
Chapter 11
Barrier Options

Barrier options are financial derivatives whose payoffs depend on the crossing
of a certain predefined barrier level by the underlying asset price process
(St)t∈[0,T ]. In this chapter, we consider barrier options whose payoffs depend
on an extremum of (St)t∈[0,T ], in addition to the terminal value ST . Barrier
options are then priced by computing the discounted expected values of their
claim payoffs, or by PDE arguments.

11.1 Options on Extrema . . . . . . . . . . . . . . . . . . . . . . . . . . . . 417
11.2 Knock-Out Barrier . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 422
11.3 Knock-In Barrier . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 434
11.4 PDE Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 437
11.5 Hedging Barrier Options . . . . . . . . . . . . . . . . . . . . . . . 441
Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 442

11.1 Options on Extrema

Vanilla options with payoff C = ϕ(ST ) can be priced as

e−rTE∗[ϕ(ST )] = e−rT
w ∞

0
ϕ(y)φST

(y)dy

where φST
(y) is the (one parameter) probability density function of ST , which

satisfies
P(ST ⩽ y) =

w y
0
φST

(v)dv, y > 0.

Recall that typically we have

ϕ(x) = (x−K)+ =

x−K if x ⩾ K,

0 if x < K,

for the European call option with strike price K, and
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ϕ(x) = 1[K,∞)(x) =

 $1 if x ⩾ K,

0 if x < K,

for the binary call option with strike price K. On the other hand, exotic
options, also called path-dependent options, are options whose payoff C may
depend on the whole path

{St : 0 ⩽ t ⩽ T}

of the underlying asset price process via a “complex” operation such as aver-
aging or computing a maximum. They are opposed to vanilla options whose
payoff

C = ϕ(ST ),

depends only on the terminal value ST of the price process via a payoff
function ϕ, and can be priced by the computation of path integrals, see Sec-
tion 17.3.

For example, the payoff of an option on extrema may take the form

C := ϕ
(
MT

0 ,ST
)
,

where
MT

0 = Max
t∈[0,T ]

St

is the maximum of (St)t∈R+ over the time interval [0,T ]. In such situations
the option price at time t = 0 can be expressed as

e−rTE∗[ϕ(MT
0 ,ST

)]
= e−rT

w ∞

0

w ∞

0
ϕ(x, y)φMT

0 ,ST
(x, y)dxdy

where φMT
0 ,ST

is the joint probability density function of (MT
0 ,ST ), which

satisfies

P(MT
0 ⩽ x and ST ⩽ y) =

w x
0

w y
0
φMT

0 ,ST
(u, v)dudv, x, y ⩾ 0.

General case

Using the joint probability density function of W̃T = WT + µT and

X̂T
0 = Max

t∈[0,T ]
W̃ = Max

t∈[0,T ]
(Wt + µt),

see Proposition 10.2, we are able to price any exotic option with payoff
ϕ(W̃T , X̂T

0 ), as
e−(T−t)rE∗[ϕ(X̂T

0 , W̃T

) ∣∣Ft],
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Notes on Stochastic Finance

with in particular, letting a∨ b := Max(a, b),

e−rTE∗[ϕ(X̂T
0 , W̃T

)]
= e−rT

w ∞

−∞

w ∞

y∨0
ϕ(x, y)dP∗(X̂T

0 ⩽ x, W̃T ⩽ y
)
.

In this chapter, we work in a (continuous) geometric Brownian model, in
which the asset price (St)t∈[0,T ] has the dynamics

dSt = rStdt+ σStdWt, t ⩾ 0,

where σ > 0 and (Wt)t∈R+ is a standard Brownian motion under the risk-
neutral probability measure P∗. In particular, by Lemma 5.14 the value Vt
of a self-financing portfolio satisfies

VT e−rT = V0 + σ
w T

0
ξtSt e−rtdWt, t ∈ [0,T ].

In order to price barrier∗ options by the above probabilistic method, we will
use the probability density function of the maximum

MT
0 = Max

t∈[0,T ]
St

of geometric Brownian motion (St)t∈R+ over a given time interval [0,T ] and
the joint probability density function φMT

0 ,ST
(u, v) derived in Chapter 10 by

the reflection principle.

Proposition 11.1. An exotic option with integrable claim payoff of the form

C = ϕ
(
MT

0 ,ST
)
= ϕ

(
Max
t∈[0,T ]

St,ST
)

can be priced at time t = 0 as

e−rTE∗[C]

=
e−rT

T 3/2

√
2
π

w ∞

0

w ∞

y
ϕ
(
S0 eσy,S0 eσx

)
(2x− y) e−µ2T/2+µy−(2x−y)2/(2T )dxdy

+
e−rT

T 3/2

√
2
π

w 0

−∞

w ∞

0
ϕ
(
S0 eσy,S0 eσx

)
(2x− y) e−µ2T/2+µy−(2x−y)2/(2T )dxdy.

Proof. We have

ST = S0 eσWT −σ2T/2+rT = S0 e(WT +µT )σ = S0 eσW̃T ,

with
∗ “A former MBA student in finance told me on March 26, 2004, that she did not
understand why I covered barrier options until she started working in a bank” Lyuu
(2021).
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µ := −σ

2 +
r

σ
and W̃T = WT + µT ,

and

MT
0 = Max

t∈[0,T ]
St = S0 Max

t∈[0,T ]
eσWt−σ2t/2+rt

= S0 Max
t∈[0,T ]

eσW̃t = S0 eσMaxt∈[0,T ] W̃t

= S0 eσX̂T
0 ,

since σ > 0. Hence,

C = ϕ
(
ST ,MT

0
)
= ϕ

(
S0 eσWT −σ2T/2+rT ,MT

0
)
= ϕ

(
S0 eσW̃T ,S0 eσX̂T

0
)
,

and by Proposition 10.3 we have

e−rTE∗[C] = e−rTE∗[ϕ(S0 eσW̃T ,S0 eσX̂T
0
)]

= e−rT
w ∞

−∞

w ∞

y∨0
ϕ
(
S0 eσy,S0 eσx

)
dP
(
X̂T

0 ⩽ x, W̃T ⩽ y
)

=
e−rT

T 3/2

√
2
π

w ∞

−∞

w ∞

y∨0
ϕ
(
S0 eσy,S0 eσx

)
(2x− y) e−µ2T/2+µy−(2x−y)2/(2T )dxdy

=
e−rT

T 3/2

√
2
π

w ∞

0

w ∞

y
ϕ
(
S0 eσy,S0 eσx

)
(2x− y) e−µ2T/2+µy−(2x−y)2/(2T )dxdy

+
e−rT 1
T 3/2

√
2
π

w 0

−∞

w ∞

0
ϕ
(
S0 eσy,S0 eσx

)
(2x− y) e−µ2T/2+µy−(2x−y)2/(2T )dxdy.

□

Pricing barrier options

The payoff of an up-and-out barrier put option on the underlying asset price
St with exercise date T , strike price K and barrier level (or call level) B is

C = (K − ST )
+
1{

Max
0⩽t⩽T

St < B
} =


(K − ST )

+ if Max
0⩽t⩽T

St < B,

0 if Max
0⩽t⩽T

St ⩾ B.

This option is also called a Callable Bear Contract, or a Bear CBBC with no
residual value, or a turbo warrant with no rebate, in which the call level B
usually satisfies B ⩽ K.
The payoff of a down-and-out barrier call option on the underlying asset price
St with exercise date T , strike price K and barrier level B is
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C = (ST −K)+ 1{
min

0⩽t⩽T
St > B

} =


(ST −K)+ if min

0⩽t⩽T
St > B,

0 if min
0⩽t⩽T

St ⩽ B.

This option is also called a Callable Bull Contract, or a Bull CBBC with no
residual value, or a turbo warrant with no rebate, in which the call level B
usually satisfies B ⩾ K. ∗

Category ’R’ Callable Bull/Bear Contracts, or CBBCs, also called turbo
warrants, involve a rebate or residual value computed as the payoff of a
down-and-in lookback option. Category ’N’ Callable Bull/Bear Contracts do
not involve a residual value or rebate, and they usually satisfy B = K. See
Eriksson and Persson (2006), Wong and Chan (2008) and Exercise 11.2 for
the pricing of Category ’R’ CBBCs with rebate.

Option type CBBC Behavior Payoff Price Figure

Barrier call

Bull
down-and-out (ST − K)+ 1{

min
0⩽t⩽T

St > B

} B ⩽ K (11.10) 11.4a
(knock-out) B ⩾ K (11.11) 11.4b
down-and-in (ST − K)+ 1{

min
0⩽t⩽T

St < B

} B ⩽ K (11.13) 11.7a
(knock-in) B ⩾ K (11.14) 11.7b
up-and-out (ST − K)+ 1{

Max
0⩽t⩽T

St < B

} B ⩽ K 0 N.A.
(knock-out) B ⩾ K (11.5) 11.1
up-and-in (ST − K)+ 1{

Max
0⩽t⩽T

St > B

} B ⩽ K BSCall 6.4
(knock-in) B ⩾ K (11.15) 11.8

Barrier put

down-and-out (K − ST )+ 1{
min

0⩽t⩽T
St > B

} B ⩽ K (11.12) 11.6
(knock-out) B ⩾ K 0 N.A.
down-and-in (K − ST )+ 1{

min
0⩽t⩽T

St < B

} B ⩽ K (11.16) 11.9
(knock-in) B ⩾ K BSPut 6.11

Bear
up-and-out (K − ST )+ 1{

Max
0⩽t⩽T

St < B

} B ⩽ K (11.8) 11.2a
(knock-out) B ⩾ K (11.9) 11.2b
up-and-in (K − ST )+ 1{

Max
0⩽t⩽T

St > B

} B ⩽ K (11.17) 11.10a
(knock-in) B ⩾ K (11.18) 11.10b

Table 11.1: Barrier option types.

We can distinguish between eight different variations on barrier options, ac-
cording to Table 11.1.
∗ Download this for the pricing of Bull CBBCs (down-and-out barrier call
options) with B ⩾ K (right-click to save as attachment - may not work on ).
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# https://www.jpmhkwarrants.com/en_hk/cbbc/cbbc-terms/code/58117
# 58117 JP#TENCTRC1906P
# Callable Bull Contract / Down-and-out call barrier with B > K 

# install.packages("rgl")

require(rgl)

deltap <- function( T , r, v, s ) { ( log(s) + ( r + v*v/2.0)*T )/v/sqrt(T) }
deltam <- function( T , r , v, s ) { ( log(s) + ( r - v*v/2.0)*T )/v/sqrt(T) } 
indicator<-function(condition) ifelse(condition,1,0)

B = 349.2
K = 346.4
r = 0.03
sigma = 0.18
T = 90 # in days

entitlement_ratio = 100

market_price=0.134 # Exotic warrant price 

CBBC <- function(S,K,B,T,r,sigma){ indicator(S>B)*(S*pnorm(deltap(T,r,sigma,S/B))-K*exp(-r*T)*pnorm(deltam(T,r,sigma,S/B))-B*(B/S)**(2*r/sigma/sigma)*pnorm(deltap(T,r,sigma,B/S))+K*exp(-r*T)*(B/S)**(-1+2*r/sigma/sigma)*pnorm(deltam(T,r,sigma,B/S))) }

prices = seq(K*0.97, B*1.04, length=50)

time = seq(0, T, length=50)

#create a grid
ST = expand.grid(S=prices,T=time)
# A z-function 

# populate a surface
Z <- CBBC(ST$S,K,B,ST$T/365,r,sigma)/entitlement_ratio
zlim <- range(Z)
zlen <- zlim[2] - zlim[1] + 1

jet.colors <-   # function from grDevices package
      colorRampPalette(c("#00007F", "blue", "#007FFF", "cyan",
                      "#7FFF7F", "yellow", "#FF7F00", "red", "#7F0000"))
colorzjet <- jet.colors(100)  # 100 separate color 

open3d()
par3d(windowRect = c(20, 30, 800, 800)) # ,family="bitmap")
surface3d(x=prices, y=matrix(Z,50), 
            coords=c(1,3,2),z=time, 
            color=colorzjet[ findInterval(Z, seq(min(Z), max(Z), length=100))] )
axes3d()
aspect3d(1,1,1)

# Comparison with fExoticOptions package

# install.packages("fExoticOptions")

# library(devtools)
# install_github("https://github.com/cran/fExoticOptions")

library(fExoticOptions)

T=99 # in days 
S0=360
StandardBarrierOption("cdo",S0,K,B,0,T/365,r,r,sigma)
cat(sprintf("\n Bull CBBC warrant price = %.6f with sigma = %.4f \n\n",CBBC(S0,K,B,T/365,r,sigma)/entitlement_ratio,sigma))

# rgl.snapshot("CBBC.png")

# Sensitivity to volatility

curve(CBBC(S0,K,B,T/365,r,x)/entitlement_ratio, from=0, to=1, xlab=expression(paste(sigma)), lwd = 3, ylab="Bull CBBC Price",ylim=c(0,2*market_price),col="red")

par(new=TRUE)
curve(market_price+0*x, from=0, to=1, xlab="", ylab="",lwd = 3, ylim=c(0,2*market_price),col="black")
par(new=TRUE)
curve((S0-exp(-r*T/365)*K)/entitlement_ratio+0*x, from=0, to=1, xlab="", ylab="",lwd = 3, ylim=c(0,2*market_price),col="blue")
par(new=TRUE)
curve((S0-B)/entitlement_ratio+0*x, from=0, to=1, xlab="", ylab="",lwd = 3, ylim=c(0,2*market_price),col="purple")

legend(0.0, market_price*1.9, legend=c("Bull CBBC Market Price", "Bull CBBC Pricing Formula", expression(S[0]-Ke^-rT), expression(S[0]-B)),col=c("black", "red", "blue", "purple"), lty=1:1, cex=1.,lwd=2)

grid()
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In-out parity

We have the following parity relations between the prices of barrier options
and vanilla call and put options:

Cup-in(t) +Cup-out(t) = e−(T−t)rE∗[(ST −K)+ | Ft], (11.1)

Cdown-in(t) +Cdown-out(t) = e−(T−t)rE∗[(ST −K)+ | Ft], (11.2)

Pup-in(t) + Pup-out(t) = e−(T−t)rE∗[(K − ST )
+ | Ft], (11.3)

Pdown-in(t) + Pdown-out(t) = e−(T−t)rE∗[(K − ST )
+ | Ft], (11.4)

where the price of the European call, resp. put option with strike price K are
obtained from the Black-Scholes formula. Consequently, in what follows we
will only compute the prices of the up-and-out barrier call and put options
and of the down-and-out barrier call and put options.
Note that all knock-out barrier option prices vanish whenM t

0 > B ormt
0 < B,

while the barrier up-and-out call, resp. the down-and-out barrier put option
prices require B > K, resp. B < K, in order not to vanish.

11.2 Knock-Out Barrier

Up-and-out barrier call option

Let us consider an up-and-out barrier call option with maturity T , strike
price K, barrier (or call level) B, and payoff

C = (ST −K)+ 1{
Max

0⩽t⩽T
St < B

} =


ST −K if Max

0⩽t⩽T
St ⩽ B,

0 if Max
0⩽t⩽T

St > B,

with B ⩾ K.

Proposition 11.2. When K ⩽ B, the price

e−(T−t)r
1{

Mt
0<B

}E∗

(xST−t
S0

−K

)+

1{
x Max

0⩽u⩽T−t

Su
S0

< B
}

x=St

of the up-and-out barrier call option with maturity T , strike price K and
barrier level B is given by
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e−(T−t)rE∗
[
(ST −K)+1{

MT
0 <B

} ∣∣∣Ft] (11.5)

= St1{
Mt

0<B
}{Φ

(
δT−t
+

(
St
K

))
− Φ

(
δT−t
+

(
St
B

))

−
(
B

St

)1+2r/σ2 (
Φ
(
δT−t
+

(
B2

KSt

))
− Φ

(
δT−t
+

(
B

St

)))}

− e−(T−t)rK1{
Mt

0<B
}{Φ

(
δT−t

−

(
St
K

))
− Φ

(
δT−t

−

(
St
B

))

−
(
St
B

)1−2r/σ2 (
Φ
(
δT−t

−

(
B2

KSt

))
− Φ

(
δT−t

−

(
B

St

)))}
,

where
δτ±(z) =

1
σ

√
τ

(
log z +

(
r± σ2

2

)
τ

)
, z > 0. (11.6)

The price of the up-and-out barrier call option vanishes when B ⩽ K.

We also have

e−(T−t)rE∗
[
(ST −K)+1{

MT
0 <B

} ∣∣∣Ft]
= 1{

Mt
0<B

}Bl(St,K, r,T − t,σ) − St1{
Mt

0<B
}Φ

(
δT−t
+

(
St
B

))
−B

(
B

St

)2r/σ2

1{
Mt

0<B
}(Φ

(
δT−t
+

(
B2

KSt

))
− Φ

(
δT−t
+

(
B

St

)))

+ e−(T−t)rK1{
Mt

0<B
}Φ

(
δT−t

−

(
St
B

))
+ e−(T−t)rK

(
St
B

)1−2r/σ2

1{
Mt

0<B
}(Φ

(
δT−t

−

(
B2

KSt

))
− Φ

(
δT−t

−

(
B

St

)))
.

The following code implements the up-and-out pricing formula (11.5).
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1 dp <- function( T , r, v, z ) { ( log(z) + ( r + v*v/2.0)*T )/v/sqrt(T) }
dm <- function( T , r , v, z ) { ( log(z) + ( r - v*v/2.0)*T )/v/sqrt(T) }

3 ind<-function(condition) ifelse(condition,1,0)
CBBC <- function(S,K,B,T,r,sig){ S*ind(S<B)*(pnorm(dp(T,r,sig,S/K))

-pnorm(dp(T,r,sig,S/B)) -(B/S)**(1+2*r/sig**2)*(pnorm(dp(T,r,sig,B**2/K/S))
-pnorm(dp(T,r,sig,B/S)))) -K*exp(-r*T)*ind(S<B)*((pnorm(dm(T,r,sig,S/K))
-pnorm(dm(T,r,sig,S/B))) -(S/B)**(1-2*r/sig**2)*(pnorm(dm(T,r,sig,B**2/K/S))
-pnorm(dm(T,r,sig,B/S))))}

5 CBBC(S=90,K=100,B=120,T=1,r=0.01,sig=0.1)
library(devtools);

7 install_github("https://github.com/cran/fOptions")
install_github("https://github.com/cran/fExoticOptions")

9 library(fOptions); library(fExoticOptions);
StandardBarrierOption("cuo",90,100,120,0,1,0.01,0.01,0.1)

Note that taking B = +∞ in the above identity (11.5) recovers the Black-
Scholes formula

e−(T−t)rE∗[(ST −K)+ | Ft] = StΦ
(
δT−t
+

(
St
K

))
− e−(T−t)rKΦ

(
δT−t

−

(
St
K

))
for the price of European call options.

The graph of Figure 11.1 represents the up-and-out barrier call option
price given the value St of the underlying asset and the time t ∈ [0,T ] with
T = 220 days.
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Fig. 11.1: Graph of the up-and-out call option price with B = 80 > K = 65.∗

Proof of Proposition 11.2. We have C = ϕ
(
ST ,MT

0
)

with

ϕ(x, y) = (x−K)+ 1{y<B} =

 (x−K)+ if y < B,

0 if y ⩾ B,

hence
∗ Right-click on the figure for interaction and “Full Screen Multimedia” view.
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////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton4'){ocgs[i].state=false;}}


////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Alexander Grahn
//
// 3Dspintool.js
//
// version 20120301
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript')
//
// enables the Spin tool (also accessible via 3D toolbar or context menu)
// upon activation of the 3D scene; the scene then rotates around the upright
// axis while dragging with the mouse
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

runtime.setCurrentTool(runtime.TOOL_NAME_SPIN);
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and this yields the result of Proposition 11.2, cf. § 7.3.3 pages 304-307 of
Shreve (2004) for a different approach to this calculation. This concludes the
proof of Proposition 11.2. □

Up-and-out barrier put option

This option is also called a Callable Bear Contract, or a Bear CBBC with no
residual value, or a turbo warrant with no rebate, in which B denotes the
call level∗. The price
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of the up-and-out barrier put option with maturity T , strike price K and
barrier level B is given, if B ⩽ K, by
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and, if B ⩾ K, by
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∗ Download this for the pricing of Bear CBBCs (up-and-out barrier put options)
with B ⩽ K (right-click to save as attachment - may not work on ).
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# Callable Bull Contract / Up-and-out put barrier with B < K 

# install.packages("rgl")

require(rgl)

deltap <- function( T , r, v, s ) { ( log(s) + ( r + v*v/2.0)*T )/v/sqrt(T) }
deltam <- function( T , r , v, s ) { ( log(s) + ( r - v*v/2.0)*T )/v/sqrt(T) } 
indicator<-function(condition) ifelse(condition,1,0)

CBBCBear <- function(S,K,B,T,r,sigma){indicator(S<B)*S*(- pnorm(-deltap(T,r,sigma,S/B))+(B/S)**(1+2*r/sigma/sigma)*pnorm(-deltap(T,r,sigma,B/S)))- indicator(S<B)*K*exp(-r*T)*(-pnorm(-deltam(T,r,sigma,S/B))+(S/B)**(1-2*r/sigma/sigma)*pnorm(-deltam(T,r,sigma,B/S)))}

B = 445.8
K = 448.6
r = 0.03
sigma = 0.18
T = 90 # in days

entitlement_ratio = 100

market_price=0.460 # Bear CBBC exotic warrant price 

prices = seq(B*0.97, K*1.04, length=50)

time = seq(0, T, length=50)

#create a grid
ST = expand.grid(S=prices,T=time)
# A z-function 

# populate a surface
Z <- CBBCBear(ST$S,K,B,ST$T/365,r,sigma)/entitlement_ratio
zlim <- range(Z)
zlen <- zlim[2] - zlim[1] + 1

jet.colors <-   # function from grDevices package
      colorRampPalette(c("#00007F", "blue", "#007FFF", "cyan",
                      "#7FFF7F", "yellow", "#FF7F00", "red", "#7F0000"))
colorzjet <- jet.colors(100)  # 100 separate color 

open3d()
par3d(windowRect = c(20, 30, 800, 800)) # ,family="bitmap")
surface3d(x=prices, y=matrix(Z,50), 
            coords=c(1,3,2),z=time, 
            color=colorzjet[ findInterval(Z, seq(min(Z), max(Z), length=100))] )
axes3d()
aspect3d(1,1,1)

# Comparison with fExoticOptions package

# library(devtools)
# install_github("https://github.com/cran/fExoticOptions")

# install.packages("fExoticOptions")
library(fExoticOptions)

T = 700 # in days 
S0 = 20291.27
B = 20600
K = 20700
r = 0.01
entitlement_ratio = 10000
market_price=0.042 # Bear CBBC exotic warrant price

StandardBarrierOption("puo",S0,K,B,0,T/365,r,r,sigma)
cat(sprintf("\n Bear CBBC warrant price = %.6f with sigma = %.4f \n\n",CBBCBear(S0,K,B,T/365,r,sigma)/entitlement_ratio,sigma))

# rgl.snapshot("CBBCBear.png")

# Sensitivity to volatility

curve(CBBCBear(S0,K,B,T/365,r,x)/entitlement_ratio, from=0, to=1, xlab=expression(paste(sigma)), lwd = 3, ylab="Bear CBBC Price",ylim=c(0,2*market_price),col="red")

par(new=TRUE)
curve(market_price+0*x, from=0, to=1, xlab="", ylab="",lwd = 3, ylim=c(0,2*market_price),col="black")
par(new=TRUE)
curve((exp(-r*T/365)*K-S0)/entitlement_ratio+0*x, from=0, to=1, xlab="", ylab="",lwd = 3, ylim=c(0,2*market_price),col="blue")
par(new=TRUE)
curve((B-S0)/entitlement_ratio+0*x, from=0, to=1, xlab="", ylab="",lwd = 3, ylim=c(0,2*market_price),col="purple")

legend(0.0, market_price*1.9, legend=c("Bear CBBC Market Price", "Bear CBBC Pricing Formula", expression(Ke^-rT-S[0]), expression(B-S[0])),col=c("black", "red", "blue", "purple"), lty=1:1, cex=1.,lwd=2)

grid()
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(b) Case B = 80 > K = 60.

Fig. 11.2: Graphs of the up-and-out put option prices (11.8)-(11.9).

The following Figure 11.3 shows the market pricing data of an up-and-out
barrier put option on BHP Billiton Limited ASX:BHP with B = K = $28
for half a share, priced at 1.79.
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Fig. 11.3: Pricing data for an up-and-out put option with K = B = $28.

The attached performs an implied volatility calculation for up-and-
out barrier put option (or Bear CBBC) prices with B < K, based on this

set.

Down-and-out barrier call option

Let us now consider a down-and-out barrier call option on the underlying
asset price St with exercise date T , strike price K, barrier level B, and payoff

C = (ST −K)+ 1{
min

0⩽t⩽T
St > B

} =


ST −K if min

0⩽t⩽T
St > B,

0 if min
0⩽t⩽T

St ⩽ B,

with 0 ⩽ B ⩽ K. The down-and-out barrier call option is also called a
Callable Bull Contract, or a Bull CBBC with no residual value, or a turbo
warrant with no rebate, in which B denotes the call level.∗ When B ⩽ K,
we have

e−(T−t)rE∗

(ST −K)+ 1{
min

0⩽t⩽T
St > B

} ∣∣∣∣ Ft

 (11.10)

= St1{
mt

0>B
}Φ

(
δT−t
+

(
St
K

))
− e−(T−t)rK1{

mt
0>B

}Φ
(
δT−t

−

(
St
K

))
∗ Download this for the pricing of Bull CBBC (down-and-out barrier call op-
tions) with B ⩾ K (right-click to save as attachment - may not work on ).
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# Bear CBBC (or up and out barrier put) with B < K

library(dplyr);library(plotly)
T <- 1
Barrier_Option_Price <- function(S, T, r, sigma, K, B){
  First_term <- S*(pnorm((log(S/B)+(r+(sigma*sigma/2))*T)/(sigma*sqrt(T))))
  Second_term <- S*(pnorm((log((B*B)/(K*S))+(r+(sigma*sigma/2))*T)/(sigma*sqrt(T)),0,1)-pnorm((log(B/S)+(r+(sigma*sigma/2))*T)/(sigma*sqrt(T))))*((B/S)^(1+(2*r/(sigma*sigma))))
  Third_term <- -exp(-r*T)*K*(pnorm((log(S/B)+(r-(sigma*sigma/2))*T)/(sigma*sqrt(T))))
  Fourth_term <- exp(-r*T)*K*(pnorm((log((B*B)/(K*S))+(r-(sigma*sigma/2))*T)/(sigma*sqrt(T)),0,1)-pnorm((log(B/S)+(r-(sigma*sigma/2))*T)/(sigma*sqrt(T))))*((S/B)^(1-(2*r/(sigma*sigma))))
  return(First_term+Second_term+Third_term-Fourth_term)}
minimize<-function(par, S, T, r, K, B, price){
  error <- (price - Barrier_Option_Price(S,T,r,par,K,B))**2
  return(error)}
Barrier_Option_Data<- read.csv("Up_and_Out.csv", sep=",")
names(Barrier_Option_Data) <- c("Strike", "Barrier", "Maturity_Years", "Price")
imp_vol <- vector()
for(i in c(1:nrow(Barrier_Option_Data))){
  result <- optim(par = 0.01 , fn = minimize, S = 35.375 , T = T, r = 0.03, K = Barrier_Option_Data$Strike[i], B = Barrier_Option_Data$Barrier[i], 
                  price = Barrier_Option_Data$Price[i], method="Brent", lower=0, upper=1)
  imp_vol[i] <- result$par}
Barrier_Option_Data$Imp_Vol <- imp_vol

plot_ly(x=Barrier_Option_Data$Strike, y=Barrier_Option_Data$Barrier, z=Barrier_Option_Data$Imp_Vol, type='scatter3d', mode='markers') %>%
  layout(title = "Up and Out Call Barrier Option Volatility Smile",scene = list(xaxis = list(title = "Strike Price"),yaxis = list(title = "Barrier Level"),zaxis = list(title = "Implied Volatility")))

plot_ly(x=Barrier_Option_Data$Strike, y=Barrier_Option_Data$Barrier, z=Barrier_Option_Data$Imp_Vol, type='mesh3d') %>%
  layout(title = "Up and Out Call Barrier Option Volatility Smile",scene = list(xaxis = list(title = "Strike Price"),yaxis = list(title = "Barrier Level"),zaxis = list(title = "Implied Volatility")))




		Strike		Barrier		Maturity		Price

		30		36.0825		0.246575342		4.306587875

		30		36.43625		0.246575342		4.01951975

		30		37.14375		0.246575342		3.415420875

		30		38.205		0.246575342		2.534158875

		30		38.9125		0.246575342		2.10955275

		30		40.68125		0.246575342		1.130408125

		32		36.0825		0.246575342		2.829398625

		32		36.43625		0.246575342		2.703463625

		32		37.14375		0.246575342		2.400512125

		32		38.205		0.246575342		1.88442625

		32		38.9125		0.246575342		1.5611695

		32		40.68125		0.246575342		0.913134875

		34		36.0825		0.246575342		1.601037125

		34		36.43625		0.246575342		1.57348

		34		37.14375		0.246575342		1.48284925

		34		38.205		0.246575342		1.266672625

		34		38.9125		0.246575342		1.098712125

		34		40.68125		0.246575342		0.69893925

		35.375		36.0825		0.246575342		0.991101375

		35.375		36.43625		0.246575342		0.988519

		35.375		37.14375		0.246575342		0.968390625

		35.375		38.205		0.246575342		0.886639

		35.375		38.9125		0.246575342		0.80251725

		35.375		40.68125		0.246575342		0.550894875

		36		36.0825		0.246575342		0.782388875

		36		36.43625		0.246575342		0.782105875

		36		37.14375		0.246575342		0.77605675

		36		38.205		0.246575342		0.733288375

		36		38.9125		0.246575342		0.67856325

		36		40.68125		0.246575342		0.490828125

		37		36.0825		0.246575342		0.5270875

		37		36.43625		0.246575342		0.5270875

		37		37.14375		0.246575342		0.527052125

		37		38.205		0.246575342		0.519340375

		37		38.9125		0.246575342		0.498929

		37		40.68125		0.246575342		0.393263875

		40		36.0825		0.246575342		0.15727725

		40		36.43625		0.246575342		0.157312625

		40		37.14375		0.246575342		0.15727725

		40		38.205		0.246575342		0.15727725

		40		38.9125		0.246575342		0.15727725

		40		40.68125		0.246575342		0.15565

		42		36.0825		0.246575342		0.07662225

		42		36.43625		0.246575342		0.07662225

		42		37.14375		0.246575342		0.076586875

		42		38.205		0.246575342		0.076586875

		42		38.9125		0.246575342		0.076586875

		42		40.68125		0.246575342		0.076586875




# https://www.jpmhkwarrants.com/en_hk/cbbc/cbbc-terms/code/58117
# 58117 JP#TENCTRC1906P
# Callable Bull Contract / Down-and-out call barrier with B > K 

# install.packages("rgl")

require(rgl)

deltap <- function( T , r, v, s ) { ( log(s) + ( r + v*v/2.0)*T )/v/sqrt(T) }
deltam <- function( T , r , v, s ) { ( log(s) + ( r - v*v/2.0)*T )/v/sqrt(T) } 
indicator<-function(condition) ifelse(condition,1,0)

B = 349.2
K = 346.4
r = 0.03
sigma = 0.18
T = 90 # in days

entitlement_ratio = 100

market_price=0.134 # Exotic warrant price 

CBBC <- function(S,K,B,T,r,sigma){ indicator(S>B)*(S*pnorm(deltap(T,r,sigma,S/B))-K*exp(-r*T)*pnorm(deltam(T,r,sigma,S/B))-B*(B/S)**(2*r/sigma/sigma)*pnorm(deltap(T,r,sigma,B/S))+K*exp(-r*T)*(B/S)**(-1+2*r/sigma/sigma)*pnorm(deltam(T,r,sigma,B/S))) }

prices = seq(K*0.97, B*1.04, length=50)

time = seq(0, T, length=50)

#create a grid
ST = expand.grid(S=prices,T=time)
# A z-function 

# populate a surface
Z <- CBBC(ST$S,K,B,ST$T/365,r,sigma)/entitlement_ratio
zlim <- range(Z)
zlen <- zlim[2] - zlim[1] + 1

jet.colors <-   # function from grDevices package
      colorRampPalette(c("#00007F", "blue", "#007FFF", "cyan",
                      "#7FFF7F", "yellow", "#FF7F00", "red", "#7F0000"))
colorzjet <- jet.colors(100)  # 100 separate color 

open3d()
par3d(windowRect = c(20, 30, 800, 800)) # ,family="bitmap")
surface3d(x=prices, y=matrix(Z,50), 
            coords=c(1,3,2),z=time, 
            color=colorzjet[ findInterval(Z, seq(min(Z), max(Z), length=100))] )
axes3d()
aspect3d(1,1,1)

# Comparison with fExoticOptions package

# install.packages("fExoticOptions")

# library(devtools)
# install_github("https://github.com/cran/fExoticOptions")

library(fExoticOptions)

T=99 # in days 
S0=360
StandardBarrierOption("cdo",S0,K,B,0,T/365,r,r,sigma)
cat(sprintf("\n Bull CBBC warrant price = %.6f with sigma = %.4f \n\n",CBBC(S0,K,B,T/365,r,sigma)/entitlement_ratio,sigma))

# rgl.snapshot("CBBC.png")

# Sensitivity to volatility

curve(CBBC(S0,K,B,T/365,r,x)/entitlement_ratio, from=0, to=1, xlab=expression(paste(sigma)), lwd = 3, ylab="Bull CBBC Price",ylim=c(0,2*market_price),col="red")

par(new=TRUE)
curve(market_price+0*x, from=0, to=1, xlab="", ylab="",lwd = 3, ylim=c(0,2*market_price),col="black")
par(new=TRUE)
curve((S0-exp(-r*T/365)*K)/entitlement_ratio+0*x, from=0, to=1, xlab="", ylab="",lwd = 3, ylim=c(0,2*market_price),col="blue")
par(new=TRUE)
curve((S0-B)/entitlement_ratio+0*x, from=0, to=1, xlab="", ylab="",lwd = 3, ylim=c(0,2*market_price),col="purple")

legend(0.0, market_price*1.9, legend=c("Bull CBBC Market Price", "Bull CBBC Pricing Formula", expression(S[0]-Ke^-rT), expression(S[0]-B)),col=c("black", "red", "blue", "purple"), lty=1:1, cex=1.,lwd=2)

grid()
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St > B, 0 ⩽ t ⩽ T , see Exercise 11.1 below.
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(a) Case B = 60 < K = 80.
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(b) Case K = 40 < B = 60.

Fig. 11.4: Graphs of the down-and-out call option price (11.10)-(11.11).
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In the next Figure 11.5 we plot∗ the down-and-out barrier call option price
(11.11) as a function of volatility with B = 349.2 > K = 346.4, r = 0.03,
T = 99/365, and S0 = 360.
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Fig. 11.5: Down-and-out call option price as a function of σ.

We note that with such parameters, the down-and-out barrier call option
price (11.11) is upper bounded by the forward contract price S0 −K e−rT in
the limit as σ tends to zero, and that it decreases to S0 −B in the limit as σ
tends to infinity.

Down-and-out barrier put option
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∗ Download this for the pricing of down-and-out barrier call options (right-click
to save as attachment - may not work on ).
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deltap <- function( T , r, v, s ) { ( log(s) + ( r + v*v/2.0)*T )/v/sqrt(T) }
deltam <- function( T , r , v, s ) { ( log(s) + ( r - v*v/2.0)*T )/v/sqrt(T) } 
indicator<-function(condition) ifelse(condition,1,0)

S0 = 360
B = 349.2
K = 346.4
r = 0.03
sigma = 0.18
T = 99

entitlement_ratio = 100

market_price=0.134 # Exotic warrant price 

CBBC <- function(S,K,B,T,r,sigma){ indicator(S>B)*(S*pnorm(deltap(T,r,sigma,S/B))-K*exp(-r*T)*pnorm(deltam(T,r,sigma,S/B))-B*(B/S)**(2*r/sigma/sigma)*pnorm(deltap(T,r,sigma,B/S))+K*exp(-r*T)*(B/S)**(-1+2*r/sigma/sigma)*pnorm(deltam(T,r,sigma,B/S))) }

prices = seq(K*0.97, B*1.04, length=50)

# rgl.snapshot("CBBC.png")

# Sensitivity to volatility
par(oma=c(0,0.5,0,0))
curve(CBBC(S0,K,B,T/365,r,x)/entitlement_ratio, from=0, to=1, xlab=expression(paste(sigma)), lwd = 6, ylab="Bull CBBC Price",cex.lab=1.4,cex.axis=1.6,ylim=c(0.1,1.5*market_price),col="red",xaxs="i",yaxs="i")
r2=0.10
par(new=TRUE)
curve(market_price+0*x, from=0, to=1, xlab="", ylab="",lwd = 6, ylim=c(0.1,1.5*market_price),col="black",xaxs="i",yaxs="i",axes=FALSE)
par(new=TRUE)
curve((S0-exp(-r*T/365)*K)/entitlement_ratio+0*x, from=0, to=1, xlab="", ylab="",lwd = 6, ylim=c(0.1,1.5*market_price),col="blue",xaxs="i",yaxs="i",axes=FALSE)
par(new=TRUE)
curve((S0-B)/entitlement_ratio+0*x, from=0, to=1, xlab="", ylab="",lwd = 6, ylim=c(0.1,1.5*market_price),col="purple",xaxs="i",yaxs="i",axes=FALSE)

legend(0.0, market_price*1.5, legend=c("Bull CBBC Market Price", "Bull CBBC Pricing Formula", expression(S[0]-Ke^-rT), expression(S[0]-B)),col=c("black", "red", "blue", "purple"), lty=1:1, cex=1.4,lwd=2)

# Comparison with fExoticOptions package

# install.packages("fExoticOptions")
library(fExoticOptions)
print(StandardBarrierOption("cdo",S0,K,B,0,T/365,r,r,sigma))
cat(sprintf("\n Bull CBBC warrant price = %.6f with sigma = %.4f \n\n",CBBC(S0,K,B,T/365,r,sigma)/entitlement_ratio,sigma))
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δT−t
+

(
B2

KSt

))
− Φ

(
δT−t
+

(
B

St

)))
− e−(T−t)rK1{

mt
0>B

}Φ
(

−δT−t
−

(
St
B

))
+ e−(T−t)rK1{

mt
0>B

} (St
B

)1−2r/σ2 (
Φ
(
δT−t

−

(
B2

KSt

))
− Φ

(
δT−t

−

(
B

St

)))
,

while the corresponding price vanishes when K ⩽ B.
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Fig. 11.6: Graph of the down-and-out put option price (11.12) with K = 80 > B = 65.

Note that although Figures 11.2b and 11.4a, resp. 11.2a and 11.4b, appear
to share some symmetry property, the functions themselves are not exactly
symmetric. Regarding Figures 11.1 and 11.6, the pricing function is actually
the same, but the conditions B < K and B > K play opposite roles.
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11.3 Knock-In Barrier

Down-and-in barrier call option

When B ⩽ K, the price of the down-and-in barrier call option is given from
the down-and-out barrier call option price (11.10) and the down-in-out call
parity relation (11.2) as

e−(T−t)rE∗
[
(ST −K)+1{

mT
0 <B

} ∣∣∣∣Ft] (11.13)

= 1{
mt

0⩽B
}Bl(St,K, r,T − t,σ)

+St1{
mt

0>B
} (B

St

)1+2r/σ2

Φ
(
δT−t
+

(
B2

KSt

))
− e−(T−t)rK1{

mt
0>B

} (St
B

)1−2r/σ2

Φ
(
δT−t

−

(
B2

KSt

))
.
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(a) Case K = 80 > B = 65.
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(b) Case K = 40 < B = 60.

Fig. 11.7: Graphs of the down-and-in call option price (11.13)-(11.14).

When B ⩾ K, the price of the down-and-in barrier call option is given from
the down-and-out barrier call option price (11.11) and the down-in-out call
parity relation (11.2) as

e−(T−t)rE∗
[
(ST −K)+1{

mT
t <B

} ∣∣∣Ft] (11.14)

= Bl(St,K, r,T − t,σ)

−St1{
mt

0>B
}Φ

(
δT−t
+

(
St
B

))
+ e−(T−t)rK1{

mt
0>B

}Φ
(
δT−t

−

(
St
B

))
+1{

mt
0>B

}St(B
St

)1+2r/σ2

Φ
(
δT−t
+

(
B

St

))
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− e−(T−t)rK1{
mt

0>B
} (St

B

)1−2r/σ2

Φ
(
δT−t

−

(
B

St

))
, 0 ⩽ t ⩽ T .

Up-and-in barrier call option

When B ⩾ K, the price of the up-and-in barrier call option is given from
(11.5) and the up-in-out call parity relation (11.1) as

e−(T−t)rE∗
[
(ST −K)+1{

MT
0 >B

} ∣∣∣∣Ft] (11.15)

= 1{
Mt

0⩾B
}Bl(St,K, r,T − t,σ) + St1{

Mt
0<B

}Φ
(
δT−t
+

(
St
B

))
+B1{

Mt
0<B

} (B
St

)2r/σ2 (
Φ
(
δT−t
+

(
B2

KSt

))
− Φ

(
δT−t
+

(
B

St

)))

− e−(T−t)rK1{
Mt

0<B
}Φ

(
δT−t

−

(
St
B

))
− e−(T−t)rK

(
St
B

)1−2r/σ2 (
Φ
(
δT−t

−

(
B2

KSt

))
− Φ

(
δT−t

−

(
B

St

)))
.
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Fig. 11.8: Graph of the up-and-in call option price (11.15) with B = 80 > K = 65.

When B ⩽ K, the price of the up-and-in barrier call option is given from the
Black-Scholes formula and the up-in-out call parity relation (11.1) as

e−(T−t)rE∗
[
(ST −K)+1{

MT
0 >B

} ∣∣∣Ft] = Bl(St,K, r,T − t,σ).
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Down-and-in barrier put option

When B ⩽ K, the price of the down-and-in barrier put option is given from
(11.12) and the down-in-out put parity relation (11.4) as

e−(T−t)rE∗
[
(K − ST )

+
1{

mT
t <B

} ∣∣∣∣Ft] (11.16)

= 1{
mt

0⩽B
}Blput(St,K, r,T − t,σ) − St1{

mt
0>B

}Φ
(

−δT−t
+

(
St
B

))
+B1{

mt
0>B

} (B
St

)2r/σ2 (
Φ
(
δT−t
+

(
B2

KSt

))
− Φ

(
δT−t
+

(
B

St

)))
+ e−(T−t)rK1{

mt
0>B

}Φ
(

−δT−t
−

(
St
B

))
− e−(T−t)rK1{

mt
0>B

} (St
B

)1−2r/σ2 (
Φ
(
δT−t

−

(
B2

KSt

))
− Φ

(
δT−t

−

(
B

St

)))
,

0 ⩽ t ⩽ T .
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Fig. 11.9: Graph of the down-and-in put option price (11.16) with K = 80 > B = 65.

When B ⩾ K, the price of the down-and-in barrier put option is given from
the Black-Scholes put function and the down-in-out put parity relation (11.4)
as

e−(T−t)rE∗
[
(K − ST )

+
1{

mT
t <B

} ∣∣∣∣Ft] = Blput(St,K, r,T − t,σ),

0 ⩽ t ⩽ T .

Up-and-in barrier put option

When B ⩽ K, the price of the down-and-in barrier put option is given from
(11.8) and the up-in-out put parity relation (11.3) as
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e−(T−t)rE∗
[
(K − ST )

+
1{

MT
0 >B

} ∣∣∣∣Ft] (11.17)

= Blput(St,K, r,T − t,σ)

−St1{
Mt

0<B
} ((B

St

)1+2r/σ2

Φ
(

−δT−t
+

(
B

St

))
− Φ

(
−δT−t

+

(
St
B

)))
+K e−(T−t)r

×1{
Mt

0<B
} ((St

B

)1−2r/σ2

Φ
(

−δT−t
−

(
B

St

))
− Φ

(
−δT−t

−

(
St
B

)))
.

0 ⩽ t ⩽ T .
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(a) K = 80 > B = 70.
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(b) Case K = 70 < B = 80.

Fig. 11.10: Graphs of the up-and-in put option price (11.17)-(11.18).

By (11.9) and the up-in-out put parity relation (11.3), the price of the up-
and-in barrier put option is given when B ⩾ K by

e−(T−t)rE∗
[
(K − ST )

+
1{

MT
0 >B

} ∣∣∣Ft] (11.18)

= 1{
Mt

0⩾B
}Blput(St,K, r,T − t,σ)

−St1{
Mt

0<B
} (B

St

)1+2r/σ2

Φ
(

−δT−t
+

(
B2

KSt

))
+K1{

Mt
0<B

} e−(T−t)r
(
St
B

)1−2r/σ2

Φ
(

−δT−t
−

(
B2

KSt

))
.

11.4 PDE Method

The up-and-out barrier call option price has been evaluated by probabilistic
arguments in the previous sections. In this section we complement this ap-
proach with the derivation of a Partial Differential Equation (PDE) for this
option price function.
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The up-and-out barrier call option price can be written as

e−(T−t)rE∗
[
(ST −K)+1{

MT
0 <B

} ∣∣∣Ft]
= e−(T−t)rE∗

[
(ST −K)+1{

Max
0⩽r⩽t

Sr < B
}1{

Max
t⩽r⩽T

Sr < B
} ∣∣∣Ft]

= e−(T−t)r
1{

Max
0⩽r⩽t

Sr < B
}E∗

(ST −K)+ 1{
Max
t⩽r⩽T

Sr < B
} ∣∣∣∣ Ft


= 1{

Mt
0<B

}g(t,St),
where the function g(t,x) of t and St is given by

g(t,x) = e−(T−t)rE∗

(ST −K)+ 1{
Max
t⩽r⩽T

Sr < B
} ∣∣∣∣ St = x

 . (11.19)

Next, by the same argument as in the proof of Proposition 6.1 we derive
the Black-Scholes partial differential equation (PDE) satisfied by g(t,x), and
written for the value of a self-financing portfolio.

Proposition 11.3. Let (ηt, ξt)t∈R+ be a portfolio strategy such that

(i) (ηt, ξt)t∈R+ is self-financing,

(ii) the portfolio value Vt := ηtAt + ξtSt, t ⩾ 0, is given as in (11.19) by

Vt = 1{
Mt

0<B
}g(t,St), t ⩾ 0.

Then, the function g(t,x) pricing the up-and-out barrier call option satisfies
the Black-Scholes PDE

rg(t,x) = ∂g

∂t
(t,x) + rx

∂g

∂x
(t,x) + 1

2x
2σ2 ∂

2g

∂x2 (t,x), (11.20)

t > 0, 0 < x < B, and ξt is given by

ξt =
∂g

∂x
(t,St), 0 ⩽ t ⩽ T , (11.21)

provided that M t
0 < B.

Proof. By (11.19) the price at time t of the up-and-out barrier call option
discounted to time 0 is given by

e−rt
1{

Mt
0<B

}g(t,St)
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= e−rT
1{

Mt
0<B

}E∗

(ST −K)+ 1{
Max
t⩽r⩽T

Sr < B
} ∣∣∣∣ Ft


= e−rTE∗

(ST −K)+ 1{
Mt

0<B
}1{

Max
t⩽r⩽T

Sr < B
} ∣∣∣∣ Ft


= e−rTE∗

(ST −K)+ 1{
Max

0⩽r⩽T
Sr < B

} ∣∣∣∣ St
 ,

which is a martingale indexed by t ⩾ 0. Next, applying the Itô formula to
t 7−→ e−rtg(t,St) “on {M t

0 ⩽ B, 0 ⩽ t ⩽ T}”, we have

d( e−rtg(t,St)) = − r e−rtg(t,St)dt+ e−rtdg(t,St)

= −r e−rtg(t,St)dt+ e−rt ∂g

∂t
(t,St)dt

+ r e−rtSt
∂g

∂x
(t,St)dt+

1
2 e−rtσ2S2

t
∂2g

∂x2 (t,St)dt

+ e−rtσSt
∂g

∂x
(t,St)dWt. (11.22)

In order to derive (11.21) we note that, as in the proof of Proposition 6.1,
the self-financing condition (5.9) implies

d( e−rtVt) = −r e−rtVtdt+ e−rtdVt

= −r e−rtVtdt+ ηt e−rtdAt + ξt e−rtdSt

= −r(ηtAt + ξtSt) e−rtdt+ rηtAt e−rtdt+ rξtSt e−rtdt+ σξtSt e−rtdWt

= σξtSt e−rtdWt, t ⩾ 0, (11.23)

and (11.21) follows by identification of (11.22) with (11.23) which shows that
the sum of components in factor of dt have to vanish, hence

−rg(t,St) +
∂g

∂t
(t,St) + rSt

∂g

∂x
(t,St) +

σ2

2 S2
t
∂2g

∂x2 (t,St) = 0.

□

In the next proposition we add a boundary condition to the Black-Scholes
PDE (11.20) in order to hedge the up-and-out barrier call option with ma-
turity T , strike price K, barrier (or call level) B, and payoff

C = (ST −K)+ 1{
Max

0⩽t⩽T
St < B

} =


ST −K if Max

0⩽t⩽T
St ⩽ B,

0 if Max
0⩽t⩽T

St > B,
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with B ⩾ K.

Proposition 11.4. The value Vt = 1{
Mt

0<B
}g(t,St) of the self-financing

portfolio hedging the up-and-out barrier call option satisfies the Black-Scholes
PDE



rg(t,x) = ∂g

∂t
(t,x) + rx

∂g

∂x
(t,x) + 1

2x
2σ2 ∂

2g

∂x2 (t,x),

g(t,x) = 0, x ⩾ B, t ∈ [0,T ],

g(T ,x) = (x−K)+1{x<B},

(11.24a)

(11.24b)

(11.24c)

on the time-space domain [0,T ] × [0,B] with terminal condition

g(T ,x) = (x−K)+1{x<B}

and lateral boundary condition

g(t,x) = 0, x ⩾ B. (11.25)

Condition (11.25) holds since the price of the claim at time t is 0 whenever
St = B. When K ⩽ B, the closed-form solution of the PDE (11.24a) under
the boundary conditions (11.24b)-(11.24c) is given from (11.5) in Proposi-
tion 11.2 as

g(t,x) = x
(

Φ
(
δT−t
+

( x
K

))
− Φ

(
δT−t
+

( x
B

)))
(11.26)

−x
( x
B

)−1−2r/σ2 (
Φ
(
δT−t
+

(
B2

Kx

))
− Φ

(
δT−t
+

(
B

x

)))
−K e−(T−t)r

(
Φ
(
δT−t

−

( x
K

))
− Φ

(
δT−t

−

( x
B

)))
+K e−(T−t)r

( x
B

)1−2r/σ2 (
Φ
(
δT−t

−

(
B2

Kx

))
− Φ

(
δT−t

−

(
B

x

)))
,

0 < x ⩽ B, 0 ⩽ t ⩽ T ,

see Figure 11.1. We note that the expression (11.26) can be rewritten using
the standard Black-Scholes formula

Bl(S,K, r,T ,σ) = SΦ
(
δT+

(
S

K

))
−K e−rTΦ

(
δT−

(
S

K

))
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for the price of the European call option, as

g(t,x) = Bl(x,K, r,T − t,σ) − xΦ
(
δT−t
+

( x
B

))
+ e−(T−t)rKΦ

(
δT−t

−

( x
B

))
−B

(
B

x

)2r/σ2 (
Φ
(
δT−t
+

(
B2

Kx

))
− Φ

(
δT−t
+

(
B

x

)))
+ e−(T−t)rK

( x
B

)1−2r/σ2 (
Φ
(
δT−t

−

(
B2

Kx

))
− Φ

(
δT−t

−

(
B

x

)))
,

0 < x ⩽ B, 0 ⩽ t ⩽ T .

Table 11.2 summarizes the boundary conditions satisfied for barrier option
pricing in the Black-Scholes PDE.

Option type CBBC Behavior
Boundary conditions

Maturity T Barrier B

Barrier call

Bull
down-and-out B ⩽ K (x − K)+ 0
(knock-out) B ⩾ K (x − K)+1{x>B} 0
down-and-in B ⩽ K 0 Bl(B, K, r, T − t, σ)

(knock-in) B ⩾ K (x − K)+1{x<B} Bl(B, K, r, T − t, σ)

up-and-out B ⩽ K 0 0
(knock-out) B ⩾ K (x − K)+1{x<B} 0
up-and-in B ⩽ K (x − K)+ 0
(knock-in) B ⩾ K (x − K)+1{x>B} Bl(B, K, r, T − t, σ)

Barrier put

down-and-out B ⩽ K (K − x)+1{x>B} 0
(knock-out) B ⩾ K 0 0
down-and-in B ⩽ K (K − x)+1{x<B} Blp(B, K, r, T − t, σ)

(knock-in) B ⩾ K (K − x)+ 0

Bear
up-and-out B ⩽ K (K − x)+1{x<B} 0
(knock-out) B ⩾ K (K − x)+ 0
up-and-in B ⩽ K (K − x)+1{x>B} Blp(B, K, r, T − t, σ)

(knock-in) B ⩾ K 0 Blp(B, K, r, T − t, σ)

Table 11.2: Boundary conditions for barrier option prices.

11.5 Hedging Barrier Options

Figure 11.11 represents the value of Delta obtained from (11.21) for the up-
and-out barrier call option in Exercise 11.1-(a).
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Fig. 11.11: Delta of the up-and-out barrier call with B = 80 > K = 55.∗

Down-and-out barrier call option

Similarly, the price g(t,St) at time t of the down-and-out barrier call option
satisfies the Black-Scholes PDE

rg(t,x) = ∂g

∂t
(t,x) + rx

∂g

∂x
(t,x) + 1

2x
2σ2 ∂

2g

∂x2 (t,x),

g(t,B) = 0, t ∈ [0,T ],

g(T ,x) = (x−K)+1{x>B},

on the time-space domain [0,T ] × [0,B] with terminal condition g(T ,x) =
(x−K)+1{x>B} and the additional boundary condition

g(t,x) = 0, x ⩽ B,

since the price of the claim at time t is 0 whenever St ⩽ B, see (11.10) and
Figure 11.4a when B ⩽ K, and (11.11) and Figure 11.4b when B ⩾ K.

Exercises

Exercise 11.1 Barrier options.

a) Compute the delta hedging strategies of the up-and-out barrier call and
put options on the underlying asset price St with exercise date T , strike
price K and barrier level B, with B ⩾ K.

∗ The animation works in Acrobat Reader on the entire pdf file.
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b) Compute the joint probability density function

φYT ,WT
(a, b) = dP(YT ⩽ a and WT ⩽ b)

dadb
, a, b ∈ R,

of standard Brownian motion WT and its minimum

YT = min
t∈[0,T ]

Wt.

c) Compute the joint probability density function

φ
Ŷ T ,W̃T

(a, b) = dP(Ŷ T ⩽ a and W̃T ⩽ b)

dadb
, a, b ∈ R,

of drifted Brownian motion W̃T = WT + µT and its minimum

Ŷ T = min
t∈[0,T ]

W̃t = min
t∈[0,T ]

(Wt + µt).

d) Compute the price at time t ∈ [0,T ] of the down-and-out barrier call
option on the underlying asset price St with exercise date T , strike price
K, barrier level B, and payoff

C = (ST −K)+ 1{
min

0⩽t⩽T
St > B

} =


ST −K if min

0⩽t⩽T
St > B,

0 if min
0⩽t⩽T

St ⩽ B,

in cases 0 < B < K and B ⩾ K.

Exercise 11.2 Pricing Category ’R’ CBBC rebates. Given τ > 0, consider
an asset price (St)t∈[τ ,∞), given by

Sτ+t = Sτ ert+σWt−σ2t/2, t ⩾ 0,

where (Wt)t∈R+ is a standard Brownian motion, with r ⩾ 0 and σ > 0. In
what follows, ∆τ is the deterministic length of the Mandatory Call Event
(MCE) valuation period which commences from the time upon which a MCE
occurs up to the end of the following trading session.

a) Compute the expected rebate (or residual) E
[(

min
s∈[0,∆τ ]

Sτ+s −K
)+ ∣∣∣ Fτ

]
of a Category ’R’ Bull CBBC Contract (down-and-out barrier call option)
having expired at a given time τ < T , knowing that Sτ = B > K > 0,
with r > 0.
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b) Compute the expected rebate E
[(

min
s∈[0,∆τ ]

Sτ+s −K
)+ ∣∣∣ Fτ

]
of a Cat-

egory ’R’ Bull CBBC Contract having expired at a given time τ < T ,
knowing that Sτ = B > K > 0, with r = 0.

c) Find the expression of the probability density function of the first hitting
time

τB = inf{t ⩾ 0 : St = B}

of the level B > 0 by the process (St)t∈R+ .
d) Price the CBBC rebate

e−r∆τE
[

e−rτB1[0,T ](τB)
(

min
t∈[τB ,τB+∆τ ]

St −K
)+]

= e−r∆τB E
[

e−rτB1[0,T ](τB)E
[(

min
t∈[τB ,τB+∆τ ]

St −K
)+ ∣∣∣ FτB

]]
.

Exercise 11.3 Barrier forward contracts. Compute the price at time t of
the following barrier forward contracts on the underlying asset price St with
exercise date T , strike price K, barrier level B, and the following payoffs. In
addition, compute the corresponding hedging strategies.

a) Up-and-in barrier long forward contract. Take

C = (ST −K)1{
Max

0⩽t⩽T
St > B

} =


ST −K if Max

0⩽t⩽T
St > B,

0 if Max
0⩽t⩽T

St ⩽ B.

b) Up-and-out barrier long forward contract. Take

C = (ST −K)1{
Max

0⩽t⩽T
St < B

} =


ST −K if Max

0⩽t⩽T
St < B,

0 if Max
0⩽t⩽T

St ⩾ B.

c) Down-and-in barrier long forward contract. Take

C = (ST −K)1{
min

0⩽t⩽T
St < B

} =


ST −K if min

0⩽t⩽T
St < B,

0 if min
0⩽t⩽T

St ⩾ B.

d) Down-and-out barrier long forward contract. Take
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C = (ST −K)1{
min

0⩽t⩽T
St > B

} =


ST −K if min

0⩽t⩽T
St > B,

0 if min
0⩽t⩽T

St ⩽ B.

e) Up-and-in barrier short forward contract. Take

C = (K − ST )1{ Max
0⩽t⩽T

St > B
} =


K − ST if Max

0⩽t⩽T
St > B,

0 if Max
0⩽t⩽T

St ⩽ B.

f) Up-and-out barrier short forward contract. Take

C = (K − ST )1{ Max
0⩽t⩽T

St < B
} =


K − ST if Max

0⩽t⩽T
St < B,

0 if Max
0⩽t⩽T

St ⩾ B.

g) Down-and-in barrier short forward contract. Take

C = (K − ST )1{ min
0⩽t⩽T

St < B
} =


K − ST if min

0⩽t⩽T
St < B,

0 if min
0⩽t⩽T

St ⩾ B.

h) Down-and-out barrier short forward contract. Take

C = (K − ST )1{ min
0⩽t⩽T

St > B
} =


K − ST if min

0⩽t⩽T
St > B,

0 if min
0⩽t⩽T

St ⩽ B.

Exercise 11.4 Compute the Vega of the down-and-out and down-and-in
barrier call option prices, i.e. compute the sensitivity of down-and-out and
down-and-in barrier option prices with respect to the volatility parameter σ.

Exercise 11.5 Stability warrants. Price the up-and-out binary barrier option
with payoff

C := 1{ST>K}1{MT
0 <B

} = 1{
ST>K and MT

0 ⩽B
}

at time t = 0, with K ⩽ B.
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Exercise 11.6 Check that the function g(t,x) in (11.26) satisfies the bound-
ary conditions 

g(t,B) = 0, t ∈ [0,T ],

g(T ,x) = 0, x ⩽ K < B,

g(T ,x) = x−K, K ⩽ x < B,

g(T ,x) = 0, x > B.

Exercise 11.7 Given (St)t∈R+ the geometric Brownian motion

St = S0 eσWt+rt−σ2t/2, t ⩾ 0,

compute the up-knock-in forward option price

e−rTE∗[(SτB − ST )1{τB⩽T}],

with barrier level B ⩾ S0, where τB is the barrier hitting time τB := inf{t ⩾
0 : St = B}.
Hint: Follow https://quant.stackexchange.com/questions/76538/hedge-up-knock-
in-forward-option by applying FN6905-Proposition 10.5 and then the Gir-
sanov theorem, see also Exercise 16.5.

Exercise 11.8 European knock-in/knock-out barrier options. Price the fol-
lowing vanilla options by computing their conditional discounted expected
payoffs:
a) European knock-out barrier call option with payoff (ST −K)+1{ST ⩽B},
b) European knock-in barrier put option with payoff (K − ST )

+
1{ST ⩽B},

c) European knock-in barrier call option with payoff (ST −K)+1{ST ⩾B},
d) European knock-out barrier put option with payoff (K − ST )

+
1{ST ⩾B},

Exercise 11.9 Consider the correlated geometric Brownian motions
(
S
(1)
t

)
t⩾0(

S
(2)
t

)
t⩾0 defined as

dS
(i)
t

S
(i)
t

= rdt+ σidB
(i)
t , i = 1, 2,

where
(
B

(1)
t

)
t⩾0,

(
B

(2)
t

)
t⩾0 are standard Brownian motions with correlation

ρ ∈ (−1, 1) under a risk-neutral measure P∗.
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a) Price the two-asset correlation call option with payoff

1
{S(1)

T
>K1}

(
S
(2)
T −K2

)+.

b) Price the two-asset correlation put option with payoff

1
{S(1)

T
<K1}

(
K2 − S

(2)
T

)+.
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