32) is
given by the Gaussian probability density function

1
wlty) = = eV e R,

with variance t > 0.

Proof. The proof is done by a direct calculation, as follows:

Oy o e v/
a(t,y) “al\ "
V2t

e VP2t 2 oy?/(2)

=- +
23/2\/on - 22 \/2mt

1 2

and

1%, L0 [y
2 9y? Y= 20y \ 't 2mt

eV (20 g2 v/ (20)

— +7
221t 282 \/2mt

1 y?
= ,7+ﬁ o(t,y), t>0, yeR.

2t

* The animation works in Acrobat Reader on the entire pdf file.
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In Section 6.6 the heat equation (6.32) will be shown to be equivalent to the
Black-Scholes PDE after a change of variables. In particular this will lead to

the explicit solution of the Black-Scholes PDE.

Proposition 6.10. The heat equation

dg 102
= (Ly) = 555
gt (bY) =5 ayQ( ) (6.33)
9(0,y) = ¥(y)
with bounded continuous initial condition
9(0,y) = ¥(y)
has the solution
I ~(y=2)2/(2t) _42_
gty) = [~ v(z)e T VER >0 (639
Proof. We have
990 =2 (> ~(y-2)2/(2t) 42
by =g ) v@e It
oo 9 [ e—(y=2)2/(2t)
=7 () dz
—o0 ot V2t
_ 1 (oo (yfz)2 1 —(y—z)Z/(Ql,) dz
REP IO G t)° V2t
- J ‘l ~(y-2)2/(20) 2
2 vV 2mt
_ Ly ~(y=2)?/(20) 42
2 f N 2 V2mt
dz
= /(2t)
2 Oy j V(= V27t
19%g
=397 St y).
On the other hand, it can be checked that at time ¢ = 0 we have
limf Y(z 2'5)& = lim IOC Py +z) efZZ/(Qt)L
t—0 V2t t—0J—o0 V27t
=d(y), YER,
see also (6.35) below. O
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The next Figure 6.21 shows the evolution of g(¢,x) with initial condition
based on the European call payoff function h(z) = (z — K)™, i.e.

9(0,y) =¥(y) = IL(C'”'”) = (c“"y - K)+ y € R.

10

gixt)

o 50 100 150 200

-
NECIDEENQE

Fig. 6.21: Time-dependent solution of the heat equation.®

Let us provide a second proof of Proposition 6.10, this time using Brownian
motion and stochastic calculus.

Proof of Proposition 6.10. First, we note that under the change of variable
r = z —y we have

_ (™ ~-2)?/(2t) 2

g(t,y) j_mw(z)c Nz
—z /(Zt) dzx

= f Py +a)e o

=E[y(y+ By
= E[¢y(y — Bt)],

where (Bp)cr. is a standard Brownian motion with By ~ N(0,t), ¢t > 0,
under the initial condition

9(0,y) = E[¢(y + Bo)] = E[¢(y)] = ¢(y). (6.35)

Applying 1t6’s formula to 1(y — B;) and using the fact that the expecta-
tion of the stochastic integral with respect to Brownian motion is zero, see
Relation (4.17) in Proposition 4.21, we find

g(t,y) = E[¢(y — By)]
—E[w fwy— dB+2fw”y B)d}

* The animation works in Acrobat Reader on the entire pdf file.
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o) = [ [0/ Ba] + 38 [ [0t~ Ba]

zj {321/) _BS)}dS

t 92
2081/

t 92g
=¥(y) + 5 0 8—y2(s,y)ds.

5B [V(y — Bs)]ds

X ty) = SB[y~ Bo)
- éﬁ—m [y~ 1)
82
:%aiyz(tvy)'

Regarding the initial condition, we check that

9(0,y) = E[¢(y — Bo)] = E[¢(y)] = ¢(y)-
O

The expression g(t,y) = E[¢(y — B)] provides a probabilistic interpretation
of the heat diffusion phenomenon based on Brownian motion. Namely, when
ely) = 1p_eg ), we find that

gs(tv ) = ]E[ws(y*Bt)]
=E[1_.,(y— B)]
=P(y— B € [-¢,¢])
=P(y-e< B <y+e)

represents the probability of finding B; within a neighborhood [y — ¢,y + €]
of the point y € R.

6.6 Solution of the Black-Scholes PDE

In this section we solve the Black-Scholes PDE by the kernel method of
Section 6.5 and a change of variables. This solution method uses the change
of variables (6.29) of Proposition 6.8 and a time inversion from which the
terminal condition at time 7" in the Black-Scholes equation becomes an initial
condition at time ¢ = 0 in the heat equation.

Next, we provide the proof Proposition 6.8.
258 O
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Proof of Proposition 6.8. Letting s =T —t and x = eloly+(o?/2-1)t apq using
Relation (6.29), i.e.

glt,y) = e f(T —t, elolvt(@?/2=n)t)

we have

Y9 _ Tt _ loly+(a2/2—r)t\ _ rtg _ loly+(a?/2—r)t
0t(t,y) re"f(T—t, e )—e 83(T t,e )

02 T o 0'2 - alf oy U2 -
+<?,,,>th\ e )

of o2 of

_ Tt _ _ ot _ _ Tt _
=re"f(T—t,x)—e B (T t,z)+<2 r)e z@x(T t, )
— } rt, .2 202f _ Tt af _

=gt oy (T —t,z)+ —2 e x—(T t,x), (6.36)

where on the last step we used the Black-Scholes PDE. On the other hand
we have

9 t gloly+(o2/2-r)t Of loly+(02/2-r)t
YJ — rt |o o it (p oly+(o T
5, (19) =lolere gp(T—te )
and
10g?

o? 2 of 2
- t _ 9 rtlolyt+(o?/2—r)t Y] Tt lo|y+(a?/2—1)t
2 ayz( v) 2 e Jdx ( ¢ )
2 2
0"t 2oly+2(o2/2-r)t O 2/2—r)t
+?C7 e2loly+2(o2/2-7) @(T — ¢, elolyt(e?/2-7) )
02 rt 8f 02 Tt 282f

=—e x—(Tftw)-i-?e 5

5 e o (T—t,z).  (6.37)

We conclude by comparing (6.36) with (6.37), which shows that g(¢,x) solves
the heat equation (6.33) with initial condition

9(0,y) = (T, el¥) = n(ell¥).
O

In the next proposition we provide a proof of Proposition 6.3 by deriving
the Black-Scholes formula (6.12) from the solution of the PDE (6.28). The
Black-Scholes formula will also be recovered by a probabilistic argument via
the computation of an expected value in Proposition 7.6.

Proposition 6.11. When h(z) = (z — K)T, the solution of the Black-
Scholes PDE (6.28) is given by
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ft,x) = a®(ds(T — 1)) — Ke T ®(d_(T 1)),  a>0,

where 1
- Y2
PO (z) o Iioo e dy, z €R,
" log(2/ K) + (r + 02/2) (T 1
og(x +(r4+o0%/2 —t
T—1):=
d+(T 1) lolWVT -t ’
log(x/K) + (r—o%/2)(T —t)
(T —1t):=
d-(T-1) VT =1 ’

>0,te0,T).

Proof. By inversion of Relation (6.29) with s =T —tand z = e|”|y+(”2/2’r)t,
we get

—(02/2=7)(T —s) +10gz>
lo]

o= ey (1

and

log x
lo]

>, x>0, or w(y):h(e“"y), yeR.

mm:w<

Hence, using the solution (6.34) and Relation (6.30), we get

—(02/2=7)(T —1t) +1ogx>
|o]

f(t,z) = e (Tt (T —t,

e—(T—t)r foo 1/] <7(g2/277”)(T7t) +10gx +Z> e_22/<2(T_t)) dZ

lo

—00

o (T—t)r JOO h(xe|a|z7(o2/27r)(T—t))6722/(2(T7t)) dz

-0 2(T —t)w
= o007 [% (gl (2o (=) K)tet/er-n __ %
-0 2(T —t)w
_ e—(T—t)r
o lole—(02/2-r)(T—1) _ j¢) o—72/(2T—1)) dz
X J(—7'+02/2)(’1‘"U—‘L)+log(K/z) («'”C ) e 3T —O)r
— pe- (Tt [ lolz— (02 /2-r)(T—t) 22/ (2(T—1)) __42
re J_d,w_t)m ¢ ¢ 2T — O)m
. . - dz
_Ke—(T-t)r [ -22/2T-t)___ %%
e J_d, (T—t)yT=E 2T —t)m
(™ lo|2—(T—t)02 /2— 22/ (2(T—t)) dz
Jj.[—d_(T—t)m ¢ AT — )
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KTt [ e N
—d_(T—t)y/T—t 2T —t)n
=% o= (T=tlo2/((r—t) 42
—d_(T—t)VT—% 2T —t)n
KT [ R N
—d_(T—t)VT—t 2T —t)n
=7 -2/ 42
. j—d,(T—t)\/iT—t—(T—t)\a\ ¢ AT —0)r
—K e 0 [ e/ __ &
—d_(T—t)VT—t Q(T _ 2‘/)71'
_ > —22/2 dz _ —(T—t)r [ —22/2 dz
=t o= © v e Joane Ton

=2(1-®(—dp(T 1))~ Ke T (1 - @(—d_(T —1)))
=a®(de (T — 1)) — Ke T (d_(T — 1)),

where we used the relation (6.16), i.e.

1—®(a) = P(—a), acRR.

Exercises

Exercise 6.1 Bachelier (1900) model. Consider a market made of a riskless
asset valued Ay = Ao, t > 0, with vanishing risk-free interest rate »r = 0, and
a risky asset whose price S; is modeled by a standard Brownian motion as
Sy =B, t > 0.

a) Show that the price g(t, B;) of the option with claim payoff C' = (Br)?
satisfies the heat equation

dg _ 19%g
7&(7573/) - iwuvy)v (t,y) € [0>T] X]R>

with terminal condition g(T',z) = 2.
b) Find the function g(¢, ) by solving the PDE of Question (a).

Hint: Try a solution of the form g(t,x) = 22 + f(t), t € [0, T].
¢) Find the risky asset allocation & hedging the claim payoff C' = (Br)?,
and the amount 7;A; = 1t Ap invested in the riskless asset, for ¢ € [0, T.

See Exercises 6.12 and 7.17-7.18 for extensions to nonzero interest rates.
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Exercise 6.2 Consider a risky asset price (S;);er modeled in the Cox et al.
(1985) (CIR) model as

dS; = B(a— Sp)dt + <7\/S7dBt7 a,B,0 >0, (6.38)

and let (n,&)ier, be a portfolio strategy whose value Vi := n; Ay + &S;,
takes the form V; = g(¢, S;), t > 0. Figure 6.22 presents a random simulation
of the solution to (6.38) with a = 0.025, § =1, and o = 1.3.

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t

Fig. 6.22: Graph of the CIR short rate t — r¢ with a = 2.5%, 3 =1, and o = 1.3.

N=10000; t <- 0:(N-1); dt <- 1.0/N;a=0.025; b=2; sigma=0.05;

2 | dB <- rnorm(N,mean=0,sd=sqrt(dt));R <- rep(0,N);R[1]=0.01

for (j in 2:N){R[jl=max(0,R[j-1]+(a-b*R[j-1])*dt+sigma*sqrt(R[j-1)*dB[D}
1+ | plot(t, R, xlab = "t", ylab = "", type = "1", ylim = c(0,0.02), col = "blue")
abline(h=0,col="black",lwd=2)

Based on the self-financing condition written as

th = ’I"tht - T‘&Stdt + §tdSt
= T‘tht — r&tStdt + 6(0[ - St)ftdt + O'ft\/ StdBt, t 2 0, (639)

derive the PDE satisfied by the function g(¢,2) using the It6 formula.

Exercise 6.3 Black-Scholes PDE with dividends reinvested (Exercise 3.20
continued). Consider a riskless asset with price Ay = Age™, ¢t > 0, and an
underlying asset price process (S;)icr, modeled as

dS; = (u— 6)Sidt + 0 S;dBy,

where (By)ier, is a standard Brownian motion and § > 0 is a continuous-
time dividend rate. By absence of arbitrage, the payment of a dividend entails
a drop in the stock price by the same amount occurring generally on the ez-
dividend date, on which the purchase of the security no longer entitles the
investor to the dividend amount. The list of investors entitled to dividend
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payment is consolidated on the date of record, and payment is made on the
payable date.

library(quantmod)
getSymbols("9983. HK" from="2010-01-01",to=Sys.Date(),stc="yahoo")
getDividends("9983. HK",from="2010-01-01",to=Sys.Date(),src="yahoo")

a) Assuming that the portfolio with value V; = &Sy + n:A; at time ¢ is self-
financing and that dividends are continuously reinvested, write down the
portfolio variation dV;.

b) Assuming that the portfolio value V; takes the form V; = g(t, S¢) at time
t, derive the Black-Scholes PDE for the function g(t,x) with its terminal
condition.

c) Compute the price at time ¢ € [0,T] of the European call option with
strike price K by solving the corresponding Black-Scholes PDE.

d) Compute the Delta of the option.

Exercise 6.4

a) Check that the Black-Scholes formula (6.12) for European call options
ge(t,z) = 2®(d (T — 1)) = Ke~T"®d(d_(T - 1)),

satisfies the following boundary conditions:

i) at x =0, ge(£,0) =0,
ii) at maturity ¢t = T,

9c(T,2) = (x — K) ™"

0, <K,
and
1, z>K
1
lim ®(d (T —t)) =< = =
Jim, (d+(T —1)) 5 v=K
0, z<K,

iii) as time to maturity tends to infinity,

lim Bl(z,K,o,r,T—t) ==z, t>0.

T—o0

b) Check that the Black-Scholes formula (6.21) for European put options
gp(t,z) = Ke T ®( —d_(T —1)) —2®( —dy (T — 1))
satisfies the following boundary conditions:
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i) at 2 =0, gp(£,0) = Ke (T=t)r
ii) as 2 tends to infinity, g, (¢,00) = 0 for all ¢ € [0,T),
iii) at maturity t =T,

(T B 4 0, z>K

b o) = (K -2) {K—aﬁ, r< K,
and

0, x> K

- ligg ®(~d+ (T~ 1) = _%, 1=K

-1, =<K,

iv) as time to maturity tends to infinity,

WV
o

lim BI, (S, K T—-t)=0 t
Tgnoo P( ty , 0,71, ) )

Exercise 6.5 Power options (Exercise 3.16 continued). Power options can be
used for the pricing of realized variance and volatility swaps, see § 8.2. Let
(St)ter, denote a geometric Brownian motion solution of

dSt = /LStdt + (TStdBt,

where (By)icRr., is a standard Brownian motion, with 4 € R and o > 0.
a) Let r > 0. Solve the Black-Scholes PDE

g dg o? ,0%
rg(z,t) = E(Lt) + rwg(:r,t) +5e W(Lt) (6.40)
with terminal condition g(z,T) = 22, x > 0, t € [0,T].

Hint: Try a solution of the form g(z,t) = 22f(t), and find f(t).
b) Find the respective quantities { and n; of the risky asset S; and riskless
asset A; = Age™ in the portfolio with value

Vi = g(St,t) = &St + m A, 0<t<T,

hedging the contract with claim payoff C' = (S7)? at maturity.

Exercise 6.6 On December 18, 2007, a call option has been issued by
Fortis Bank on the stock price S of the MTR Corporation with maturity
T = 23/12/2008, strike price K = HK$ 36.08 and entitlement ratio=10,
cf. page 10. Recall that in the Black-Scholes model, the price at time t of
the European claim on the underlying asset priced S; with strike price K,
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maturity 7', interest rate r and volatility o > 0 is given by the Black-Scholes
formula as

F(t,5) = Si®(ds (T — 1)) — Ke” T ®(d_(T — 1)),

(r—0%/2)(T —t) + log(S/K)
lo|VT —t ’

(r+02/2)(T —t) +1log(S:/K)
lo|V/T —t

d(T—t) =

d (T —t)=d_(T—t)+|o|VT -t =

Recall that by Proposition 6.4 we have

g—i(t,sl):é(dﬁTft)), 0<t<T.
a) Using the values of the Gaussian cumulative distribution function, com-
pute the Black-Scholes price of the corresponding call option at time
t =November 07, 2008 with S; = HK$ 17.200, assuming a volatility o =
90% = 0.90 and an annual risk-free interest rate r = 4.377% = 0.04377,
b) Still using the Gaussian cumulative distribution function, compute the
quantity of the risky asset required in your portfolio at time ¢ =November
07, 2008 in order to hedge one such option at maturity 7' = 23/12/2008.
Figure 1 represents the Black-Scholes price of the call option as a function
of o €10.5,1.5] = [50%, 150%].

N

C

0.6 v ' v v ' v v ' v y
Market price
o5 |
0.4 |
3
=
= 0.3
E=3
=
o
02 |
0.1 |
° i i i i P N i
0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.37'"™MP1.4 1.5
o
Fig. 6.23: Option price as a function of the volatility o > 0.
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BSCall <- function(s, K, r, T, sigma)

{d1 <- (log(8/K)+(r+sigma~2/2)*T)/(sigma*sqrt(T));d2 <- d1 - sigma * sqrt(T)

BSCall = S*pnorm(dl) - K+exp(-r*T)*pnorm(d2);BSCall}

sigma <- seq(0.5,1.5, length=100);

plot(sigma,BSCall(17.2,36.08,0.04377,46/365,sigma) , type="1",lty=1, xlab="Sigma",
ylab="Black-Scholes Call Price", ylim = c(0,0.6),col="blue" lwd=3);grid()

abline(h=0.23,col="red",lwd=3)

Knowing that the closing price of the warrant on November 07, 2008 was
HK$ 0.023, which value can you infer for the implied volatility o at this
date?*

Exercise 6.7 Forward contracts. ~ Recall that the price m(C) of a claim
payoff C' = h(St) of maturity T can be written as m(C) = g(t,S¢), where
the function g(¢,z) satisfies the Black-Scholes PDE

19} 0 1 o2
rg(t,x) = a—‘(t](t,x) + rm—g(mx) + =02 2—g(tw),

Oz 277 B2
9(T,x) = h(z), (1)
with terminal condition ¢(7T',z) = h(z), z > 0.
a) Assume that C' is a forward contract with payoff

C=58r-K,

at time 7. Find the function h(z) in (1).

b) Find the solution g(t,z) of the above PDE and compute the price m;(C)
at time ¢ € [0, 7T7].
Hint: search for a solution of the form g(¢,z) = = — a(t) where a(t) is a
function of ¢ to be determined.
¢) Compute the quantities
99
&=, St)

and 7 of risky and riskless assets in a self-financing portfolio hedging C,
assuming Ap = $1.
d) Repeat the above questions with the terminal condition g(T,z) = x

Exercise 6.8 (Exercise 3.8 continued). We consider a range forward contract
having the payoff

Sr—F+ (Kl *ST)_F — (ST7K2)+,

* Download the corresponding ‘R code or the IPython notebook that can be run

here or here (right-click to save as attachment, may not work on O)
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BS <- function(S, K, T, r, sig){
d1 <- (log(S/K) + (r + sig^2/2)*T) / (sig*sqrt(T))
d2 <- d1 - sig*sqrt(T)
return(S*pnorm(d1) - K*exp(-r*T)*pnorm(d2))}
implied.vol <- function(S, K, T, r, market){
sig <- 0.20
sig.up <- 1
sig.down <- 0.001
count <- 0
err <- BS(S, K, T, r, sig) - market
while(abs(err) > 0.00001 && count<1000){
if(err < 0){
sig.down <- sig
sig <- (sig.up + sig)/2
}else{
sig.up <- sig
sig <- (sig.down + sig)/2}
err <- BS(S, K, T, r, sig) - market
count <- count + 1}
if(count==2000){
return(NA)
}else{
return(sig)}}
market = 0.83
K = 62.8
T = 7 / 365.
S = 63.4
r = 0.02
implied.vol(S, K, T, r, market)



{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "import numpy as np\n",
    "import scipy.stats as ss\n",
    "import time \n",
    "\n",
    "#Black and Scholes\n",
    "def d1(S0, K, r, sigma, T):\n",
    "    return (np.log(S0/K) + (r + sigma**2 / 2) * T)/(sigma * np.sqrt(T))\n",
    " \n",
    "def d2(S0, K, r, sigma, T):\n",
    "    return (np.log(S0 / K) + (r - sigma**2 / 2) * T) / (sigma * np.sqrt(T))\n",
    " \n",
    "def BlackScholes(type,S0, K, r, sigma, T):\n",
    "    if type==\"C\":\n",
    "        return S0 * ss.norm.cdf(d1(S0, K, r, sigma, T)) - K * np.exp(-r * T) * ss.norm.cdf(d2(S0, K, r, sigma, T))\n",
    "    else:\n",
    "        return K * np.exp(-r * T) * ss.norm.cdf(-d2(S0, K, r, sigma, T)) - S0 * ss.norm.cdf(-d1(S0, K, r, sigma, T))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "BlackScholes(\"C\",100.0, 120.0, 0.02, 0.15, 1.0)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def difference(x, p, S, K, r, t):\n",
    "    return BlackScholes(\"C\",S, K, r, x, t) - p"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from scipy.optimize import bisect\n",
    "bisect(difference,0.001,1,args=(1.1541763731112766, 100.0, 120.0, 0.02, 1.0))"
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.10.4"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
}
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Notes on Stochastic Finance

on an underlying asset priced Sp at maturity 7', where 0 < K1 < F < Ko,
and the price process (S¢)ier, is modeled as the geometric Brownian motion

2
St _ SO erH»o'Bgfa t/2’ t> 0,

under the risk-neutral measure IP*, where (By)icr, is a standard Brownian
motion generating the filtration (F)er, -

a) Give the value of E*[Sy | 7], 0 <t < T.
b) Price the range forward contract at time t € [0, T].

Hint. The Black-Scholes call pricing formula reads

ge(t,x) = BUK, 20,1, T —t) = 2@ (dy (T — 1)) — Ke" T ®(d_(T — 1)),

with
(d(T-1)" 1 <log (z/K) + r702/2)(T7t)>2
2 2 lo|v/T
_ (aur-n)’ z
= 2 —(T—t)r—log}.
Exercise 6.9
a) Solve the Black-Scholes PDE
rg(t,x) = 09( )—‘rrxag(f x)+0—212&(t ) (6.41)
T = B 2" 9a2" '

with terminal condition g(T,z) =1, z > 0.
Hint: Try a solution of the form g(¢,xz) = f(¢) and find f(¢).

b) Find the respective quantities & and 7 of the risky asset S; and riskless
asset A; = Age™ in the portfolio with value

Vi = g(t,S¢) = &St + m Ay

hedging the contract with claim payoff C' = $1 at maturity.

Exercise 6.10 Log contracts can be used for the pricing and hedging of
realized variance swaps, see § 8.2 and Exercise 8.6.

a) Solve the PDE

o2 ,0%

Jg
(z,t) + mc%(x,t) +5e W(I,t) (6.42)

dg

0=

with the terminal condition g(z,T) := logz, z > 0.
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Hint: Try a solution of the form g(z,t) = f(¢) + logz, and find f(¢).
b) Solve the Black-Scholes PDE
Oh Oh o? 2&

y = Oh on < 4
rh(z,t) Bt (z,t) + reo (z,t) + 5% 502 (z,t) (6.43)
with the terminal condition h(z,T) := logx, x > 0.

Hint: Try a solution of the form h(z,t) = u(t)g(x,t), and find u(t).
¢) Find the respective quantities & and 7, of the risky asset S; and riskless
asset A; = Age™ in the portfolio with value

Vi = g(St,t) = &St +mAs

hedging a log contract with claim payoff C' = log St at maturity.

Exercise 6.11 Binary options. Consider a price process (St)iecr, given by

ds

22— rdt+0dBy,  So=1,

Sy

under the risk-neutral probability measure P*. The binary (or digital) call
option is a contract with maturity 7', strike price K, and payoff

$1 if Sp > K,

Cy:=1 Sr) =
4= L) (57) {0 if Sp < K.

a) Derive the Black-Scholes PDE satisfied by the pricing function Cy(t,S¢)
of the binary call option, together with its terminal condition.

b) Show that the solution Cy(t, ) of the Black-Scholes PDE of Question (a)
is given by

o) = o (T-t)r (r—02/2)(T —t) +log(z/K)
Calt,) = e q’( oWV =1 >

= T0®(d_(T - 1)),
where
(r—02/2)(T —t) +1log(S;/K)

d_(T—1t):= s 0<t<T.
( ) lo|vVT —t

Exercise 6.12

a) Bachelier (1900) model. Solve the stochastic differential equation

dS; = aS;dt + odB; (6.44)
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in terms of o, 0 € IR, and the initial condition Sp.

Write down the Bachelier PDE satisfied by the function C(¢,x), where
C(t,S¢) is the price at time ¢ € [0,T] of the contingent claim with claim
payoft C' = ¢(St) = exp(St), and identify the process Delta (£);ef01)
that hedges this claim.

Solve the Bachelier PDE of Question (b) with the terminal condition
C(T,z) =¢(z) = e,z €R.

Hint: Search for a solution of the form

b

=

o
=

0.2
C(t,z) = exp (*(T —t)r+zh(t) + E(hZ(t) - 1)> , (6.45)

where h(t) is a function to be determined, with h(T) = 1.
Compute the portfolio strategy (ftvnt)te[o,T] that hedges the contingent
claim with claim payoff C = exp(Sr).

d

=

Exercise 6.13 Let ¢ > 0, K > 0, r € R, and let ® denote the standard
Gaussian cumulative distribution function.

a) Show that for every fixed value of S, the function
d— (S, d) := S®(d+ |o|VT) — Ke "Td(d)

2
reaches its maximum at d.(S) := log(S/K)l —7\(/% g /Q)T.
o

oh
Hint: The maximum is reached when the partial derivative % vanishes.

b) By the differentiation rule

d oh , oh
ﬁh(s,d*(S)) = %(S7 d«(S)) + zil,ﬁ(S)%(S7 d«(S)),

recover the value of the Black-Scholes Delta.

Exercise 6.14

a) Compute the Black-Scholes call and put Vega by differentiation of the
Black-Scholes function

ge(t,x) = Bl(z, K, 0,1, T —1) = 2®(ds (T — 1)) — K e~ T"®(d_(T ~1)),
with respect to the volatility parameter o > 0, knowing that

1 2 1 (log(x/K)+ (r—o2/2)(T - )\’
—gla-r-0)* = =5 ( ENa= )

@) 269

This version: May 3, 2024
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

= —%(d+(T— ) + (T — t)r +log % (6.46)

How do the Black-Scholes call and put prices behave when subjected an
increase in the volatility parameter o?

b) Compute the Black-Scholes Rho by differentiation of the Black-Scholes
function gc(¢,z). How do the Black-Scholes call and put prices behave
when subjected an increase in the interest rate parameter r?

Exercise 6.15 Consider the backward induction relation (3.14), i.e.
o(t,x) = (1 =py)0 (t+1La(l+an)) +pyo (t+1,2(1+ b)),
using the renormalizations ry := rT /N and
ay = (L+ry)(1=|o|V/T/N) =1, by:=1+ry)(1+]o|VT/N) -1,
of Section 3.6, N > 1, with

TN —an
by —an

by —rN

and py = e

PN =

a) Show that the Black-Scholes PDE (6.2) of Proposition 6.1 can be recovered
from the induction relation (3.14) when the number N of time steps tends
to infinity.

0
b) Show that the expression of the Delta & = %(t,st) can be similarly
x

recovered from the finite difference relation (3.15), ie.

(t, (1 + bN)Stfl) —v (t, (1 + aN)Stfl)
Si—1(by —an)

eV (Spo1) =2

as IV tends to infinity.
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