Chapter 13
Asian Options

Asian options are special cases of average value options, whose claim payoffs
are determined by the difference between the average underlying asset price
over a certain time interval and a strike price K. This chapter covers several
probabilistic and PDE techniques for the pricing and hedging of Asian op-
tions. Due to their dependence on averaged asset prices. Asian options are
less volatile than plain vanilla options whose claim payoffs depend only on
the terminal value of the underlying asset.
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13.1 Bounds on Asian Option Prices

Asian options were first traded in Tokyo in 1987, and have become particu-
larly popular in commodities trading.

Arithmetic Asian options

Given an underlying asset price process (St)te[o,T]v the payoff of the Asian
call option on (St)te[O,T] with exercise date T" and strike price K is given by

1 (T +
C= <ff0 5@5-1{) .

Similarly, the payoff of the Asian put option on (St)te[O,T] with exercise date
T and strike price K is
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Due to their dependence on averaged asset prices, Asian options are less
volatile than plain vanilla options whose payoffs depend only on the terminal

value of the underlying asset. Examples of market price data for Asian option
prices on Light Sweet Crude Oil Futures can be found here.

As an example, Figure 13.1 presents a graph of Brownian motion and its
moving average process

1 ot
Xei= 7 JO Byds, t>0.
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Fig. 13.1: Brownian motion By and its moving average X¢.*

Related exotic options include the Asian-American options, or Hawaiian op-
tions, that combine an Asian claim payoff with American style exercise, and
can be priced by variational PDEs, cf. § 8.6.3.2 of Crépey (2013).

An option on average is an option whose payoff has the form
C = ¢(Ar, St),

where

T T
Ar =S jo CaBu+7'u—521L/2du _ jo Sydu, T>0.

« For example when ¢(y,2) = (y/T — K )T this yields the Asian call option
with payoff
1 (T + Ar *
<f fo Sydu — K> = <? - K) , (13.1)

* The animation works in Acrobat Reader on the entire pdf file.
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which is a path-dependent option whose price at time ¢ € [0,7] is given

by
<% N SuduK>+‘]-}]. (13.2)

o As another example, when ¢(y, ) := e™¥ this yields the price

ef(Tft)T]E*

P(0,T) = E* [e_J"UT Sudu} = E*[e ]

at time 0 of a bond with underlying short-term rate process S;.

In the sequel, we assume that the underlying asset price process (St)eRr, is
a geometric Brownian motion satisfying the equation

dSt = ’I'Stdt + O'StdBt,

where (B;)er, is a standard Brownian motion under the risk-neutral prob-
ability measure P*.

Using the time homogeneity of the process (S;)er, , the option with payoff
C = ¢(Ar,ST) can be priced as

o OB [p(Ar. Sr) | Fi] = o T-07E" P (At + |7 Sudu, ST> ‘ ft]

o ool o)
y=A¢,x=5;
—(P—t)rps Tt & STt
e E [(ﬁ (y +ax fo S du, 5 - . (1333)

Using the Markov property of the process (Si, A¢)ier,, we can write down
the option price as a function

F(t, S, Ay) = e T=OTE* [¢(Ar, St) | Fi]
= e T=UrE*[¢(Ar, S7) | Sty A

of (¢, St, A¢), where the function f(t,z,y) is given by

I T—t S, Sr_
) = 0B o (o [ St a5t |

As we will see below there exists no easily tractable closed-form solution for
the price of an arithmetically averaged Asian option.

Geometric Asian options
On the other hand, replacing the arithmetic average
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leads to closed-form solutions using the Black Scholes formula, see Exer-
cise 13.5.

Pricing by probability density functions
We note that the prices of option on averages can be estimated numerically

using the joint probability density function ¥a,._, B, , of (Ar—¢, Br—y), as
follows:

ft,z,y) = e~ (T—t)rp* [(;5 (y +x foTit %du, zST7t>
0

So
—(T—t)r jooc jjzo(ﬁ(y+1‘27zeau+(T7t)T7<T7t)U2/2) Gap By, (2 0)dzdu,

see Section 13.2 for details.

Bounds on Asian option prices

As noted in the next proposition, arithmetic Asian call option prices can be
lower bounded by geometric Asian call prices, as a consequence of the Jensen
(1906) inequality. See Exercise 13.5 for the expression of the geometric Asian
option call price.

Proposition 13.1. Let ¢ be a non-decreasing payoff function. We have the

bound

—rT* 1 T o —rTyo* 1 T
e TE ¢7<exp (?jo log Sudu ) — K )| < e ™TE* |¢ Tjo Sudu—K)|.
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Proof. By Jensen’s inequality applied to the (concave) log function and the
uniform measure with probability density function (1/T)1jgp) on [0,T], we
have

1 T 1 T 1 7T
exp (T jo log Stdt) < exp <log <T jo Stdt>> =7 JO Sedt.  (13.4)

O

We also note (see Lemma 1 of Kemna and Vorst (1990) and Exercise 13.7
below for the discrete-time version of that result), that the Asian call option
price can be upper bounded by the corresponding European call option price
using convexity arguments.

Proposition 13.2. Assume that v > 0, and let ¢ be a conver and non-
decreasing payoff function. We have the bound

m 1 T o
—rTm* = _ —rTo* _
e ™ E [gi) <T jo Sydu K)] < e E[¢p(Sr— K)].
Proof. By Jensen’s inequality for the uniform measure with probability den-

sity function (1/T)1p 7 on [0,7] and for the probability measure IP*, we
have

e—rT]E*

(5] e ()

[ T
< o TE* fo ¢(Su—K)d?u}

, [T N
_ O—TT]E* JO ¢(C*(T—u)rIE [ST | ]:u] 7K) :|

~IE

-7 *’ T *1  —(T—u)r du
= e T]E J;] ¢(]E [e (T )ST*K‘J:UD?]

< e TR _fOT E* [gb(e—(Tfu)rST _ K) |]:u} d%} (13.5)
) d
<o (TR B [o(sr - ) | R) (13.)

T du
_ T * _ o
= o7 [ E6(5r - K)] 7
= B [o(Sr - K)),
where from (13.5) to (13.6) we used the facts that » > 0 and ¢ is non-
decreasing. O

In particular, taking ¢(z) : (z — K)*, Proposition 13.2 shows that Asian
option prices are upper bounded by European call option prices due to the
lower volatility of arithmetic averages, as
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- T + -
e "TE* <%j0 SudufK> < o "TE(Sy — K)*],

see Figure 13.2 for an illustration, as the averaging feature of Asian options
reduces their underlying volatility.

nSim=99999;N=1000; t <- 1:N; dt <- 1.0/N; sigma=2;r=0.5; european=0;asian=0;K=1.5

dev.new(width=16,height=7); par(oma=c(0,5,0,0))

for (j in 1:nSim){S<-exp(sigma*cumsum(rnorm( N,
0,sqrt(dt)))+r*t/N-sigma**2*t/2/N);color="blue"

A<-sum(c(1,8))/(N+1);if (SIN]>=K) {european=european+S[NJ-K}

if (A>=K) {asian=asian+A-K};if (S[N]>A) {color="darkred"} else {color="darkgreen"}

plot(c(0,t/N),c(1,8), xlab = "Time", type='1", lwd = 3, ylab = "", ylim = c(0,exp(4*r)), col =
color,main=paste("Asian Price=",format(round(asian,2)), "/‘I

" format(round(asian/j,2)),"European Price=",format(round(european,2)),

,j,"=",format(round(european/j,2))), xaxs='i',xaxt='n',yaxt='n', yaxs='i', yaxp =
¢(0,10,10), cex.lab=2, cex.main=2)

text(0.3,6,paste(" A-Payoff=",format(round(max(A-K,0),2)),", E-Payoff=",
format(round(max(S[NI]-K,0),2))), col=color,cex=2)

axis(1, las=1, cex.axis=2)

axis(2, at=c(0,K,A,1,2,3,4,5,6,7,8,9,10), labels=c(0,"K","Average",1,2,3,4,5,6,7,8,9,10), las=2,
cex.axis=2)

lines(c(0,t/N),rep(K,N+1),col = "red"lty = 1, lwd = 4);

lines(c(0,t/N),rep(A,N+1),col = "darkgreen",lty = 2, lwd = 4); Sys.sleep(0.1)

if (SIN]>K || A>K) {readline(prompt = "Pause. Press <Enter> to continue...")}}

Asian Price= 7.94 / 14 = 0.57 European Price= 24.08 / 14 = 1.72

6 A-Payoff= 2.82 , E-Payoff= 16.5

10

Fig. 13.2: Asian option price vs. European option price.”

In the case of Asian call options we have the following result.

Proposition 13.3. Assume that r > 0. We have the conditional bound

o~ (T-Drpx ( j Sudu — > ‘]—'t (13.7)

* The animation works in Acrobat Reader on the entire pdf file.
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< e (T-tIrpx

1t Tt *
(T JO Sudu+ =St — K) ‘ ]-'t}
on Asian option prices, t € [0,T].
Proof. Let the function f(¢,z,y) be defined as

1 (T +
(ffo Sudu—K>

f(t, S, Ar) = E*

]:t:| )
i.e., from Proposition 13.2,
[/1 Tt 8, *
(oot 5) )]
1
= E* —
(7 (

f(t,z,y) = E*

=E*

E* ySo  KTSy | Apy *
T TS (T—t)x (T—t)x T-—t
(T—t)x_, ¥So KTSy +
S 75 E T—0e T—bz Sr-t
_IE* g _ (T - t)IST—L *
=E <T K+7TSO , z,y >0,
which yields (13.7). O

The right-hand side of the bound (13.7) can be computed from the Black-
Scholes formula as

+
—(T—t)rpg* l t T—t _
e E (T jo Sudu + T Sr—K Fi
T—t 1t KT \*
_ - —(T—t)rp* o _ AL
T e E (ST_'_TftJO Sydu T7t> }7}

Tt KT 1
_ _ - < .
7 Bl(St,T_t T_tJOSudu,a,r,T t), 0<t<T

See also Proposition 3.2-(4i) of Geman and Yor (1993) for lower bounds when
r takes negative values. We also have the following bound which yields the
behavior of Asian call option prices in large time.
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Proposition 13.4. Assume that r > 0. The Asian call option price satisfies

the bound
1 (T +
<T.f0 Sudu7K> ‘]—'t

€ [0,T], and tends to zero (almost surely) as time to maturity T tends to

infinity:
1 (T +
(?fo SudufK> ‘f,D =0, t>0.

Proof. Using the inequality (z — K)* < @ for > 0, we have the bound

e—(T—t)r

—(T—t)r .4 1—
e
< - -
STr Jo Sudu+S——"r

e—(T—t)r]E*

T—o0

lim <e<Tt)TIE*

+
—@=tyrp | (L (T _
0< e E (Tfo Sudu K> ]-'t}
<e (T”]E*{ J Sdu‘]—}}

~(T- ”]E*{ jSudu‘ } ~(T- ”]E*[ f Sudu’ }
- efmw% [} Sudut o0 [T B[, | ] du
7(T7t)rl jt Sy du -+ l o~ (T=t)r jT C(u—t)rstdu

t

~reor ! Sdu+Stf —(T=wrgy
—(T—t)r
rT

I
o

S| = ’ﬂ\’—‘
)

=(T-t)r IO Sudu + St

O

Note that as T" tends to infinity the Black-Scholes European call price tends
to St, i.e., we have

lim (e TE*((Sy—K)" | R]) =S, t>0,

T—o0

see Exercise 6.4-aiii).

13.2 Hartman-Watson Distribution

First, we note that the numerical computation of Asian call option prices can
be done using the probability density function of
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Ap = fOT Sydt.

In Yor (1992), Proposition 2, the joint probability density function of
t -
(Ag, By) = <j0 eoBs—po®s/2g5 —p(rt/2> ., t>0,

has been computed in the case 0 = 2, cf. also Dufresne (2001) and Matsumoto
and Yor (2005). In the next proposition, we restate this result for an arbitrary

variance parameter o after rescaling. Let 6(v, 7) denote the function defined
as

v 07\'2/(27)

ve™ T roo £2/(21) ,—vcosh§ _: I (f) i (71'5/7 ) d‘f >
e e smn sin v 0.
\/27 /3 J;] 7 |
(13.8)

O(v,7) =

Proposition 13.5. For allt > 0 we have
t oBs—po?s/2 _ it
]P(Joe ds € dy, By pQEdz

/2 2
2 o2y o2y 4

y>0,zeR.

The expression of this probability density function can then be used for the
pricing of options on average such as (13.3), as

f(tv z, y) = ei(Tit)T]E* |:¢ <y +x fOTit &d’l)y ZST7t>:|

So So
_ e—(T—L)r
o0 out(T—t)r—(T—t)o? /2 Tt &
Xfo ¢(y+xz7xe )11) jo qdv € dz By € du

%e—(T—t)r+(T—t)p2G2/8 IODO ﬁ;¢ (y+IZ7Iedu+(T—t)r—(T—t)(1+p)cr2/2)

1 ou—(T—t)po?/2 feou/2—(T—t)po?/4 (7 _ 2
X exp (_2+e — g(ru o= ( te dz

d -
02z o2z ’ 4 v
— o (T=t)r—(T—t)p?s?/8 J'O‘X’ J’0°°¢ (y+Z/Z7vae(T—t)rf(Tft)az/2)

1402 vz (T —t)o?
xv 1P exp (—ZZ +2v ) 0 (LQZ, %) dv%,
o o z

which actually stands as a triple integral due to the definition (13.8) of 6(v, 7).
Note that here the order of integration between du and dz cannot be ex-
changed without particular precautions, at the risk of wrong computations.
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By repeating the argument of (13.3) for ¢(z,y) := (x — K)T, we have

( j Sudu — > ‘f,{l

+

e~ (T-trp* <f (At +L Sudu> —K> Fi
Pty | (1 S +
o~ (T-trE (T <J+x ?d) ) ‘}}}

I +

U — T—t Sy
e E <T (y+xJ < Ui ) - K

Hence, the Asian call option can be priced as

< f Sudu — > ‘ft},

where the function f(¢,z,y) is given by

1 T-t S, +
<T <y+a¢f0 S—Qdu)—K) }

Y Tarl) k) >0. (13.9)
T Y ST) T—t s Y . .

From Proposition 13.5, we deduce the marginal probability density function
of Arp, also called the Hartman-Watson distribution see e.g. Barrieu et al.
(2004).

—(T—t) T]E*

x=5St, y=NA¢

z=St, y=NA¢

f(t7St7At) (T t) r]E*

f(t, 3’572/) _ ef(Tft)rIE*

ef(Tft)rIE*

Proposition 13.6. The probability density function of
T 2
— oBt—po?t/2
AT H fO e dt,

is given by
T oBy—pot/2
P jo T BmpT 21 ¢ gy
—po2T/2 ov/2—poT/4 )
0 252778 (O 14 e7v7p7 P de T
%cp [ f—oo exp (202“[ — 500 4 1 dvdu

2
R 1t 4 0T du
¢ jo v P ( 2 o2u o o2u’ 4 dv u’

u > 0.
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From Proposition 13.6, we get

P(Ar/So € du) (f Sydt € du) (13.10)

2
_p262T/8 (° —1-p o1t 4 o’T d7u
=e Io v exp 2702u 0 pomi dv "

where Sy = Sy e7Bi=po®t/2 apq p = 1—2r/c% By (13.9), this probability
density function can then be used for the pricing of Asian options, as

[tz y)

cf. Theorem

_ ef(Tft)r]E*

(g )]

(T—t)yr (P [y t+xz +
— o (T t)fjo <yT 7K> P(Ar—t/So € dz)

+
_ —(T-t)r9  —(T—t)p?02/8 y+az
-° 2¢ Il ( K)

xv 1 Pexp <721+7v> 0 ( 421) (T - t) ) dv%
o2z

0’22

1 2,2
_ & —(T—t)r—(T—t)p%c?/8
TC IOV(KT y)/acj (12+U KT)

1+02 4dv dz
X exp (—2 Py )€<E,(T—t) )dv—

n
A e r-tr—(r-optors [ [ (1_ (KT~ y)o®
a?T o Jo \z 4x

2
xv 1 Pexp <7zl+2u >€<vz,(T ) )d %

in § 5 of Carr and Schroder (2004), which is actually a triple

integral due to the definition (13.8) of 6(v,t). Note that since the integrals
are not absolutely convergent, here the order of integration between dv and
dz cannot be exchanged without particular precautions, at the risk of wrong
computations.

13.3 Laplace Transform Method

The time Laplace transform of the rescaled option price

as

C(t) ==

N
<lfsudu—K> ] t>0,
t Jo
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o N jOK/2 e—£$—2+(p+\/2)\+p2)/2(1_2K$)2+(\/2)\+p2—p)/2dz
[T e M) = - :
0 AA=2+2p)T (=14 (p+/2X+p?)/2)

with here o := 2, and I'(z) denotes the gamma function, see Relation (3.10) in
Geman and Yor (1993). This expression can be used for pricing by numerical
inversion of the Laplace transform using e.g. the Widder method, the Gaver-
Stehfest method, the Durbin-Crump method, or the Papoulis method. The
following Figure 13.3 represents Asian call option prices computed by the
Geman and Yor (1993) method.

85 N 300 350

150 200 250

E 100
80 o 50 Time in months

Fig. 13.3: Graph of Asian call option prices with o =1, » = 0.1 and K = 90.

We refer to e.g. Carr and Schréder (2004), Dufresne (2000), and references
therein for more results on Asian option pricing using the probability density
function of the averaged geometric Brownian motion.

Figure 9.5 presents a graph of implied volatility surface for Asian options on
light sweet crude oil futures.

13.4 Moment Matching

Lognormal approximation

Other numerical approaches to the pricing of Asian options include Levy
(1992), Turnbull and Wakeman (1992) which rely on approximations of the
average price distribution based on the lognormal distribution. The lognormal
distribution has the probability density function

g(@) = e tore /)@

nv2m T

where ¢ € R, n > 0, with moments
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E[X] = e**"*/2 and E[X?] = eX+27", (13.12)

The approximation is implemented by matching the above first two moments
to those of time integral

T
AT = JO Stdt
of geometric Brownian motion

S, = So eaBH»(Tfo'Q/Q)t’ 0<t<T,

as computed in the next proposition, cf. also (7) and (8) page 480 of Levy
(1992), and Exercise 13.1.

Proposition 13.7. The first and second moments of Ap are given by
e’ —1

E*[Ar] = So ,

T

and

(0242r)T _ (2 rT 2
N 1 e2Te (o +2r)e™ + (o +7)
E"[(Ar)7] = 280 (o2 +7)(0%+2r)r

Proof. The computation of the first moment is straightforward. We have

E*[Ar] = E* UOT Sudul
_ IOT E*[Su]du

T
=50 jo e™du

et —1

= 90

r

For the second moment we have, letting p := 1 — 2r/c?,

T T
E[(Ar)*] =83 |, [, e rot/2mro 2R [e7Pe 07 dbda
— 282 J;)T J: o—Po%a/2-po®b/2 (a+b)o?/2 Jbo? gp o

T P
=283 | ez [Hemlomi)r 2 g4q

452 T
- (p *%))02 fo e*(P*l)oga/Z(l - ei(p73)02a/2)d”'

A3 (T _(p-1)02as2 ASE (T (p-1)0%a/2 ,—(p-8)0%as2
ZWL o—(p-1)o% d“‘mfo o—(p-1)0%a/2 ,—(p-3)s%a/2
853 —(p—1)02T/2 453 T _(2p—4)0%a/2

=20 (1—c (Ve )771 e WP 2 g
(p—3)(p—1)o (p—3)o Jo
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SS(% _( _1) 2T/2 4Sg _( _2) 2T

— %P0 (1 e (pY)e _ 1 _ o020

G--D - )

252T6(02+2T>T _ (02 + 2,,.) T (02 + 1”)
0 (o2 +71)(02+2r)r

since r — 02/2 = —po? /2. O
By matching the first and second moments
E[A7] ~ M H17T/2 and E[A] ~ oA +17.T)

of the lognormal distribution with the moments of Proposition 13.7 we esti-
mate iy and 7y as

1 E[A%]
9 T ~ «
= —log | T _ 1 _ 2
iy = 7 log ((]E*[ L and iy = 7 log E*[Ar] 77T

Under this approximation, the probability density function @A, of Ap =
Iol Sidt is approximated by the lognormal probability density function

1 fir — log x)?
Pap(T) & exp <— (ng, gAZ) ) , x>0

zorpy/2(T —t)m )07

25 T
EXxact expression e
Lognormal approximation e
2 b : H 1
2
]
§
g 15F 8
z
| 1r J
2
2
-
0.5 4
L L

2 25 3

Fig. 13.4: Lognormal approximation for the probability density function of Ar.

As a consequence of Lemma 7.7 we find the approximation

1 T
(T JO Sydt — K>

e—rTIE*

= *TTJ (—7K> Oy (z)dz

)" o (- ErZlonfy

~_ ( (1 _
70tT\/2 T—t)r o \T 2(T - )77T z
1
Te‘” T/2@(dy) — KD(dy) (13.13)
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= ]E[ﬁT] O(d1) — KP(d2)
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VT 2 arvT
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o T log(E*[Ar]/(KT)) . VT
nr = =
arvT 2
The next Figure 13.5 compares the lognormal approximation to a Monte

Carlo estimate of Asian call option prices with ¢ = 1, r = 0.05, and S; = 1.5,
and K = 1.65.

do = dy —
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Lognormal approximation ==
09 | Monte Carlo estimate e .. - 4
Stratified lognormal approximation e
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Fig. 13.5: Lognormal approximation to the Asian call option price.

library(devtools);

install_github("https://github.com/cran/fOptions")

install_github("https://github.com/cran/fExoticOptions")

library(fExoticOptions);

LevyAsianApproxOption(TypeFlag = "c", S = 1.5, SA = 1.5, X = 1.65, Time = 4, time = 4, r
= 0.05, b = 0.05, sigma = 1.0)

Figure 13.5 also includes the stratified approximation

(% Jy st K” (13.14)
- 7TTI { (7 N K) ‘ST - y] PAp|Sp= y( z)dP(Sr < y)dx
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x dP(St < y)dz,
cf. Privault and Yu (2016), see the attached codes,* where

1 (22(br(y/z) — A +y/x)ar(y/=)\ | oly/z)VT
QJ(y/x)\/Tlog ( o2 K272 > + 2

o by (2179

or(e) = s (@ (S5 + LvorT ) -0 (VEZ - Lo ),

de(K,y,z) =

and

o?p(z) V2T Vol T
)= oy (@ (5 + Vo) -0 (152 —var))

1 ef(ozT/Z-%—logz)z/(ZazT) q(z) — 1 e—(azT-%—logz)z/(ZaZT)'

p(2) i = —
) V2no?T ’
Conditioning on the geometric mean price

Asian options on the arithmetic average

L

have been priced by conditioning on the geometric mean underlying price

1 T 1 T 1 ¢T
G :=exp <f jo log Stdt> < exp <log <f jo Stdt>> = T fo Sidt

in Curran (1994), as

—rTg* l T . +

e 'TE <Tj0 Sudu— K
A K+G—~ dP(G <
- jo Tfo udtt =z dP(G < w)
o (N | (L (T sudu— . G=z|dP(G <
=T B (7 )y Sudu- = o dP(@ <)

* C code - Matlab code - R code (right-click to save as attachment - may not work

on @).
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#include "math.h"

#include "float.h"

#include "stdio.h"



double pi = 3.14159265358979323846264338;



bool IsFiniteNumber(double x) 

    {

        return (x <= DBL_MAX && x >= -DBL_MAX); 

    }



double phi(double x)

{

  return 0.5+0.5*erf(x/sqrt(2.0)); 

}



double p(double sigma,double t, double z)

{

  return exp(-pow(sigma*sigma*t/2+log(z),2)/2/sigma/sigma/t)/sqrt(2*pi*sigma*sigma*t);

}



double q(double sigma,double t, double z)

{

  return exp(-pow(sigma*sigma*t+log(z),2)/2/sigma/sigma/t)/sqrt(2*pi*sigma*sigma*t);

}



double a(double sigma,double t, double z)

{

      return (phi(log(z)/sigma/sqrt(t)+sigma*sqrt(t)/2.0)-phi(log(z)/sigma/sqrt(t)-sigma*sqrt(t)/2.0))/p(sigma,t,z)/sigma/sigma; 



}



double b(double sigma,double t, double z)

{



    return (phi(log(z)/sigma/sqrt(t)+sigma*sqrt(t))-phi(log(z)/sigma/sqrt(t)-sigma*sqrt(t)))/q(sigma,t,z)/sigma/sigma;



}



static int Stratified_LogNormal_FixedAsian(int call_or_put,double pseudo_stock, double pseudo_strike, double t, double r, double divid, double sigma, double *ptprice, double *ptdelta)

{



int i;

double tk, u,du,dz,sig,z,p,mu,d1,d2,mean;

double CTtK, PTtK, Dlt, Plt;



int N=500;



p=1-2*(r-divid)/sigma/sigma;



  /*  Call Price */

CTtK=0;

du=12*sqrt(t)/N;

for (i=1;i<N;i++){

    u=du*(i-N/2.0);

    z=pseudo_stock*exp(sigma*u-p*sigma*sigma*t/2);

    mean=pseudo_stock*a(sigma,t,z/pseudo_stock)/t;

    sig = sqrt((1/t)*log(2*(b(sigma,t,z/pseudo_stock)/a(sigma,t,z/pseudo_stock)-1-z/pseudo_stock)/(sigma*sigma*a(sigma,t,z/pseudo_stock))));

 mu=-(1 - 2*log(t*mean)/sig/sig/t)*sig*sig*t/2;

      d1=(log(pseudo_stock*a(sigma,t,z/pseudo_stock)/pseudo_strike/t))/(sig*sqrt(t))+sig*sqrt(t)/2; 

    d2=d1-sig*sqrt(t);

    CTtK=CTtK+exp(-divid * t)*(12*sqrt(t)/N)*(exp(-(r-divid)*t)*((1/t)*exp(mu+sig*sig*t/2)*phi(d1)-pseudo_strike*phi(d2)))*exp(-u*u/(2*t))/sqrt(2*pi*t); 

 }

 

  /*  Delta for call option*/

Dlt=0.0;

dz=( exp(r-divid+sigma*sigma/2)+12*sqrt(( exp(sigma*sigma/2) - 1 )*exp(2*( r-divid ) +sigma*sigma)))/N;

for (i=1;i<N;i++){

z=dz*i;

   mean=a(sigma,t,z)/t;

   sig = sqrt((1/t)*log(2*(b(sigma,t,z)/a(sigma,t,z)-1-z)/(sigma*sigma*a(sigma,t,z))));

 if (IsFiniteNumber(sig)) {

  mu=-(1 - 2*log(t*mean)/sig/sig/t)*sig*sig*t/2;

    d1=(log(a(sigma,t,z)*pseudo_stock/pseudo_strike/t))/(sig*sqrt(t))+sig*sqrt(t)/2; 

    d2=d1-sig*sqrt(t);

    Dlt=Dlt+exp(-divid * t)*dz*pseudo_stock*(exp(-(r-divid)*t)*((1/t)*exp(mu+sig*sig*t/2)*(exp(-d1*d1/2)/sig/sqrt(2*pi)/sqrt(t)/pseudo_stock)+phi(d2)*pseudo_strike/pseudo_stock/pseudo_stock-pseudo_strike*(exp(-d2*d2/2)/sig/sqrt(2*pi)/sqrt(t)/pseudo_stock)/pseudo_stock))*exp(-pow(p*sigma*sigma*t/2+log(z),2)/2/sigma/sigma/t)/sigma/sqrt(2*pi*t)/z; 

        Dlt=Dlt+exp(-divid * t)*dz*(exp(-(r-divid)*t)*((1/t)*exp(mu+sig*sig*t/2)*phi(d1)-pseudo_strike*phi(d2)/pseudo_stock))*exp(-pow(p*sigma*sigma*t/2+log(z),2)/2/sigma/sigma/t)/sigma/sqrt(2*pi*t)/z; 

   };

 }

 

  /*  Put Price from Parity*/

  if (r == divid)

    PTtK = CTtK + pseudo_strike * exp(-r * t) - pseudo_stock * exp(-r * t);

  else

    PTtK = CTtK + pseudo_strike * exp(-r * t) - pseudo_stock * exp(-r * t) * (exp((r - divid) * t) - 1.) / (t * (r - divid));



  /*Delta for put option*/

  if (r == divid)

    Plt = Dlt - exp(-r * t);

  else

    Plt = Dlt - exp(-r * t) * (exp((r - divid) * t) - 1.0) / (t * (r - divid));



  /*Price*/

  if(call_or_put)

    *ptprice = CTtK;

  else

    *ptprice = PTtK;



  /*Delta */

  if(call_or_put)

    *ptdelta = Dlt;

  else

    *ptdelta = Plt;



  //   return  OK;



}





int main()

{

  int call_or_put;

  double stock,strike,t,r,divid,sigma,ptprice,ptdelta;



  call_or_put=0;

  stock=100;

  strike=90;

  t=1.6;

  r=0.05; // log(1.1);

  divid=0.03;

  sigma=0.2;



  Stratified_LogNormal_FixedAsian(call_or_put,stock,strike,t,r,divid,sigma,&ptprice,&ptdelta);



  printf("Asian option price=%f Delta=%f\n",ptprice,ptdelta);



}






function [price,delta]=stratified_lognormal_fixedasian(call_or_put,stock,strike,t,r,divid,sigma)

    function p=p(sigma,t,z)
        p=exp(-(sigma^2*t/2+log(z))^2/2/sigma^2/t)/sqrt(2*pi*sigma^2*t);
end
    function q=q(sigma,t,z)
        q=exp(-(sigma^2*t+log(z))^2/2/sigma^2/t)/sqrt(2*pi*sigma^2*t);
end
    function a=a(sigma,t,z)
  a=(normcdf(log(z)/sigma/sqrt(t)+sigma*sqrt(t)/2.0)-normcdf(log(z)/sigma/sqrt(t)-sigma*sqrt(t)/2.0))/p(sigma,t,z)/sigma^2;
  
end
    function b=b(sigma,t,z)
        b=(normcdf(log(z)/sigma/sqrt(t)+sigma*sqrt(t))-normcdf(log(z)/sigma/sqrt(t)-sigma*sqrt(t)))/q(sigma,t,z)/sigma^2;
end
    function y=normcdf(x) 
        y = 1/2*erfc(-x/sqrt(2));
end

N=500;

% Call Price
CTtK=0;
du=12*sqrt(t)/N;
for i = 1:N 
    u=du*(i-N/2.0);
    z=stock*exp(sigma*u-(1-2*(r-divid)/sigma^2)*sigma^2*t/2);
    mean=stock*a(sigma,t,z/stock)/t;
    s = sqrt((1/t)*log(2*(b(sigma,t,z/stock)/a(sigma,t,z/stock)-1-z/stock)/(sigma^2*a(sigma,t,z/stock))));
    mu=-(1-2*log(t*mean)/s^2/t)*s^2*t/2;
    d1=(log(stock*a(sigma,t,z/stock)/strike/t))/(s*sqrt(t))+s*sqrt(t)/2; 
    d2=d1-s*sqrt(t);
    CTtK=CTtK+exp(-divid * t)*(12*sqrt(t)/N)*(exp(-(r-divid)*t)*((1/t)*exp(mu+s^2*t/2)*normcdf(d1)-strike*normcdf(d2)))*exp(-u^2/(2*t))/sqrt(2*pi*t); 
end
 
% Delta for call option
Dlt=0.0;
dz=( exp(r-divid+sigma^2/2)+12*sqrt(( exp(sigma^2/2) - 1 )*exp(2*( r-divid ) +sigma^2)))/N;

for i=1:N
    z=dz*i;
   mean=a(sigma,t,z)/t;
   s = sqrt((1/t)*log(2*(b(sigma,t,z)/a(sigma,t,z)-1-z)/(sigma^2*a(sigma,t,z))));
 if isfinite(s)
    mu=-(1-2*log(t*mean)/s^2/t)*s^2*t/2;
    d1=(log(a(sigma,t,z)*stock/strike/t))/(s*sqrt(t))+s*sqrt(t)/2; 
    d2=d1-s*sqrt(t);
    Dlt=Dlt+exp(-divid * t)*dz*stock*(exp(-(r-divid)*t)*((1/t)*exp(mu+s^2*t/2)*(exp(-d1^2/2)/s/sqrt(2*pi)/sqrt(t)/stock)+normcdf(d2)*strike/stock^2-strike*(exp(-d2^2/2)/s/sqrt(2*pi)/sqrt(t)/stock)/stock))*exp(-((1-2*(r-divid)/sigma^2)*sigma^2*t/2+log(z))^2/2/sigma^2/t)/sigma/sqrt(2*pi*t)/z; 
        Dlt=Dlt+exp(-divid * t)*dz*(exp(-(r-divid)*t)*((1/t)*exp(mu+s^2*t/2)*normcdf(d1)-strike*normcdf(d2)/stock))*exp(-((1-2*(r-divid)/sigma^2)*sigma^2*t/2+log(z))^2/2/sigma^2/t)/sigma/sqrt(2*pi*t)/z; 
 end
end

% Put Price from Parity
  if r == divid
    PTtK = CTtK + strike * exp(-r * t) - stock * exp(-r * t);
  else
    PTtK = CTtK + strike * exp(-r * t) - stock * exp(-r * t) * (exp((r - divid) * t) - 1.) / (t * (r - divid));
  end
  
% Delta for put option
  if r == divid
    Plt = Dlt - exp(-r * t);
  else
    Plt = Dlt - exp(-r * t) * (exp((r - divid) * t) - 1.0) / (t * (r - divid));
  end
  
% Price
  if call_or_put
    price = CTtK;
  else
    price = PTtK;
  end
  
% Delta

  if call_or_put
    delta = Dlt;
  else
    delta = Plt;
  end
end

% [price,delta]=stratified_lognormal_fixedasian(1,100,90,1.6,0.05,0.03,0.2)



p <- function(sigma,t,z) {
  return(exp(-(sigma^2*t/2+log(z))^2/2/sigma^2/t)/sqrt(2*pi*sigma^2*t))
}

q <- function(sigma,t,z) {
return(exp(-(sigma^2*t+log(z))^2/2/sigma^2/t)/sqrt(2*pi*sigma^2*t))
}

a <- function(sigma,t,z) {
 return((pnorm(log(z)/sigma/sqrt(t)+sigma*sqrt(t)/2.0)-pnorm(log(z)/sigma/sqrt(t)-sigma*sqrt(t)/2.0))/p(sigma,t,z)/sigma^2)
}

b <- function(sigma,t,z) {
return ((pnorm(log(z)/sigma/sqrt(t)+sigma*sqrt(t))-pnorm(log(z)/sigma/sqrt(t)-sigma*sqrt(t)))/q(sigma,t,z)/sigma^2)
}

stratified_lognormal_fixedasian <- function (call_or_put,stock,strike,t,r,divid,sigma)
{

N=500;

# Call Price
CTtK=0;
du=12*sqrt(t)/N;
for (i in 1:N){ 
    u=du*(i-N/2.0);
    z=stock*exp(sigma*u-(1-2*(r-divid)/sigma^2)*sigma^2*t/2);
    mean=stock*a(sigma,t,z/stock)/t;
    s = sqrt((1/t)*log(2*(b(sigma,t,z/stock)/a(sigma,t,z/stock)-1-z/stock)/(sigma^2*a(sigma,t,z/stock))));
    mu=-(1-2*log(t*mean)/s^2/t)*s^2*t/2;
    d1=(log(stock*a(sigma,t,z/stock)/strike/t))/(s*sqrt(t))+s*sqrt(t)/2; 
    d2=d1-s*sqrt(t);
    CTtK=CTtK+exp(-divid * t)*(12*sqrt(t)/N)*(exp(-(r-divid)*t)*((1/t)*exp(mu+s^2*t/2)*pnorm(d1)-strike*pnorm(d2)))*exp(-u^2/(2*t))/sqrt(2*pi*t); 
}
 
# Delta for call option
Dlt=0.0;
dz=( exp(r-divid+sigma^2/2)+12*sqrt(( exp(sigma^2/2) - 1 )*exp(2*( r-divid ) +sigma^2)))/N;

for (i in 1:N){
    z=dz*i;
   mean=a(sigma,t,z)/t;
   s = sqrt((1/t)*log(2*(b(sigma,t,z)/a(sigma,t,z)-1-z)/(sigma^2*a(sigma,t,z))));
 if (is.finite(s)) {
    mu=-(1-2*log(t*mean)/s^2/t)*s^2*t/2;
    d1=(log(a(sigma,t,z)*stock/strike/t))/(s*sqrt(t))+s*sqrt(t)/2; 
    d2=d1-s*sqrt(t);
    Dlt=Dlt+exp(-divid * t)*dz*stock*(exp(-(r-divid)*t)*((1/t)*exp(mu+s^2*t/2)*(exp(-d1^2/2)/s/sqrt(2*pi)/sqrt(t)/stock)+pnorm(d2)*strike/stock^2-strike*(exp(-d2^2/2)/s/sqrt(2*pi)/sqrt(t)/stock)/stock))*exp(-((1-2*(r-divid)/sigma^2)*sigma^2*t/2+log(z))^2/2/sigma^2/t)/sigma/sqrt(2*pi*t)/z; 
        Dlt=Dlt+exp(-divid * t)*dz*(exp(-(r-divid)*t)*((1/t)*exp(mu+s^2*t/2)*pnorm(d1)-strike*pnorm(d2)/stock))*exp(-((1-2*(r-divid)/sigma^2)*sigma^2*t/2+log(z))^2/2/sigma^2/t)/sigma/sqrt(2*pi*t)/z; 
}
}

# Put Price from Parity
  if (r==divid)
  {
  PTtK=CTtK+strike*exp(-r*t)-stock*exp(-r*t);
  } else {
  PTtK=CTtK+strike*exp(-r*t)-stock*exp(-r*t)*(exp((r-divid)*t)-1.)/(t*(r-divid));
  }
  
# Delta for put option
  if (r==divid) {Plt = Dlt - exp(-r * t);
  }  else {
  Plt = Dlt - exp(-r * t) * (exp((r - divid) * t) - 1.0) / (t * (r - divid));} 
  
# Price
  if (call_or_put==1) {price = CTtK;
  }  else {
  price = PTtK;}
  
# Delta

  if (call_or_put==1) {delta = Dlt;
  }else {
  delta = Plt;}

cat("price = ", price, "\n")
cat("delta = ", delta, "\n")

}

call_or_put=0;
stock=100
strike=90
t=1.6
r=0.05
divid=0.03
sigma=0.2

stratified_lognormal_fixedasian(call_or_put,stock,strike,t,r,divid,sigma)
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The term Cp can be estimated by a lognormal approximation given that
G = x. As for Cy, we note that

1 T
G = exp <f j{) log Stdt>
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= exp <T JO <ut + 0Bt — —) dt)
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hence
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Hence, we have

T o2 o T
=P(—= - — — Bydt > log K
<2<“ 2>+Tfo t °g>
r
a

T T o2
:H’< 0 Bydt > <7§ (uf?>+logK>)

Basket options

Basket options on the portfolio
Y k
Ap = Z ak5§q)
k=1

have also been priced in Milevsky (1998) by approximating A7 by a lognormal
or a reciprocal gamma random variable, see also Deelstra et al. (2004) for
additional conditioning on the geometric average of asset prices.

Asian basket options
Moment matching techniques combined with conditioning have been applied
to Asian basket options in Deelstra et al. (2010). See also Dahl and Benth

(2002) for the pricing of Asian basket options using quasi Monte Carlo sim-
ulation.

13.5 PDE Method
Two variables

The price at time ¢ of the Asian call option with payoff (13.1) can be written
as

Ft, S, A) = e~ T E*

1 T *
(TJO SudufK> ‘]—} . 0<t<T.
(13.15)
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Next, we derive the Black-Scholes partial differential equation (PDE) for the
value of a self-financing portfolio. Until the end of this chapter we model the
asset price (St);co,r] a8

dS; = pSidt + 0SidB;,  t >0, (13.16)

where (By)ier, is a standard Brownian motion under the historical proba-
bility measure IP.
Proposition 13.8. Let (n:,&)ier, be a self-financing portfolio strategy
whose value Vi := nt Ay + &S, t > 0, takes the form

Vi = f(t, S, Ay), t=>0,

where f € CH2L((0,T) x (0,00)?) is given by (13.15). Then, the function
f(t,z,y) satisfies the PDE

_of of of 1y 50f
rf(t,zy) = o (ta,y) +a ay(t @ y)trag (ta,y)+ 270" o5t z,y),
(13.17)

<t < T, x>0, under the boundary conditions
- — om0 (Y _ )T
f(t,0%,y) lun ft,z,y)=e (T K) , (13.18a)
F(T,z,y) = ?71() , (13.18b)
<t<T,z> 20,
and & 1is given by

£ = ch(t SiA),  0<t<T. (13.19)

Proof. We note that the self-financing condition (5.9) implies

dVy = md Ay + §dS;
= rneArdt + p&eSedt + 0&4Std By (13.20)
= T‘tht + (,u - r){tStdt + OftstdBt, t>0.

Since dA; = Sidt, an application of Itd’s formula to f(t,z,y) leads to

t, S, Ay)dt + g(t, Sty Ag)d A

. 19}
th:f(hSz,At):i 3y

ot (
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P , 02 P
+uSt8f(t Sty M)t + 5 Loz, - i St,Af)dt—&-aStaf(t S, A)dB,
B b
- ?{(t,st,At)dtJr Sta—f(t, Si, Ag)dt
+;Lstgf(t Sty Ad)dt + 3 Ls2, g J;(t St,At)dtJrrrSt?(t St Ay)dB:.

(13.21)

By respective identification of components in dB; and dt in (13.20) and
(13.21), we get

i Ardt + péSedt = Zf (t, S, A¢)dt + S gf (t, St, A¢)dt + puSt gf (t, St, A¢)dt
9%
52 2@ J;(t Sy, Ag)dt

ftStO'dBt = Stg%(t, St, At)dBt,

hence
ad d 92
Vi = &St = (65080 + S50 (151 At + 5570”5 (6,50 ),
of
&= p == (t, Sty Ar),
i.e
17} 19} ad
f(t St,At) (9{ (t St,At) + St 6f (t St At) +7”Staf (t St,At)
02
52 28 ];(t Si, At),
ad
&= Fi(tysmf\z)
O
Remarks.

i) We have & = 0 at maturity from (13.18b) and (13.19), which is consis-
tent with the fact that the Asian option is cash-settled at maturity and,
close to maturity, its payoff (Ar/T — K)T becomes less dependent on
the underlying asset price Sp.

ii) If A¢+/T > K, by Exercise 13.8 we have

1 (T +
<ff0 Sudu7K> ft]

Ft, S, A) = e (T-OTE*
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_ o (T=t)r
= o~ (T-0)r <% 7K> +St1i7T, (13.22)

0 <t < T. In particular, the function

1— e (T—t)r

13.23
s 132)

fltz,y) = e 0 (% - K) +a
0<t<T,z>0,y> KT, solves the PDE (13.17), and (13.23) can be
used to complete the boundary conditions (13.18a)-(13.18b).
iii) When A¢/T > K, the Delta & is given by

1— e~ (T=t)r

_of _
&= (1,54, Ar) = T ,

<t<T. .
o 0<t<T (13.24)

Next, we examine two methods which allow one to reduce the Asian option
pricing PDE from three variables (¢,z,y) to two variables (¢, z). Reduction
of dimensionality can be of crucial importance when applying discretization
scheme whose complexity are of the form N¢ where N is the number of
discretization steps and d is the dimension of the problem (curse of dimen-
sionality).

(1) One variable with time-independent coefficients

Following Lamberton and Lapeyre (1996), page 91, we define the auxiliary
process

1 /1 1 (A
=2 (1 g I (s <t<T.
%= (Tfosudu K) S (T K>, 0<t<T

With this notation, the price of the Asian call option at time ¢ becomes
g [ (L (T g du— K * — o T=OrE* [ (2
0w [ (1 [ st )| ] = o T0B (2 7).

Lemma 13.9. The price (13.2) at time t of the Asian call option with payoff
(13.1) can be written as

f(t, S, Ar) = Sig(t, Zy) (13.25)
—(r—tyrps | (L (T "
=e E T.Io Sudu—K) |F|, telo,T],
with the relation
Y
f(t,xyy)fl_(](t,*(ffK)), z>0,y>0, 0<t<T,
T
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where

g(t,;2) = e TrE

T_ +
<z + L ' &du> } (13.26)
0

A +
— o (Tt Tt
e E <z+ SOT>

with the boundary condition

g(T,z) = 2™, z€eR.

Proof. For 0 < s <t<T, we have

t s,
d(8:2y) = %d (IO Sydu — K) - %dt,

hence
SiZy = SsZs + Isl d(SuZu) = SsZs + Lf %d%
and therefore
Sty L (t5u

=Z,+ = [ 2%a 0<s<t<T.
S, st )5, 5

Since for any t € [O,T]7 S; is positive and Fi-measurable, and S, /S; is
independent of F, u > t, we have:
Sr\"
—7 Fi
<St T) t}

[ +
— o (T-0rg,E* N
—e S,E (Zt+ TL 5 du

C—(T—t)rIE* [ST(ZT)+ |]:t] _ O—(T—t)rst]E*

Fi

ef(Tft)rStIE*

_ +
= ef(Tft)TStIE* <z+l g tédu) :|
0
z2=1Z4

TJo S
- A\
— o (T=t)r * T—t
e S:E z+ SoT )
L z2=2
= Stg(t7 Zt)v
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which proves (13.26). O

When A;/T > K we have Z; > 0, hence in this case by (13.22) and (13.25)
we find

1— e (T=t)r

9(6.20) = 074 S

0<t<T. (13.27)

Note that as in (13.11), g(¢, z) can be computed from the probability density
function (13.10) of Ap_y, as

<z+ gﬁ;)Jr
J:C (z+ %) dIP (1;; < u)

=e
0 A 1+ 02
><J0 (Z+T) fo v exp <72 2 0
— o PP%t/8
2 2
< Y (%o g () g (2 du
X f(sz)vo (z + T) jo v exp ( 2 po 0 7 (T —1%) dv "
2
7p20'2t/8 o0 o0 —1-p _ 140
ze j(—zT)vofo v exp 2 P

1 2,2 “00 “00 1+02 v o?
= —poit/8 —1-p _ v 2 ’
+T e J(—zT)vo J() v exp ( 2 g ) 0 (021/ (T—t) 1 > dvdu.

The next proposition gives a replicating hedging strategy for Asian options.

Proposition 13.10. (Rogers and Shi (1995)). Let (ni,&)ier,. be a self-
financing portfolio strategy whose value Vy := mi Ay + &S, t € [0,T], is given
by

g(t,z) =E*

Vt:Stg(tZt):St9<t7i<ﬁ*K)> 0<t<T,
S\ T

where g € CH2((0,T) x (0,00)) 4s given by (13.26). Then, the function g(t, z)
satisfies the PDE

0 <t < T, under the terminal condition

g(T,2) =27, z€R, (13.29)

and the corresponding replicating portfolio Delta is given by
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Proof. By (13.16) and the It formula applied to 1/.S;, we have

1\ dS, | 2(ds))?
d<§t>* @ MERCHE

(( n+o )dtfodBt),

s (1)
~i(r5-5)
=r(5) -(5)
e
=Ny s (é)

= % + 2y (~p+ 0?) dt — Z,0dBy.

hence

By the self-financing condition (5.9) we have

dVy = mid Ay + £dS,
7‘7]tAtdt + ﬂftstdt + UftstdBt

T‘tht + (,u - r)@Stdt + U@StdBt, t>0.

(13.30)

(13.31)

Another application of Ito’s formula to f(t, S, Z¢) = Stg(t, Z¢) leads to

d(Sig(t, Zt)) = g(t, Z)dSt + Spdg(t, Z) 4 dSy - dg(t, Zy)

dg dg
= q(t Zt)dSt + S —(t Zt)dt+ Si== (t Zt)dZt

ot 7 (0 0z
9%
+= S’a > I, Z0)(dZ)? + dSy - dg(t, Zy)
d
= uSig(t, Z)dt + o Sig(t, Z,)dBy + Sta—g(t, Z)dt

g g g
a (t Zt)dt+ TStd (t Zt)dtfaStZta

9(t, 2,)dt — 02StZt%(t, Z;)dt

+StZt (*M—FJ )
d%g
+5 UQZL Si53
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19} 0, 0
= uSig(t, Z,,)dt—i—S,,a—g(t, Z)dt+ S Z; (—p+0?) 8—9(7: Zy)dt + Szag (t, Zy)dt
0%g dg
+= 02Zt Siga 2(15 Zy)dt — o ZStZta (t, Z¢)dt
+O'Stg(t, Zt)dBt O’Stztg (t Zt)dBt (1332)

By respective identification of components in dB; and dt¢ in (13.31) and
(13.32), we get

g g
e Ar + €Sy = pSeq(t, Zt) +St8 (t Zy) - MSzZta (t, Z¢)
9g 2
+TS[8 (t Zl) + 20’ Zt Sta 2(t7 Zl)7
g
fzStO' = UStg(t,Zt) UStZta (f Zt)
hence
8 0 9%
V=165, = S5 94, 2,) + Stag(t Z) +7 222515 29, 2,),
dg
& =9t 2Zt) - th (t, Zy),
e ) ) 0*
99 1 99 (4 1 5 20% _
at(t,z)-‘r <T rz) Bz( )+ 207 5 S5 (t,2) =0,
8
& =90t 2Zt) = Ziy 21, 21),
under the terminal condition g(7', z) = 2™, 2z € R, which follows from (13.26).
O
When A¢/T > K we have Z; > 0 and (13.27) and (13.30) show that
g
§=9(t2) - Zt(9 (t, Zt)
Tt
ef(Tft)TZt + 1—e r ef(Tft)th
rT
1— e (T—t)r
=7 0<t<T,
which recovers (13.24). Similarly, from (13.29) we recover
g
&r =9(T. Z7) - ZTa (T, Zr) = Zrliz;50) — Zrl{zp20) = 0
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at maturity.

We also check that
of

ft = e_(T_t)To-Stai'x

10,502 022 11,50, )

, 17}
e~ (T=0r <7Zta—'z(t, Zt) +g(t, Zt)>

T 0 1 /1 ¢t
e (St oz <t, o (T fo Sydu — K >> s, Jrg(t,Zt))

0 1/1 ¢t
Z —(T—t)r (= _ <t <
% (ze g<t7$<TJ0 Sudu K>>>|z:5t, 0<t<T.

We also find that the amount invested on the riskless asset is given by

1o}
Ay = ZySy ag
z

(t,Zt).

Next we note that a PDE with no first-order derivative term can be obtained
using time-dependent coefficients.

(2) One variable with time-dependent coefficients

Define now the auxiliary process

1—e IO 1 (1t
U= ——m——+e E(ffo Sudu—K>
1 i (T
= G-e T=0r) 4 e~ (T=0r7, 0<t<T,
i.e. (T—1)
. —r _q
Zi=eT-ry,+ & "1 0<t<T
rT
We have
dU; = = ™ dt v o= (T Zydt 4 o= dz,
=e T527qt — o~ T-VG7,4B, — (m—r) e~ Tz, q¢
= 76_(T_t)TJthB\f,7 t 2 0,
where

dB; = dBy —odt + " "Lt = dB, — odt
g

is a standard Brownian motion under
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dﬁ—} _ eaBTfa2t/2dIP* _ eirT%(ﬂP*.
0

Lemma 13.11. The Asian call option price can be written as

(1 Jysaor) | 7]

Sih(t,U;) = e~ (T E*

where the function h(t,y) is given by

h(ty) =E[(Ur)* |Ui=y], 0<t<T. (13.33)
Proof. We have

and

dPyr, — o(Br=By)o—(T—t)0%/2 _ e TSy
dPr, e TS,

hence the price of the Asian call option is

e T B (S (2Zp) ™ | Fi] = T B[S0 (Ur) ™ | Fi

. efrTS
= SE |:eTtSZW(UT)+ ft:|
dP, 7,
= SE" |- (Ur)* Ft}
dIP‘*ft

= SE[(Ur)* | F.

O

The next proposition gives a replicating hedging strategy for Asian options.
See § 7.5.3 of Shreve (2004) and references therein for a different derivation
of the PDE (13.34).

Proposition 13.12. (Vecer (2001)). Let (¢, & )ier.. be a self-financing port-
folio strategy whose value Vi := Ay +&St, t 2 0, is given by

Vi = Sih(t,Uy),  t>0,

where h € CH2((0,T) x (0,00)) is given by (13.33). Then, the function h(t, z)
satisfies the PDE
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Oh 1— e (T-0r
2

® o2
e —(t,y) + — T —y e (t,y) =0, (13.34)

under the terminal condition

WT,z2) = 2",

and the corresponding replicating portfolio is given by

Oh
& =h(t,U) — Zi - oy

Proof. By the self-financing condition (13.20) we have

tU), 0<t<T.

dV;f = 7”7]tAtdt + pé,,Stdt + U{,,StdBt (1335)
= T‘/tdt -+ (/t - r)ftStdt -+ O'EtstdBt,

> 0. By Itd’s formula we get

d(Sh(t,Uy)) = h(t, Up)dS; + Sydh(t, Uy) + dSi  dh(t, Uy)

= /LSt (f Ut)df+(TSt (f Ut)de
oh oh 19%h
+5; <8t (t,Up)dt + a—(t Up)dUs + = 25 5 (t, Ut)(dUt)2>
oh
@(t, Ut)dSt‘ dUt

h
— uSh(t, Up)dt + oSih(t, Us)dBs — Sy — 7»)%@, Uy Zudt

oh oh 2h

+5; (w (t, Up)dt — B (t,U) ZdBy + L 20 5 (, Ut)dt>
oh

—0’2St 8J (f Ut)tht

)
— JSh(t,UL)dt + oSh(t, Un)dBy — Sy(1 — m%u, Uy Zudt

ol oh o2
+S, (al(t Un)dt =75 (1,U2) Zu(dBy — o) + Zfa L) Ut)dt>
h
—UZSt‘; (t, Up) Zydt. (13.36)

By respective identification of components in dB; and dt in (13.35) and
(13.36), we get

=
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ol oh
Ay 4 p&Sy = pSth(t, Uy) — (u— r)SLZla—yL(t, Up)dt + SAE(L Uy)
o, 0%
+7SI,Zt aT/g(ta Ur),
oh
= h(t,Uy) — Zy— (¢, Uy
& = h(t,Ur) tay(’ t),
hence
Ay = —1Ss (& — h(t U))+S@(t U)+U—252282—h(t Uy)
LAt t(§&e — h(t, Uy 1o Ut 2ttay27t7
oh
= _z,=
& = h(t,Up) tﬁy(t’ U),
and )
on 02 [1— e (T=0r d%h
a(@y) 5 <7~T -y 87/2(15, y) =0,
1— e (T-0)r oh
& = h(t,Up) + <TT - Ut) Fy(t Ut),
under the terminal condition
T, z) =z".

We also find the riskless portfolio allocation

1— e (T-0r\ on oh
erT> —(t,Uy) = S1Zy—(t,Uy).

mA, = eT=0rs, <Ut - oy oy

Various implementations of Asian pricing methods can be found in this
IPython notebook (right-click to save as attachment - may not work on
®). See also the Premia website.

Exercises

Exercise 13.1 Compute the first and second moments of the time integral
T

f Sedt for 7 € [0,T), where (S¢)ier, is the geometric Brownian motion
-

Sy = So eaBt+rt—02t/27 t>0.
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    "[2] H. Geman and M. Yor, Bessel processes, Asian options and perpetuities,$\\textit{Mathematical Finance}$ 3(4) (1993) 349–375.</p>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Parameters\">Parameters<a class=\"anchor-link\" href=\"#Parameters\">¶</a></h2><table>\n",
    "<thead><tr>\n",
    "<th style=\"text-align:left\"></th>\n",
    "<th style=\"text-align:right\"></th>\n",
    "</tr>\n",
    "</thead>\n",
    "<tbody>\n",
    "<tr>\n",
    "<td style=\"text-align:left\">$S_0$</td>\n",
    "<td style=\"text-align:right\">100</td>\n",
    "</tr>\n",
    "<tr>\n",
    "<td style=\"text-align:left\">Strike</td>\n",
    "<td style=\"text-align:right\">100</td>\n",
    "</tr>\n",
    "<tr>\n",
    "<td style=\"text-align:left\">r</td>\n",
    "<td style=\"text-align:right\">0.05</td>\n",
    "</tr>\n",
    "<tr>\n",
    "<td style=\"text-align:left\">$\\sigma$</td>\n",
    "<td style=\"text-align:right\">0.5</td>\n",
    "</tr>\n",
    "<tr>\n",
    "<td style=\"text-align:left\">T</td>\n",
    "<td style=\"text-align:right\">5</td>\n",
    "</tr>\n",
    "</tbody>\n",
    "</table>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"SLNQuad-Upper-Bound\">SLNQuad Upper Bound<a class=\"anchor-link\" href=\"#SLNQuad-Upper-Bound\">¶</a></h2>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Let,\n",
    "$$\\alpha = r-\\frac12\\sigma^2$$\n",
    "Consider,\n",
    "$$\n",
    "\\begin{aligned}\n",
    "\\mathbb{E}\\left[\\left(\\frac1T\\int_0^TS\\mathrm{exp}(\\sigma B_t+\\alpha t)dt-K\\right)^+\\right] &amp;= \\mathbb{E}\\left[\\left(\\int_0^T(\\frac1T S\\mathrm{exp}(\\sigma B_t+\\alpha t)-Kf_t)dt\\right)^+\\right]\\\\\n",
    "&amp;\\leq \\mathbb{E}\\left[\\int_0^T\\left(\\frac1T S\\mathrm{exp}(\\sigma B_t+\\alpha t)-Kf_t\\right)^+dt\\right]\\\\\n",
    "&amp;= \\int_0^T\\mathbb{E}\\left[\\left(\\frac1T S\\mathrm{exp}(\\sigma B_t+\\alpha t)-Kf_t\\right)^+\\right]dt\n",
    "\\end{aligned}\n",
    "$$\n",
    "Let,\n",
    "$$\n",
    "f_t=\\mu_t+\\widetilde{\\sigma}\\left(B_t-\\frac1T\\int_0^TB_sds\\right)\n",
    "$$\n",
    "where$\\mu_t$ is a deterministic function satisfying $\\int_0^T\\mu_tdt=1$.\n",
    "<br/>\n",
    "<br/>\n",
    "Consider the Lagrangian and the condition to minimize the upper bound is $\\mathbb{P}\\left(\\frac1TS\\mathrm{exp}(\\sigma B_t+\\alpha t)\\geq Kf_t\\right)$ must be independent of t.\n",
    "<br/>\n",
    "Apporximate $\\mathrm{exp}(\\sigma B_t)$ by $1+\\sigma B_t$. This leads to the condition $\\mathbb{P}(S\\mathrm{exp}(\\alpha t)(1+\\sigma B_t)\\geq KTf_t)$. Using the facts of the preliminary results, I get:\n",
    "<br/><br/>\n",
    "$$\n",
    "\\mu_t=\\frac1{KT}\\left(Se^{\\alpha t}+\\gamma\\sqrt{\\nu_t}\\right)\n",
    "$$\n",
    "where\n",
    "$$\n",
    "\\begin{align}\n",
    "\\nu_t &amp;= c_t^2t+2c_t(K\\widetilde{\\sigma})t(T-\\frac12t)+\\frac13 K^2\\widetilde{\\sigma}^2T^3\\\\\n",
    "c_t &amp;= \\sigma Se^{\\alpha t}-KT\\widetilde{\\sigma}\n",
    "\\end{align}\n",
    "$$\n",
    "Imposing $\\int_0^T\\mu_tdt=1$ gives\n",
    "$$\n",
    "\\gamma = \\frac{KT-\\frac{S}{\\alpha}\\left(e^{\\alpha T}-1\\right)}{\\int_0^T\\sqrt{\\nu_t}dt}\n",
    "$$\n",
    "Thus, I get the upper bound by conditioning on $B_t=x$.\n",
    "$$\n",
    "e^{-rT}\\int_0^T\\mathbb{E}\\left[\\left(\\frac1T S\\mathrm{exp}(\\sigma B_t+\\alpha t)-Kf_t\\right)^+\\right]dt = e^{-rT}\\int_0^T\\int_{-\\infty}^{\\infty}\\frac1{\\sqrt{t}}\\phi{\\frac x{\\sqrt{t}}}\\mathbb{E}\\left[(a(t,x)+b(t,x)N)^+\\right]dxdt\n",
    "$$\n",
    "where\n",
    "$$\n",
    "\\begin{align}\n",
    "a(t,x) &amp;= \\frac1TS\\mathrm{exp}(\\sigma B_t+\\alpha t)-K(\\mu_t+\\widetilde{\\sigma}x)+\\frac{K\\widetilde{\\sigma}}{T}(T-\\frac12t)x\\\\\n",
    "b(t,x) &amp;= \\frac{K\\widetilde{\\sigma}}{T^2}\\sqrt{\\frac13T^3-t(T-\\frac12t)^2}\n",
    "\\end{align}\n",
    "$$\n",
    "<br/><br/>\n",
    "It can be easily proved that\n",
    "$$\n",
    "\\mathbb{E}\\left[(a(t,x)+b(t,x)N)^+\\right] = a(t,x)\\Phi\\left(\\frac{a(t,x)}{b(t,x}\\right)+b(t,x)\\phi\\left(\\frac{a(t,x)}{b(t,x}\\right)\n",
    "$$\n",
    "<br/><br/>\n",
    "To avoid the numerical problem, use the change of variable $v=\\sqrt{t}$ and $w=x/\\sqrt{t}$\n",
    "$$\n",
    "e^{-rT}\\int_0^T\\mathbb{E}\\left[\\left(\\frac1T S\\mathrm{exp}(\\sigma B_t+\\alpha t)-Kf_t\\right)^+\\right]dt =e^{-rT}\\int_0^{\\sqrt{T}}\\int_{-\\infty}^{\\infty}2v\\phi(w)\\left(a(t,x)\\Phi\\left(\\frac{a(t,x)}{b(t,x}\\right)+b(t,x)\\phi\\left(\\frac{a(t,x)}{b(t,x}\\right)\\right)dwdv\n",
    "$$\n",
    "<br/><br/>\n",
    "It is shown that the upper bound has a quadratic form with respect to $\\widetilde{\\sigma}$.</p>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 1,
   "metadata": {},
   "outputs": [],
   "source": [
    "\n",
    "S0 = 15\n",
    "sigma = 0.58\n",
    "r = 0.05\n",
    "T = 0.5\n",
    "K = 16"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 2,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The SLNQuad upper bound is:  1.1101113643622043\n"
     ]
    }
   ],
   "source": [
    "\n",
    "from numpy import log,exp,sqrt,polyfit,poly1d\n",
    "from numba import jit\n",
    "from scipy.integrate import quad,dblquad,tplquad\n",
    "import matplotlib.pyplot as plt\n",
    "import numpy as np\n",
    "from scipy.stats import norm\n",
    "# import warnings\n",
    "# warnings.filterwarnings('error')\n",
    "\n",
    "\n",
    "def SLNQuad(sigma,S0,r,T,K):\n",
    "    def c_Th(t,tsigma,T):\n",
    "        return S0*exp((r-0.5*sigma**2)*t)*sigma-K*tsigma*T\n",
    "\n",
    "    def v_Th(t,tsigma,T):\n",
    "        return c_Th(t,tsigma,T)**2*t+2*K*tsigma*c_Th(t,tsigma,T)*t*(T-0.5*t)+(K*tsigma)**2*T**3/3\n",
    "\n",
    "    def y_Th(t,tsigma,T):\n",
    "        f = lambda x: sqrt(v_Th(x,tsigma,T))\n",
    "        return (K*T-S0*(exp((r-0.5*sigma**2)*T)-1)/(r-0.5*sigma**2))/quad(f,0,T)[0] \n",
    "\n",
    "    def mu_Th(t,tsigma,T):\n",
    "        return (S0*exp((r-0.5*sigma**2)*t)+y_Th(t,tsigma,T)*sqrt(v_Th(t,tsigma,T)))/K/T\n",
    "\n",
    "    def a_Th(t,x,tsigma,T):\n",
    "        return S0*exp(sigma*x+(r-0.5*sigma**2)*t)/T-K*(mu_Th(t,tsigma,T)+tsigma*x)+K*tsigma*(T-0.5*t)*x/T\n",
    "\n",
    "    def b_Th(t,x,tsigma,T):\n",
    "        return K*tsigma*sqrt(1/3*T**3-t*(T-0.5*t)**2)/T**2\n",
    "\n",
    "    def UB_Th(w,v,tsigma,T):\n",
    "        t = sqrt(v)\n",
    "        x = w*v\n",
    "        return 2*v*norm.pdf(w)*(a_Th(t,x,tsigma,T)*norm.cdf(a_Th(t,x,tsigma,T)/b_Th(t,x,tsigma,T))+b_Th(t,x,tsigma,T)*norm.cdf(a_Th(t,x,tsigma,T)/b_Th(t,x,tsigma,T)))\n",
    "    \n",
    "    sList = np.linspace(sigma-0.15, sigma+0.15, 6)\n",
    "    slnquadList = [dblquad(UB_Th,0,sqrt(T),-6,6,args=[s,T])[0]*exp(-r*T) for s in sList]\n",
    "    z = polyfit(sList,slnquadList,2)\n",
    "    p = np.poly1d(z)\n",
    "    xp = np.linspace(0.1, 0.8, 200)\n",
    "\n",
    "    return np.min(p(xp)),p\n",
    "\n",
    "slnquadBound, slnquadFunc = SLNQuad(sigma,S0,r,T,K)\n",
    "print(\"The SLNQuad upper bound is: \",slnquadBound)\n",
    "\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 4,
   "metadata": {},
   "outputs": [
    {
     "data": {
      "application/javascript": [
       "/* Put everything inside the global mpl namespace */\n",
       "/* global mpl */\n",
       "window.mpl = {};\n",
       "\n",
       "mpl.get_websocket_type = function () {\n",
       "    if (typeof WebSocket !== 'undefined') {\n",
       "        return WebSocket;\n",
       "    } else if (typeof MozWebSocket !== 'undefined') {\n",
       "        return MozWebSocket;\n",
       "    } else {\n",
       "        alert(\n",
       "            'Your browser does not have WebSocket support. ' +\n",
       "                'Please try Chrome, Safari or Firefox ≥ 6. ' +\n",
       "                'Firefox 4 and 5 are also supported but you ' +\n",
       "                'have to enable WebSockets in about:config.'\n",
       "        );\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure = function (figure_id, websocket, ondownload, parent_element) {\n",
       "    this.id = figure_id;\n",
       "\n",
       "    this.ws = websocket;\n",
       "\n",
       "    this.supports_binary = this.ws.binaryType !== undefined;\n",
       "\n",
       "    if (!this.supports_binary) {\n",
       "        var warnings = document.getElementById('mpl-warnings');\n",
       "        if (warnings) {\n",
       "            warnings.style.display = 'block';\n",
       "            warnings.textContent =\n",
       "                'This browser does not support binary websocket messages. ' +\n",
       "                'Performance may be slow.';\n",
       "        }\n",
       "    }\n",
       "\n",
       "    this.imageObj = new Image();\n",
       "\n",
       "    this.context = undefined;\n",
       "    this.message = undefined;\n",
       "    this.canvas = undefined;\n",
       "    this.rubberband_canvas = undefined;\n",
       "    this.rubberband_context = undefined;\n",
       "    this.format_dropdown = undefined;\n",
       "\n",
       "    this.image_mode = 'full';\n",
       "\n",
       "    this.root = document.createElement('div');\n",
       "    this.root.setAttribute('style', 'display: inline-block');\n",
       "    this._root_extra_style(this.root);\n",
       "\n",
       "    parent_element.appendChild(this.root);\n",
       "\n",
       "    this._init_header(this);\n",
       "    this._init_canvas(this);\n",
       "    this._init_toolbar(this);\n",
       "\n",
       "    var fig = this;\n",
       "\n",
       "    this.waiting = false;\n",
       "\n",
       "    this.ws.onopen = function () {\n",
       "        fig.send_message('supports_binary', { value: fig.supports_binary });\n",
       "        fig.send_message('send_image_mode', {});\n",
       "        if (fig.ratio !== 1) {\n",
       "            fig.send_message('set_dpi_ratio', { dpi_ratio: fig.ratio });\n",
       "        }\n",
       "        fig.send_message('refresh', {});\n",
       "    };\n",
       "\n",
       "    this.imageObj.onload = function () {\n",
       "        if (fig.image_mode === 'full') {\n",
       "            // Full images could contain transparency (where diff images\n",
       "            // almost always do), so we need to clear the canvas so that\n",
       "            // there is no ghosting.\n",
       "            fig.context.clearRect(0, 0, fig.canvas.width, fig.canvas.height);\n",
       "        }\n",
       "        fig.context.drawImage(fig.imageObj, 0, 0);\n",
       "    };\n",
       "\n",
       "    this.imageObj.onunload = function () {\n",
       "        fig.ws.close();\n",
       "    };\n",
       "\n",
       "    this.ws.onmessage = this._make_on_message_function(this);\n",
       "\n",
       "    this.ondownload = ondownload;\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._init_header = function () {\n",
       "    var titlebar = document.createElement('div');\n",
       "    titlebar.classList =\n",
       "        'ui-dialog-titlebar ui-widget-header ui-corner-all ui-helper-clearfix';\n",
       "    var titletext = document.createElement('div');\n",
       "    titletext.classList = 'ui-dialog-title';\n",
       "    titletext.setAttribute(\n",
       "        'style',\n",
       "        'width: 100%; text-align: center; padding: 3px;'\n",
       "    );\n",
       "    titlebar.appendChild(titletext);\n",
       "    this.root.appendChild(titlebar);\n",
       "    this.header = titletext;\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._canvas_extra_style = function (_canvas_div) {};\n",
       "\n",
       "mpl.figure.prototype._root_extra_style = function (_canvas_div) {};\n",
       "\n",
       "mpl.figure.prototype._init_canvas = function () {\n",
       "    var fig = this;\n",
       "\n",
       "    var canvas_div = (this.canvas_div = document.createElement('div'));\n",
       "    canvas_div.setAttribute(\n",
       "        'style',\n",
       "        'border: 1px solid #ddd;' +\n",
       "            'box-sizing: content-box;' +\n",
       "            'clear: both;' +\n",
       "            'min-height: 1px;' +\n",
       "            'min-width: 1px;' +\n",
       "            'outline: 0;' +\n",
       "            'overflow: hidden;' +\n",
       "            'position: relative;' +\n",
       "            'resize: both;'\n",
       "    );\n",
       "\n",
       "    function on_keyboard_event_closure(name) {\n",
       "        return function (event) {\n",
       "            return fig.key_event(event, name);\n",
       "        };\n",
       "    }\n",
       "\n",
       "    canvas_div.addEventListener(\n",
       "        'keydown',\n",
       "        on_keyboard_event_closure('key_press')\n",
       "    );\n",
       "    canvas_div.addEventListener(\n",
       "        'keyup',\n",
       "        on_keyboard_event_closure('key_release')\n",
       "    );\n",
       "\n",
       "    this._canvas_extra_style(canvas_div);\n",
       "    this.root.appendChild(canvas_div);\n",
       "\n",
       "    var canvas = (this.canvas = document.createElement('canvas'));\n",
       "    canvas.classList.add('mpl-canvas');\n",
       "    canvas.setAttribute('style', 'box-sizing: content-box;');\n",
       "\n",
       "    this.context = canvas.getContext('2d');\n",
       "\n",
       "    var backingStore =\n",
       "        this.context.backingStorePixelRatio ||\n",
       "        this.context.webkitBackingStorePixelRatio ||\n",
       "        this.context.mozBackingStorePixelRatio ||\n",
       "        this.context.msBackingStorePixelRatio ||\n",
       "        this.context.oBackingStorePixelRatio ||\n",
       "        this.context.backingStorePixelRatio ||\n",
       "        1;\n",
       "\n",
       "    this.ratio = (window.devicePixelRatio || 1) / backingStore;\n",
       "\n",
       "    var rubberband_canvas = (this.rubberband_canvas = document.createElement(\n",
       "        'canvas'\n",
       "    ));\n",
       "    rubberband_canvas.setAttribute(\n",
       "        'style',\n",
       "        'box-sizing: content-box; position: absolute; left: 0; top: 0; z-index: 1;'\n",
       "    );\n",
       "\n",
       "    // Apply a ponyfill if ResizeObserver is not implemented by browser.\n",
       "    if (this.ResizeObserver === undefined) {\n",
       "        if (window.ResizeObserver !== undefined) {\n",
       "            this.ResizeObserver = window.ResizeObserver;\n",
       "        } else {\n",
       "            var obs = _JSXTOOLS_RESIZE_OBSERVER({});\n",
       "            this.ResizeObserver = obs.ResizeObserver;\n",
       "        }\n",
       "    }\n",
       "\n",
       "    this.resizeObserverInstance = new this.ResizeObserver(function (entries) {\n",
       "        var nentries = entries.length;\n",
       "        for (var i = 0; i < nentries; i++) {\n",
       "            var entry = entries[i];\n",
       "            var width, height;\n",
       "            if (entry.contentBoxSize) {\n",
       "                if (entry.contentBoxSize instanceof Array) {\n",
       "                    // Chrome 84 implements new version of spec.\n",
       "                    width = entry.contentBoxSize[0].inlineSize;\n",
       "                    height = entry.contentBoxSize[0].blockSize;\n",
       "                } else {\n",
       "                    // Firefox implements old version of spec.\n",
       "                    width = entry.contentBoxSize.inlineSize;\n",
       "                    height = entry.contentBoxSize.blockSize;\n",
       "                }\n",
       "            } else {\n",
       "                // Chrome <84 implements even older version of spec.\n",
       "                width = entry.contentRect.width;\n",
       "                height = entry.contentRect.height;\n",
       "            }\n",
       "\n",
       "            // Keep the size of the canvas and rubber band canvas in sync with\n",
       "            // the canvas container.\n",
       "            if (entry.devicePixelContentBoxSize) {\n",
       "                // Chrome 84 implements new version of spec.\n",
       "                canvas.setAttribute(\n",
       "                    'width',\n",
       "                    entry.devicePixelContentBoxSize[0].inlineSize\n",
       "                );\n",
       "                canvas.setAttribute(\n",
       "                    'height',\n",
       "                    entry.devicePixelContentBoxSize[0].blockSize\n",
       "                );\n",
       "            } else {\n",
       "                canvas.setAttribute('width', width * fig.ratio);\n",
       "                canvas.setAttribute('height', height * fig.ratio);\n",
       "            }\n",
       "            canvas.setAttribute(\n",
       "                'style',\n",
       "                'width: ' + width + 'px; height: ' + height + 'px;'\n",
       "            );\n",
       "\n",
       "            rubberband_canvas.setAttribute('width', width);\n",
       "            rubberband_canvas.setAttribute('height', height);\n",
       "\n",
       "            // And update the size in Python. We ignore the initial 0/0 size\n",
       "            // that occurs as the element is placed into the DOM, which should\n",
       "            // otherwise not happen due to the minimum size styling.\n",
       "            if (fig.ws.readyState == 1 && width != 0 && height != 0) {\n",
       "                fig.request_resize(width, height);\n",
       "            }\n",
       "        }\n",
       "    });\n",
       "    this.resizeObserverInstance.observe(canvas_div);\n",
       "\n",
       "    function on_mouse_event_closure(name) {\n",
       "        return function (event) {\n",
       "            return fig.mouse_event(event, name);\n",
       "        };\n",
       "    }\n",
       "\n",
       "    rubberband_canvas.addEventListener(\n",
       "        'mousedown',\n",
       "        on_mouse_event_closure('button_press')\n",
       "    );\n",
       "    rubberband_canvas.addEventListener(\n",
       "        'mouseup',\n",
       "        on_mouse_event_closure('button_release')\n",
       "    );\n",
       "    rubberband_canvas.addEventListener(\n",
       "        'dblclick',\n",
       "        on_mouse_event_closure('dblclick')\n",
       "    );\n",
       "    // Throttle sequential mouse events to 1 every 20ms.\n",
       "    rubberband_canvas.addEventListener(\n",
       "        'mousemove',\n",
       "        on_mouse_event_closure('motion_notify')\n",
       "    );\n",
       "\n",
       "    rubberband_canvas.addEventListener(\n",
       "        'mouseenter',\n",
       "        on_mouse_event_closure('figure_enter')\n",
       "    );\n",
       "    rubberband_canvas.addEventListener(\n",
       "        'mouseleave',\n",
       "        on_mouse_event_closure('figure_leave')\n",
       "    );\n",
       "\n",
       "    canvas_div.addEventListener('wheel', function (event) {\n",
       "        if (event.deltaY < 0) {\n",
       "            event.step = 1;\n",
       "        } else {\n",
       "            event.step = -1;\n",
       "        }\n",
       "        on_mouse_event_closure('scroll')(event);\n",
       "    });\n",
       "\n",
       "    canvas_div.appendChild(canvas);\n",
       "    canvas_div.appendChild(rubberband_canvas);\n",
       "\n",
       "    this.rubberband_context = rubberband_canvas.getContext('2d');\n",
       "    this.rubberband_context.strokeStyle = '#000000';\n",
       "\n",
       "    this._resize_canvas = function (width, height, forward) {\n",
       "        if (forward) {\n",
       "            canvas_div.style.width = width + 'px';\n",
       "            canvas_div.style.height = height + 'px';\n",
       "        }\n",
       "    };\n",
       "\n",
       "    // Disable right mouse context menu.\n",
       "    this.rubberband_canvas.addEventListener('contextmenu', function (_e) {\n",
       "        event.preventDefault();\n",
       "        return false;\n",
       "    });\n",
       "\n",
       "    function set_focus() {\n",
       "        canvas.focus();\n",
       "        canvas_div.focus();\n",
       "    }\n",
       "\n",
       "    window.setTimeout(set_focus, 100);\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._init_toolbar = function () {\n",
       "    var fig = this;\n",
       "\n",
       "    var toolbar = document.createElement('div');\n",
       "    toolbar.classList = 'mpl-toolbar';\n",
       "    this.root.appendChild(toolbar);\n",
       "\n",
       "    function on_click_closure(name) {\n",
       "        return function (_event) {\n",
       "            return fig.toolbar_button_onclick(name);\n",
       "        };\n",
       "    }\n",
       "\n",
       "    function on_mouseover_closure(tooltip) {\n",
       "        return function (event) {\n",
       "            if (!event.currentTarget.disabled) {\n",
       "                return fig.toolbar_button_onmouseover(tooltip);\n",
       "            }\n",
       "        };\n",
       "    }\n",
       "\n",
       "    fig.buttons = {};\n",
       "    var buttonGroup = document.createElement('div');\n",
       "    buttonGroup.classList = 'mpl-button-group';\n",
       "    for (var toolbar_ind in mpl.toolbar_items) {\n",
       "        var name = mpl.toolbar_items[toolbar_ind][0];\n",
       "        var tooltip = mpl.toolbar_items[toolbar_ind][1];\n",
       "        var image = mpl.toolbar_items[toolbar_ind][2];\n",
       "        var method_name = mpl.toolbar_items[toolbar_ind][3];\n",
       "\n",
       "        if (!name) {\n",
       "            /* Instead of a spacer, we start a new button group. */\n",
       "            if (buttonGroup.hasChildNodes()) {\n",
       "                toolbar.appendChild(buttonGroup);\n",
       "            }\n",
       "            buttonGroup = document.createElement('div');\n",
       "            buttonGroup.classList = 'mpl-button-group';\n",
       "            continue;\n",
       "        }\n",
       "\n",
       "        var button = (fig.buttons[name] = document.createElement('button'));\n",
       "        button.classList = 'mpl-widget';\n",
       "        button.setAttribute('role', 'button');\n",
       "        button.setAttribute('aria-disabled', 'false');\n",
       "        button.addEventListener('click', on_click_closure(method_name));\n",
       "        button.addEventListener('mouseover', on_mouseover_closure(tooltip));\n",
       "\n",
       "        var icon_img = document.createElement('img');\n",
       "        icon_img.src = '_images/' + image + '.png';\n",
       "        icon_img.srcset = '_images/' + image + '_large.png 2x';\n",
       "        icon_img.alt = tooltip;\n",
       "        button.appendChild(icon_img);\n",
       "\n",
       "        buttonGroup.appendChild(button);\n",
       "    }\n",
       "\n",
       "    if (buttonGroup.hasChildNodes()) {\n",
       "        toolbar.appendChild(buttonGroup);\n",
       "    }\n",
       "\n",
       "    var fmt_picker = document.createElement('select');\n",
       "    fmt_picker.classList = 'mpl-widget';\n",
       "    toolbar.appendChild(fmt_picker);\n",
       "    this.format_dropdown = fmt_picker;\n",
       "\n",
       "    for (var ind in mpl.extensions) {\n",
       "        var fmt = mpl.extensions[ind];\n",
       "        var option = document.createElement('option');\n",
       "        option.selected = fmt === mpl.default_extension;\n",
       "        option.innerHTML = fmt;\n",
       "        fmt_picker.appendChild(option);\n",
       "    }\n",
       "\n",
       "    var status_bar = document.createElement('span');\n",
       "    status_bar.classList = 'mpl-message';\n",
       "    toolbar.appendChild(status_bar);\n",
       "    this.message = status_bar;\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.request_resize = function (x_pixels, y_pixels) {\n",
       "    // Request matplotlib to resize the figure. Matplotlib will then trigger a resize in the client,\n",
       "    // which will in turn request a refresh of the image.\n",
       "    this.send_message('resize', { width: x_pixels, height: y_pixels });\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.send_message = function (type, properties) {\n",
       "    properties['type'] = type;\n",
       "    properties['figure_id'] = this.id;\n",
       "    this.ws.send(JSON.stringify(properties));\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.send_draw_message = function () {\n",
       "    if (!this.waiting) {\n",
       "        this.waiting = true;\n",
       "        this.ws.send(JSON.stringify({ type: 'draw', figure_id: this.id }));\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_save = function (fig, _msg) {\n",
       "    var format_dropdown = fig.format_dropdown;\n",
       "    var format = format_dropdown.options[format_dropdown.selectedIndex].value;\n",
       "    fig.ondownload(fig, format);\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_resize = function (fig, msg) {\n",
       "    var size = msg['size'];\n",
       "    if (size[0] !== fig.canvas.width || size[1] !== fig.canvas.height) {\n",
       "        fig._resize_canvas(size[0], size[1], msg['forward']);\n",
       "        fig.send_message('refresh', {});\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_rubberband = function (fig, msg) {\n",
       "    var x0 = msg['x0'] / fig.ratio;\n",
       "    var y0 = (fig.canvas.height - msg['y0']) / fig.ratio;\n",
       "    var x1 = msg['x1'] / fig.ratio;\n",
       "    var y1 = (fig.canvas.height - msg['y1']) / fig.ratio;\n",
       "    x0 = Math.floor(x0) + 0.5;\n",
       "    y0 = Math.floor(y0) + 0.5;\n",
       "    x1 = Math.floor(x1) + 0.5;\n",
       "    y1 = Math.floor(y1) + 0.5;\n",
       "    var min_x = Math.min(x0, x1);\n",
       "    var min_y = Math.min(y0, y1);\n",
       "    var width = Math.abs(x1 - x0);\n",
       "    var height = Math.abs(y1 - y0);\n",
       "\n",
       "    fig.rubberband_context.clearRect(\n",
       "        0,\n",
       "        0,\n",
       "        fig.canvas.width / fig.ratio,\n",
       "        fig.canvas.height / fig.ratio\n",
       "    );\n",
       "\n",
       "    fig.rubberband_context.strokeRect(min_x, min_y, width, height);\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_figure_label = function (fig, msg) {\n",
       "    // Updates the figure title.\n",
       "    fig.header.textContent = msg['label'];\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_cursor = function (fig, msg) {\n",
       "    var cursor = msg['cursor'];\n",
       "    switch (cursor) {\n",
       "        case 0:\n",
       "            cursor = 'pointer';\n",
       "            break;\n",
       "        case 1:\n",
       "            cursor = 'default';\n",
       "            break;\n",
       "        case 2:\n",
       "            cursor = 'crosshair';\n",
       "            break;\n",
       "        case 3:\n",
       "            cursor = 'move';\n",
       "            break;\n",
       "    }\n",
       "    fig.rubberband_canvas.style.cursor = cursor;\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_message = function (fig, msg) {\n",
       "    fig.message.textContent = msg['message'];\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_draw = function (fig, _msg) {\n",
       "    // Request the server to send over a new figure.\n",
       "    fig.send_draw_message();\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_image_mode = function (fig, msg) {\n",
       "    fig.image_mode = msg['mode'];\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_history_buttons = function (fig, msg) {\n",
       "    for (var key in msg) {\n",
       "        if (!(key in fig.buttons)) {\n",
       "            continue;\n",
       "        }\n",
       "        fig.buttons[key].disabled = !msg[key];\n",
       "        fig.buttons[key].setAttribute('aria-disabled', !msg[key]);\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_navigate_mode = function (fig, msg) {\n",
       "    if (msg['mode'] === 'PAN') {\n",
       "        fig.buttons['Pan'].classList.add('active');\n",
       "        fig.buttons['Zoom'].classList.remove('active');\n",
       "    } else if (msg['mode'] === 'ZOOM') {\n",
       "        fig.buttons['Pan'].classList.remove('active');\n",
       "        fig.buttons['Zoom'].classList.add('active');\n",
       "    } else {\n",
       "        fig.buttons['Pan'].classList.remove('active');\n",
       "        fig.buttons['Zoom'].classList.remove('active');\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.updated_canvas_event = function () {\n",
       "    // Called whenever the canvas gets updated.\n",
       "    this.send_message('ack', {});\n",
       "};\n",
       "\n",
       "// A function to construct a web socket function for onmessage handling.\n",
       "// Called in the figure constructor.\n",
       "mpl.figure.prototype._make_on_message_function = function (fig) {\n",
       "    return function socket_on_message(evt) {\n",
       "        if (evt.data instanceof Blob) {\n",
       "            var img = evt.data;\n",
       "            if (img.type !== 'image/png') {\n",
       "                /* FIXME: We get \"Resource interpreted as Image but\n",
       "                 * transferred with MIME type text/plain:\" errors on\n",
       "                 * Chrome.  But how to set the MIME type?  It doesn't seem\n",
       "                 * to be part of the websocket stream */\n",
       "                img.type = 'image/png';\n",
       "            }\n",
       "\n",
       "            /* Free the memory for the previous frames */\n",
       "            if (fig.imageObj.src) {\n",
       "                (window.URL || window.webkitURL).revokeObjectURL(\n",
       "                    fig.imageObj.src\n",
       "                );\n",
       "            }\n",
       "\n",
       "            fig.imageObj.src = (window.URL || window.webkitURL).createObjectURL(\n",
       "                img\n",
       "            );\n",
       "            fig.updated_canvas_event();\n",
       "            fig.waiting = false;\n",
       "            return;\n",
       "        } else if (\n",
       "            typeof evt.data === 'string' &&\n",
       "            evt.data.slice(0, 21) === 'data:image/png;base64'\n",
       "        ) {\n",
       "            fig.imageObj.src = evt.data;\n",
       "            fig.updated_canvas_event();\n",
       "            fig.waiting = false;\n",
       "            return;\n",
       "        }\n",
       "\n",
       "        var msg = JSON.parse(evt.data);\n",
       "        var msg_type = msg['type'];\n",
       "\n",
       "        // Call the  \"handle_{type}\" callback, which takes\n",
       "        // the figure and JSON message as its only arguments.\n",
       "        try {\n",
       "            var callback = fig['handle_' + msg_type];\n",
       "        } catch (e) {\n",
       "            console.log(\n",
       "                \"No handler for the '\" + msg_type + \"' message type: \",\n",
       "                msg\n",
       "            );\n",
       "            return;\n",
       "        }\n",
       "\n",
       "        if (callback) {\n",
       "            try {\n",
       "                // console.log(\"Handling '\" + msg_type + \"' message: \", msg);\n",
       "                callback(fig, msg);\n",
       "            } catch (e) {\n",
       "                console.log(\n",
       "                    \"Exception inside the 'handler_\" + msg_type + \"' callback:\",\n",
       "                    e,\n",
       "                    e.stack,\n",
       "                    msg\n",
       "                );\n",
       "            }\n",
       "        }\n",
       "    };\n",
       "};\n",
       "\n",
       "// from http://stackoverflow.com/questions/1114465/getting-mouse-location-in-canvas\n",
       "mpl.findpos = function (e) {\n",
       "    //this section is from http://www.quirksmode.org/js/events_properties.html\n",
       "    var targ;\n",
       "    if (!e) {\n",
       "        e = window.event;\n",
       "    }\n",
       "    if (e.target) {\n",
       "        targ = e.target;\n",
       "    } else if (e.srcElement) {\n",
       "        targ = e.srcElement;\n",
       "    }\n",
       "    if (targ.nodeType === 3) {\n",
       "        // defeat Safari bug\n",
       "        targ = targ.parentNode;\n",
       "    }\n",
       "\n",
       "    // pageX,Y are the mouse positions relative to the document\n",
       "    var boundingRect = targ.getBoundingClientRect();\n",
       "    var x = e.pageX - (boundingRect.left + document.body.scrollLeft);\n",
       "    var y = e.pageY - (boundingRect.top + document.body.scrollTop);\n",
       "\n",
       "    return { x: x, y: y };\n",
       "};\n",
       "\n",
       "/*\n",
       " * return a copy of an object with only non-object keys\n",
       " * we need this to avoid circular references\n",
       " * http://stackoverflow.com/a/24161582/3208463\n",
       " */\n",
       "function simpleKeys(original) {\n",
       "    return Object.keys(original).reduce(function (obj, key) {\n",
       "        if (typeof original[key] !== 'object') {\n",
       "            obj[key] = original[key];\n",
       "        }\n",
       "        return obj;\n",
       "    }, {});\n",
       "}\n",
       "\n",
       "mpl.figure.prototype.mouse_event = function (event, name) {\n",
       "    var canvas_pos = mpl.findpos(event);\n",
       "\n",
       "    if (name === 'button_press') {\n",
       "        this.canvas.focus();\n",
       "        this.canvas_div.focus();\n",
       "    }\n",
       "\n",
       "    var x = canvas_pos.x * this.ratio;\n",
       "    var y = canvas_pos.y * this.ratio;\n",
       "\n",
       "    this.send_message(name, {\n",
       "        x: x,\n",
       "        y: y,\n",
       "        button: event.button,\n",
       "        step: event.step,\n",
       "        guiEvent: simpleKeys(event),\n",
       "    });\n",
       "\n",
       "    /* This prevents the web browser from automatically changing to\n",
       "     * the text insertion cursor when the button is pressed.  We want\n",
       "     * to control all of the cursor setting manually through the\n",
       "     * 'cursor' event from matplotlib */\n",
       "    event.preventDefault();\n",
       "    return false;\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._key_event_extra = function (_event, _name) {\n",
       "    // Handle any extra behaviour associated with a key event\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.key_event = function (event, name) {\n",
       "    // Prevent repeat events\n",
       "    if (name === 'key_press') {\n",
       "        if (event.key === this._key) {\n",
       "            return;\n",
       "        } else {\n",
       "            this._key = event.key;\n",
       "        }\n",
       "    }\n",
       "    if (name === 'key_release') {\n",
       "        this._key = null;\n",
       "    }\n",
       "\n",
       "    var value = '';\n",
       "    if (event.ctrlKey && event.key !== 'Control') {\n",
       "        value += 'ctrl+';\n",
       "    }\n",
       "    else if (event.altKey && event.key !== 'Alt') {\n",
       "        value += 'alt+';\n",
       "    }\n",
       "    else if (event.shiftKey && event.key !== 'Shift') {\n",
       "        value += 'shift+';\n",
       "    }\n",
       "\n",
       "    value += 'k' + event.key;\n",
       "\n",
       "    this._key_event_extra(event, name);\n",
       "\n",
       "    this.send_message(name, { key: value, guiEvent: simpleKeys(event) });\n",
       "    return false;\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.toolbar_button_onclick = function (name) {\n",
       "    if (name === 'download') {\n",
       "        this.handle_save(this, null);\n",
       "    } else {\n",
       "        this.send_message('toolbar_button', { name: name });\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.toolbar_button_onmouseover = function (tooltip) {\n",
       "    this.message.textContent = tooltip;\n",
       "};\n",
       "\n",
       "///////////////// REMAINING CONTENT GENERATED BY embed_js.py /////////////////\n",
       "// prettier-ignore\n",
       "var _JSXTOOLS_RESIZE_OBSERVER=function(A){var t,i=new WeakMap,n=new WeakMap,a=new WeakMap,r=new WeakMap,o=new Set;function s(e){if(!(this instanceof s))throw new TypeError(\"Constructor requires 'new' operator\");i.set(this,e)}function h(){throw new TypeError(\"Function is not a constructor\")}function c(e,t,i,n){e=0 in arguments?Number(arguments[0]):0,t=1 in arguments?Number(arguments[1]):0,i=2 in arguments?Number(arguments[2]):0,n=3 in arguments?Number(arguments[3]):0,this.right=(this.x=this.left=e)+(this.width=i),this.bottom=(this.y=this.top=t)+(this.height=n),Object.freeze(this)}function d(){t=requestAnimationFrame(d);var s=new WeakMap,p=new Set;o.forEach((function(t){r.get(t).forEach((function(i){var r=t instanceof window.SVGElement,o=a.get(t),d=r?0:parseFloat(o.paddingTop),f=r?0:parseFloat(o.paddingRight),l=r?0:parseFloat(o.paddingBottom),u=r?0:parseFloat(o.paddingLeft),g=r?0:parseFloat(o.borderTopWidth),m=r?0:parseFloat(o.borderRightWidth),w=r?0:parseFloat(o.borderBottomWidth),b=u+f,F=d+l,v=(r?0:parseFloat(o.borderLeftWidth))+m,W=g+w,y=r?0:t.offsetHeight-W-t.clientHeight,E=r?0:t.offsetWidth-v-t.clientWidth,R=b+v,z=F+W,M=r?t.width:parseFloat(o.width)-R-E,O=r?t.height:parseFloat(o.height)-z-y;if(n.has(t)){var k=n.get(t);if(k[0]===M&&k[1]===O)return}n.set(t,[M,O]);var S=Object.create(h.prototype);S.target=t,S.contentRect=new c(u,d,M,O),s.has(i)||(s.set(i,[]),p.add(i)),s.get(i).push(S)}))})),p.forEach((function(e){i.get(e).call(e,s.get(e),e)}))}return s.prototype.observe=function(i){if(i instanceof window.Element){r.has(i)||(r.set(i,new Set),o.add(i),a.set(i,window.getComputedStyle(i)));var n=r.get(i);n.has(this)||n.add(this),cancelAnimationFrame(t),t=requestAnimationFrame(d)}},s.prototype.unobserve=function(i){if(i instanceof window.Element&&r.has(i)){var n=r.get(i);n.has(this)&&(n.delete(this),n.size||(r.delete(i),o.delete(i))),n.size||r.delete(i),o.size||cancelAnimationFrame(t)}},A.DOMRectReadOnly=c,A.ResizeObserver=s,A.ResizeObserverEntry=h,A}; // eslint-disable-line\n",
       "mpl.toolbar_items = [[\"Home\", \"Reset original view\", \"fa fa-home icon-home\", \"home\"], [\"Back\", \"Back to previous view\", \"fa fa-arrow-left icon-arrow-left\", \"back\"], [\"Forward\", \"Forward to next view\", \"fa fa-arrow-right icon-arrow-right\", \"forward\"], [\"\", \"\", \"\", \"\"], [\"Pan\", \"Left button pans, Right button zooms\\nx/y fixes axis, CTRL fixes aspect\", \"fa fa-arrows icon-move\", \"pan\"], [\"Zoom\", \"Zoom to rectangle\\nx/y fixes axis, CTRL fixes aspect\", \"fa fa-square-o icon-check-empty\", \"zoom\"], [\"\", \"\", \"\", \"\"], [\"Download\", \"Download plot\", \"fa fa-floppy-o icon-save\", \"download\"]];\n",
       "\n",
       "mpl.extensions = [\"eps\", \"jpeg\", \"pgf\", \"pdf\", \"png\", \"ps\", \"raw\", \"svg\", \"tif\"];\n",
       "\n",
       "mpl.default_extension = \"png\";/* global mpl */\n",
       "\n",
       "var comm_websocket_adapter = function (comm) {\n",
       "    // Create a \"websocket\"-like object which calls the given IPython comm\n",
       "    // object with the appropriate methods. Currently this is a non binary\n",
       "    // socket, so there is still some room for performance tuning.\n",
       "    var ws = {};\n",
       "\n",
       "    ws.binaryType = comm.kernel.ws.binaryType;\n",
       "    ws.readyState = comm.kernel.ws.readyState;\n",
       "    function updateReadyState(_event) {\n",
       "        if (comm.kernel.ws) {\n",
       "            ws.readyState = comm.kernel.ws.readyState;\n",
       "        } else {\n",
       "            ws.readyState = 3; // Closed state.\n",
       "        }\n",
       "    }\n",
       "    comm.kernel.ws.addEventListener('open', updateReadyState);\n",
       "    comm.kernel.ws.addEventListener('close', updateReadyState);\n",
       "    comm.kernel.ws.addEventListener('error', updateReadyState);\n",
       "\n",
       "    ws.close = function () {\n",
       "        comm.close();\n",
       "    };\n",
       "    ws.send = function (m) {\n",
       "        //console.log('sending', m);\n",
       "        comm.send(m);\n",
       "    };\n",
       "    // Register the callback with on_msg.\n",
       "    comm.on_msg(function (msg) {\n",
       "        //console.log('receiving', msg['content']['data'], msg);\n",
       "        var data = msg['content']['data'];\n",
       "        if (data['blob'] !== undefined) {\n",
       "            data = {\n",
       "                data: new Blob(msg['buffers'], { type: data['blob'] }),\n",
       "            };\n",
       "        }\n",
       "        // Pass the mpl event to the overridden (by mpl) onmessage function.\n",
       "        ws.onmessage(data);\n",
       "    });\n",
       "    return ws;\n",
       "};\n",
       "\n",
       "mpl.mpl_figure_comm = function (comm, msg) {\n",
       "    // This is the function which gets called when the mpl process\n",
       "    // starts-up an IPython Comm through the \"matplotlib\" channel.\n",
       "\n",
       "    var id = msg.content.data.id;\n",
       "    // Get hold of the div created by the display call when the Comm\n",
       "    // socket was opened in Python.\n",
       "    var element = document.getElementById(id);\n",
       "    var ws_proxy = comm_websocket_adapter(comm);\n",
       "\n",
       "    function ondownload(figure, _format) {\n",
       "        window.open(figure.canvas.toDataURL());\n",
       "    }\n",
       "\n",
       "    var fig = new mpl.figure(id, ws_proxy, ondownload, element);\n",
       "\n",
       "    // Call onopen now - mpl needs it, as it is assuming we've passed it a real\n",
       "    // web socket which is closed, not our websocket->open comm proxy.\n",
       "    ws_proxy.onopen();\n",
       "\n",
       "    fig.parent_element = element;\n",
       "    fig.cell_info = mpl.find_output_cell(\"<div id='\" + id + \"'></div>\");\n",
       "    if (!fig.cell_info) {\n",
       "        console.error('Failed to find cell for figure', id, fig);\n",
       "        return;\n",
       "    }\n",
       "    fig.cell_info[0].output_area.element.on(\n",
       "        'cleared',\n",
       "        { fig: fig },\n",
       "        fig._remove_fig_handler\n",
       "    );\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_close = function (fig, msg) {\n",
       "    var width = fig.canvas.width / fig.ratio;\n",
       "    fig.cell_info[0].output_area.element.off(\n",
       "        'cleared',\n",
       "        fig._remove_fig_handler\n",
       "    );\n",
       "    fig.resizeObserverInstance.unobserve(fig.canvas_div);\n",
       "\n",
       "    // Update the output cell to use the data from the current canvas.\n",
       "    fig.push_to_output();\n",
       "    var dataURL = fig.canvas.toDataURL();\n",
       "    // Re-enable the keyboard manager in IPython - without this line, in FF,\n",
       "    // the notebook keyboard shortcuts fail.\n",
       "    IPython.keyboard_manager.enable();\n",
       "    fig.parent_element.innerHTML =\n",
       "        '<img src=\"' + dataURL + '\" width=\"' + width + '\">';\n",
       "    fig.close_ws(fig, msg);\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.close_ws = function (fig, msg) {\n",
       "    fig.send_message('closing', msg);\n",
       "    // fig.ws.close()\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.push_to_output = function (_remove_interactive) {\n",
       "    // Turn the data on the canvas into data in the output cell.\n",
       "    var width = this.canvas.width / this.ratio;\n",
       "    var dataURL = this.canvas.toDataURL();\n",
       "    this.cell_info[1]['text/html'] =\n",
       "        '<img src=\"' + dataURL + '\" width=\"' + width + '\">';\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.updated_canvas_event = function () {\n",
       "    // Tell IPython that the notebook contents must change.\n",
       "    IPython.notebook.set_dirty(true);\n",
       "    this.send_message('ack', {});\n",
       "    var fig = this;\n",
       "    // Wait a second, then push the new image to the DOM so\n",
       "    // that it is saved nicely (might be nice to debounce this).\n",
       "    setTimeout(function () {\n",
       "        fig.push_to_output();\n",
       "    }, 1000);\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._init_toolbar = function () {\n",
       "    var fig = this;\n",
       "\n",
       "    var toolbar = document.createElement('div');\n",
       "    toolbar.classList = 'btn-toolbar';\n",
       "    this.root.appendChild(toolbar);\n",
       "\n",
       "    function on_click_closure(name) {\n",
       "        return function (_event) {\n",
       "            return fig.toolbar_button_onclick(name);\n",
       "        };\n",
       "    }\n",
       "\n",
       "    function on_mouseover_closure(tooltip) {\n",
       "        return function (event) {\n",
       "            if (!event.currentTarget.disabled) {\n",
       "                return fig.toolbar_button_onmouseover(tooltip);\n",
       "            }\n",
       "        };\n",
       "    }\n",
       "\n",
       "    fig.buttons = {};\n",
       "    var buttonGroup = document.createElement('div');\n",
       "    buttonGroup.classList = 'btn-group';\n",
       "    var button;\n",
       "    for (var toolbar_ind in mpl.toolbar_items) {\n",
       "        var name = mpl.toolbar_items[toolbar_ind][0];\n",
       "        var tooltip = mpl.toolbar_items[toolbar_ind][1];\n",
       "        var image = mpl.toolbar_items[toolbar_ind][2];\n",
       "        var method_name = mpl.toolbar_items[toolbar_ind][3];\n",
       "\n",
       "        if (!name) {\n",
       "            /* Instead of a spacer, we start a new button group. */\n",
       "            if (buttonGroup.hasChildNodes()) {\n",
       "                toolbar.appendChild(buttonGroup);\n",
       "            }\n",
       "            buttonGroup = document.createElement('div');\n",
       "            buttonGroup.classList = 'btn-group';\n",
       "            continue;\n",
       "        }\n",
       "\n",
       "        button = fig.buttons[name] = document.createElement('button');\n",
       "        button.classList = 'btn btn-default';\n",
       "        button.href = '#';\n",
       "        button.title = name;\n",
       "        button.innerHTML = '<i class=\"fa ' + image + ' fa-lg\"></i>';\n",
       "        button.addEventListener('click', on_click_closure(method_name));\n",
       "        button.addEventListener('mouseover', on_mouseover_closure(tooltip));\n",
       "        buttonGroup.appendChild(button);\n",
       "    }\n",
       "\n",
       "    if (buttonGroup.hasChildNodes()) {\n",
       "        toolbar.appendChild(buttonGroup);\n",
       "    }\n",
       "\n",
       "    // Add the status bar.\n",
       "    var status_bar = document.createElement('span');\n",
       "    status_bar.classList = 'mpl-message pull-right';\n",
       "    toolbar.appendChild(status_bar);\n",
       "    this.message = status_bar;\n",
       "\n",
       "    // Add the close button to the window.\n",
       "    var buttongrp = document.createElement('div');\n",
       "    buttongrp.classList = 'btn-group inline pull-right';\n",
       "    button = document.createElement('button');\n",
       "    button.classList = 'btn btn-mini btn-primary';\n",
       "    button.href = '#';\n",
       "    button.title = 'Stop Interaction';\n",
       "    button.innerHTML = '<i class=\"fa fa-power-off icon-remove icon-large\"></i>';\n",
       "    button.addEventListener('click', function (_evt) {\n",
       "        fig.handle_close(fig, {});\n",
       "    });\n",
       "    button.addEventListener(\n",
       "        'mouseover',\n",
       "        on_mouseover_closure('Stop Interaction')\n",
       "    );\n",
       "    buttongrp.appendChild(button);\n",
       "    var titlebar = this.root.querySelector('.ui-dialog-titlebar');\n",
       "    titlebar.insertBefore(buttongrp, titlebar.firstChild);\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._remove_fig_handler = function (event) {\n",
       "    var fig = event.data.fig;\n",
       "    if (event.target !== this) {\n",
       "        // Ignore bubbled events from children.\n",
       "        return;\n",
       "    }\n",
       "    fig.close_ws(fig, {});\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._root_extra_style = function (el) {\n",
       "    el.style.boxSizing = 'content-box'; // override notebook setting of border-box.\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._canvas_extra_style = function (el) {\n",
       "    // this is important to make the div 'focusable\n",
       "    el.setAttribute('tabindex', 0);\n",
       "    // reach out to IPython and tell the keyboard manager to turn it's self\n",
       "    // off when our div gets focus\n",
       "\n",
       "    // location in version 3\n",
       "    if (IPython.notebook.keyboard_manager) {\n",
       "        IPython.notebook.keyboard_manager.register_events(el);\n",
       "    } else {\n",
       "        // location in version 2\n",
       "        IPython.keyboard_manager.register_events(el);\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._key_event_extra = function (event, _name) {\n",
       "    var manager = IPython.notebook.keyboard_manager;\n",
       "    if (!manager) {\n",
       "        manager = IPython.keyboard_manager;\n",
       "    }\n",
       "\n",
       "    // Check for shift+enter\n",
       "    if (event.shiftKey && event.which === 13) {\n",
       "        this.canvas_div.blur();\n",
       "        // select the cell after this one\n",
       "        var index = IPython.notebook.find_cell_index(this.cell_info[0]);\n",
       "        IPython.notebook.select(index + 1);\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_save = function (fig, _msg) {\n",
       "    fig.ondownload(fig, null);\n",
       "};\n",
       "\n",
       "mpl.find_output_cell = function (html_output) {\n",
       "    // Return the cell and output element which can be found *uniquely* in the notebook.\n",
       "    // Note - this is a bit hacky, but it is done because the \"notebook_saving.Notebook\"\n",
       "    // IPython event is triggered only after the cells have been serialised, which for\n",
       "    // our purposes (turning an active figure into a static one), is too late.\n",
       "    var cells = IPython.notebook.get_cells();\n",
       "    var ncells = cells.length;\n",
       "    for (var i = 0; i < ncells; i++) {\n",
       "        var cell = cells[i];\n",
       "        if (cell.cell_type === 'code') {\n",
       "            for (var j = 0; j < cell.output_area.outputs.length; j++) {\n",
       "                var data = cell.output_area.outputs[j];\n",
       "                if (data.data) {\n",
       "                    // IPython >= 3 moved mimebundle to data attribute of output\n",
       "                    data = data.data;\n",
       "                }\n",
       "                if (data['text/html'] === html_output) {\n",
       "                    return [cell, data, j];\n",
       "                }\n",
       "            }\n",
       "        }\n",
       "    }\n",
       "};\n",
       "\n",
       "// Register the function which deals with the matplotlib target/channel.\n",
       "// The kernel may be null if the page has been refreshed.\n",
       "if (IPython.notebook.kernel !== null) {\n",
       "    IPython.notebook.kernel.comm_manager.register_target(\n",
       "        'matplotlib',\n",
       "        mpl.mpl_figure_comm\n",
       "    );\n",
       "}\n"
      ],
      "text/plain": [
       "<IPython.core.display.Javascript object>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "data": {
      "text/html": [
       "<img src=\"data:image/png;base64,\" width=\"640\">"
      ],
      "text/plain": [
       "<IPython.core.display.HTML object>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "\n",
    "%matplotlib notebook\n",
    "import matplotlib.pyplot as plt\n",
    "\n",
    "sigmaList = np.linspace(0.1, 0.8, 200)\n",
    "minSigma = [sigmaList[np.where(slnquadFunc(sigmaList)==np.min(slnquadFunc(sigmaList)))[0][0]]]*20\n",
    "minSigmay = np.linspace(0, np.min(slnquadFunc(sigmaList)), 20)\n",
    "plt.plot(sigmaList, slnquadFunc(sigmaList))\n",
    "plt.plot(minSigma, minSigmay,'r--')\n",
    "plt.xlabel(\"tilde sigma\")\n",
    "plt.ylabel(\"Upper Bound\")\n",
    "plt.title(\"The optimal tilde sigma\")\n",
    "plt.show()\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Curran-approximation\">Curran approximation<a class=\"anchor-link\" href=\"#Curran-approximation\">¶</a></h2><p>Consider,\n",
    "$$\n",
    "\\begin{align}\n",
    "G &amp;= \\mathrm{exp}\\left(\\frac1T \\int_0^TS_udu\\right)\\\\\n",
    "&amp;=S_0\\mathrm{exp}\\left(\\frac T2(r-\\frac{\\sigma^2}{2})+\\frac \\sigma T \\int_0^TB_udu\\right)\n",
    "\\end{align}\n",
    "$$\n",
    "Thus,\n",
    "$$\n",
    "\\mathrm{log}G=\\mathrm{log}S_0+\\frac T2(r-\\frac{\\sigma^2}{2})+\\frac \\sigma T \\int_0^TB_udu\n",
    "$$\n",
    "I get,\n",
    "$$\n",
    "\\begin{align}\n",
    "&amp;\\mathbb{E}(\\mathrm{log}G)&amp;&amp;=&amp;&amp;\\frac T2(r-\\frac{\\sigma^2}{2})\\\\\n",
    "&amp;\\mathrm{Var}(\\mathrm{log}G)&amp;&amp;=&amp;&amp;\\frac13 \\sigma^2T\\\\\n",
    "&amp;\\mathbb{E}(G)&amp;&amp;=&amp;&amp;S_0e^{\\frac T2(r-\\frac{\\sigma^2}{6})}\\\\\n",
    "&amp;\\mathbb{E}(G^2)&amp;&amp;=&amp;&amp;S_0e^{ T(r+\\frac{\\sigma^2}{6})}\n",
    "\\end{align}\n",
    "$$\n",
    "Consider,\n",
    "$$\n",
    "\\Lambda_T = \\int_0^TS_udu\n",
    "$$\n",
    "Thus,\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}(\\Lambda_T)&amp;=S_0\\frac{e^{rT}-1}{r}\\\\\n",
    "\\mathbb{E}\\left[(\\Lambda_T)^2\\right]&amp;=2S_0^2\\frac{re^{(\\sigma^2+2r)T}-(\\sigma^2+2r)e^{rT}+(\\sigma^2+r)}{(\\sigma^2+r)(\\sigma^2+2r)r}\n",
    "\\end{align}\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Use conditional expectation to calculate $C_2$ in the Curran approximation:\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[\\int_0^TS_udu|G=x\\right] &amp;= \\int_0^T\\mathbb{E}(S_u|G=x)du\\\\\n",
    "&amp;= \\int_0^T\\mathbb{E}\\left(S_u|\\mathrm{log}(G)=\\mathrm{log}(x)\\right)du\\\\\n",
    "&amp;= \\int_0^T\\mathbb{E}\\left(S_u|\\frac \\sigma T \\int_0^TB_udu=\\mathrm{log}(x)-\\mathrm{log}(S_0)-\\frac T2(r-\\frac{\\sigma^2}{2})\\right)du\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "Let $y=\\mathrm{log}(x)-\\mathrm{log}(S_0)-\\frac T2(r-\\frac{\\sigma^2}{2})$, So y is a zero-mean Gaussian variable. Consider:\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[B_u|Y\\right] &amp;= \\mu_{B_u|Y}\\\\\n",
    "&amp;= \\frac{3u(T-\\frac12u)}{\\sigma T^2}Y\\\\\n",
    "\\mathrm{Var}\\left(B_u|Y)\\right) &amp;= \\sigma_{B_u|Y}^2\\\\\n",
    "&amp;= u - \\frac{3u^2(T-\\frac12u)^2}{T^3}\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "$B_u|Y$ is still a Gaussian variable with mean $\\mu_{B_u|Y}$ and variance $\\sigma_{B_u|Y}^2$.<br/>\n",
    "Thus,<br/>\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left(S_u|Y\\right) &amp;= S_0e^{(r-\\frac{\\sigma^2}{2})u}\\mathbb{E}\\left(e^{\\sigma B_u}|Y\\right) \\\\\n",
    "&amp;= S_0e^{(r-\\frac{\\sigma^2}{2})u} \\mathrm{exp}\\left(\\sigma \\mu_{B_u|Y} + \\frac12 \\sigma^2 \\sigma_{B_u|Y}^2\\right)\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "Also, I consider\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{P}(G\\geq K) &amp;= \\mathbb{P}\\left(\\mathrm{log}(G) \\geq \\mathrm{log}(K)\\right)\\\\\n",
    "&amp;= \\Phi\\left(\\frac{\\sqrt{3}}{\\sigma\\sqrt{T}}\\left(\\frac T2(r-\\frac{\\sigma^2}{2})+\\mathrm{log}\\frac{S_0}{K}\\right)\\right)\n",
    "\\end{align}\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Finally, $C_2$ can be calculated:\n",
    "$$\n",
    "\\begin{align}\n",
    "C_2 &amp;= \\frac{e^{-rT}}{T}\\int_K^{\\infty}\\mathbb{E}\\left[\\int_0^TS_udu|G=x\\right]d\\mathbb{P}(G=x) - Ke^{-rT}\\int_K^{\\infty}d\\mathbb{P}(G=x)\\\\\n",
    "&amp;= \\frac{e^{-rT}}{T} \\int_{\\mathrm{log}\\frac{K}{S_0}-\\frac T2(r-\\frac{\\sigma^2}{2})}^{\\infty}\\int_0^T S_0e^{(r-\\frac{\\sigma^2}{2})u} \\mathrm{exp}\\left(\\sigma \\mu_{B_u|Y} + \\frac12 \\sigma^2 \\sigma_{B_u|Y}^2\\right) du d\\mathbb{P}(Y=y)-Ke^{-rT}\\Phi\\left(\\frac{\\sqrt{3}}{\\sigma\\sqrt{T}}\\left(\\frac T2(r-\\frac{\\sigma^2}{2})+\\mathrm{log}\\frac{S_0}{K}\\right)\\right)\n",
    "\\end{align}\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 5,
   "metadata": {},
   "outputs": [],
   "source": [
    "\n",
    "def C2GA(sigma,S0,r,T,K):   \n",
    "    def C2GAInt(u,x,r,sigma,T,S0):\n",
    "        gvar = sigma**2*T/3\n",
    "        gmean = 0\n",
    "        ex2 = gvar\n",
    "        mean = sigma/T*u*(T-0.5*u)/ex2*x*sigma\n",
    "        var = (u-(sigma/T*u*(T-0.5*u))**2/ex2)*sigma**2\n",
    "        return S0*exp((r-0.5*sigma**2)*u)*exp(mean+0.5*var)*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)\n",
    "\n",
    "    CurranC2 = dblquad(C2GAInt,log(K/S0)-(r-0.5*sigma**2)*T/2,20,0,T,args=[r,sigma,T,S0])[0]*exp(-r*T)/T-K*exp(-r*T)*norm.cdf(sqrt(3)*(T/2*(r-0.5*sigma**2)+log(S0/K))/sqrt(T*sigma**2))\n",
    "    return CurranC2\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Curran-2M-approximation\">Curran 2M approximation<a class=\"anchor-link\" href=\"#Curran-2M-approximation\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Next, I use a lognormal approximation to calculate $C_1$.<br/>\n",
    "<br/><br/>\n",
    "Let\n",
    "$$\n",
    "\\begin{align}\n",
    "\\Lambda_T = G_T + S_0\\mathrm{exp}(\\alpha+\\beta Z)\\text{ ,where Z is an independent standard normal variable}\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "Use the conditional first moment and the conditional second moment matching to calibrate $\\alpha$ and $\\beta$(conditioning to $G_T=K)$:\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[G_T + S_0\\mathrm{exp}(\\alpha+\\beta Z)|G_T=K\\right] &amp;= K + S_0\\mathrm{exp}(\\alpha+\\frac12\\beta^2)\\\\\n",
    "\\mathbb{E}\\left[\\left(G_T + S_0\\mathrm{exp}(\\alpha+\\beta Z)\\right)^2|G_T=K\\right] &amp;= K^2 + 2S_0K\\mathrm{exp}(\\alpha+\\frac12\\beta^2)+S_0^2\\mathrm{exp}(2\\alpha+2\\beta^2)\\\\\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "By equating the conditional first and the conditional second moment,<br/>\n",
    "$$\n",
    "\\\\\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[G_T + S_0\\mathrm{exp}(\\alpha+\\beta Z)|G_T=K\\right] &amp;= \\mathbb{E}(\\Lambda_T|G_T=K)= \\mathbb{E}(\\Lambda_T|G_T=x) \\\\\n",
    "\\mathbb{E}\\left[\\left(G_T + S_0\\mathrm{exp}(\\alpha+\\beta Z)\\right)^2|G_T=K\\right] &amp;= \\mathbb{E}\\left[(\\Lambda_T)^2|G_T=K\\right]= \\mathbb{E}\\left[(\\Lambda_T)^2|G_T=x\\right]\\\\\n",
    "\\end{align}\n",
    "\\\\\n",
    "$$\n",
    "<br/>\n",
    "Calculate the first conditional moment,\n",
    "$$\n",
    "\\\\\n",
    "\\begin{align}\n",
    "\\mathbb{E}(\\Lambda_T|G_T=K)&amp;=\\mathbb{E}\\left[\\Lambda_T\\Bigr|y=\\mathrm{log}\\left(\\frac K{S_0}\\right)-\\frac T2(r-\\frac{\\sigma^2}{2})\\right]\\\\\n",
    "&amp;=\\int_0^T S_0e^{(r-\\frac{\\sigma^2}{2})u} \\mathrm{exp}\\left(\\sigma \\mu_{B_u|y} + \\frac12 \\sigma^2 \\sigma_{B_u|y}^2\\right) du\n",
    "\\end{align}\n",
    "\\\\\n",
    "$$\n",
    "<br/>\n",
    "Calculate the second conditional moment,\n",
    "$$\n",
    "\\\\\n",
    "\\begin{align}\n",
    "\\mathbb{E}({\\Lambda_T}^2|G_T=K)&amp;=\\mathbb{E}\\left[{\\Lambda_T}^2\\Bigr|Y=\\mathrm{log}\\left(\\frac K{S_0}\\right)-\\frac T2(r-\\frac{\\sigma^2}{2})\\right]dudv\\\\\n",
    "&amp;=\\mathbb{E}\\left[\\int_0^T\\int_0^TS_uS_vdudv\\Bigr|\\frac \\sigma T \\int_0^TB_udu\\right]dudv\\\\\n",
    "&amp;= 2{S_0}^2\\int_0^T\\int_0^v\\mathrm{exp}\\left((r+\\frac12\\sigma^2)(u+v)\\right)\\mathbb{E}\\left[e^{\\sigma(B_u+B_v)}\\Bigr|\\frac \\sigma T \\int_0^TB_udu\\right]dudv\\\\\n",
    "\\end{align}\n",
    "\\\\\n",
    "$$\n",
    "<br/>\n",
    "Since,\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[B_u+B_v\\Bigr|\\frac \\sigma T \\int_0^TB_udu\\right]&amp;={\\mu_{B_u+B_v|Y}}\\\\\n",
    "&amp;= \\frac{\\mathbb{E}[(B_u+B_v)Y]}{E[Y^2]}Y\\\\\n",
    "&amp;= \\frac {3\\left(u(T-\\frac12u)+v(T-\\frac12v)\\right)}{\\sigma T^2}Y\\\\\n",
    "\\\\\n",
    "\\mathrm{Var}\\left(B_u+B_v\\right)&amp;=\\mathbb{E}\\left[(B_u+B_v)^2\\right]\\\\\n",
    "&amp;=\\mathbb{E}\\left[{B_u}^2+2B_uB_v+{B_v}^2\\right]\\\\\n",
    "&amp;= 3u+v\\\\\n",
    "\\\\\n",
    "\\mathrm{Var}\\left(B_u+B_v\\Bigr|\\frac \\sigma T \\int_0^TB_udu\\right)&amp;={\\sigma^2_{B_u+B_v|Y}}\\\\\n",
    "&amp;=\\mathrm{Var}\\left(B_u+B_v\\right) - \\frac{\\mathbb{E}[{(B_u+B_v)Y]}^2}{E[Y^2]}\\\\\n",
    "&amp;=3u+v-\\frac{3{\\left(u(T-\\frac12u)+v(T-\\frac12v)\\right)}^2}{T^3}\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "Thus,\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}({\\Lambda_T}^2|G_T=K)&amp;= 2{S_0}^2\\int_0^T\\int_0^v\\mathrm{exp}\\left((r+\\frac12\\sigma^2)(u+v)\\right)\\mathrm{exp}\\left(\\sigma\\mu_{B_u+B_v|Y}+\\frac12\\sigma^2{\\sigma^2_{B_u+B_v|Y}}\\right)dudv\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "I get,\n",
    "$$\n",
    "\\begin{align}\n",
    "\\alpha+\\frac12\\beta^2 &amp;= \\mathrm{log}\\left(\\frac1{S_0}(\\mathbb{E}[\\Lambda_T|Y]-K)\\right)\\\\\n",
    "\\alpha+\\beta^2 &amp;= \\frac12\\mathrm{log}\\left(\\mathbb{E}[\\Lambda_T^2|Y]-K^2-2K(\\mathbb{E}[\\Lambda_T|Y]-K)\\right)\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "Thus, $\\alpha$ and $\\beta$ can be solved.</p>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Finally, we can calculate $C_1$:\n",
    "$$\n",
    "\\begin{align}\n",
    "C_1 &amp;= e^{-rT}\\int_0^{K}\\mathbb{E}\\left[\\left(\\frac1T\\int_0^TS_udu-K\\right)^+\\Bigr|G=x\\right]d\\mathbb{P}(G=x)\\\\\n",
    "&amp;= e^{-rT}\\int_0^{K}\\int_{\\frac1{\\beta}\\mathrm{log}\\left(\\frac{TK-x}{S_0}-\\alpha\\right)}^{\\infty} \\left(\\frac1T\\left(x+S_0e^{\\alpha+\\beta z}\\right)-K\\right) d\\mathbb{P}(Z=z)d\\mathbb{P}(G=x)\\\\\n",
    "&amp;= e^{-rT}\\int_{-\\infty}^{\\mathrm{log}(\\frac K{S_0})-\\frac T2(r-\\frac{\\sigma^2}{2})}\\int_{\\frac1{\\beta}\\mathrm{log}\\left(\\frac{TK-x}{S_0}-\\alpha\\right)}^{\\infty} \\left(\\frac1T\\left(x+S_0e^{\\alpha+\\beta z}\\right)-K\\right) d\\mathbb{P}(Z=z)d\\mathbb{P}(Y=y)\n",
    "\\end{align}\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 6,
   "metadata": {},
   "outputs": [
    {
     "name": "stderr",
     "output_type": "stream",
     "text": [
      "<ipython-input-6-400d7a3b409e>:19: RuntimeWarning: invalid value encountered in log\n",
      "  beta = sqrt((log((c2M-K**2-2*K*(c1M-K))/S0**2)/2-log((c1M-K)/S0))*2)\n",
      "<ipython-input-6-400d7a3b409e>:20: RuntimeWarning: invalid value encountered in log\n",
      "  alpha = log((c1M-K)/S0)-0.5*beta**2\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/integrate/quadpack.py:879: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  quad_r = quad(f, low, high, args=args, full_output=self.full_output,\n",
      "<ipython-input-6-400d7a3b409e>:27: RuntimeWarning: invalid value encountered in log\n",
      "  Curran2M = dblquad(Curran2MC1,-20,log(K/S0)-(r-0.5*sigma**2)*T/2,lambda x:(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=[S0,r,T,K,alpha,beta])[0]*exp(-r*T)\n"
     ]
    },
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The option price using Curran 2M approximation is:  nan\n"
     ]
    }
   ],
   "source": [
    "\n",
    "def cMean(u,y,sigma,T):\n",
    "    return 3*u*(T-0.5*u)*y/(sigma*T**2)\n",
    "\n",
    "def cVar(u,y,sigma,T):\n",
    "    return u-3*(u*(T-0.5*u))**2/T**3\n",
    "\n",
    "def c1MLambda(u,y,r,sigma,T,S0):\n",
    "    return exp((r-0.5*sigma**2)*u)*exp(sigma*cMean(u,y,sigma,T)+0.5*sigma**2*cVar(u,y,sigma,T))\n",
    "\n",
    "def c2MLambda(u,v,y,r,sigma,T,S0):\n",
    "    mean = 3*(u*(T-0.5*u)+v*(T-0.5*v))*y/(sigma*T**2)\n",
    "    var = 3*u+v - 3*(u*(T-0.5*u)+v*(T-0.5*v))**2/T**3\n",
    "    return exp((r-0.5*sigma**2)*(u+v))*exp(sigma*mean+0.5*sigma**2*var)\n",
    " \n",
    "def C2M(sigma,S0,r,T,K):\n",
    "    \n",
    "    c1M = quad(c1MLambda,0,T,args=(log(K/S0)-(r-0.5*sigma**2)*T/2,r,sigma,T,S0))[0]*S0\n",
    "    c2M = dblquad(c2MLambda,0,T,0,lambda x:x,args=[log(K/S0)-(r-0.5*sigma**2)*T/2,r,sigma,T,S0])[0]*S0**2*2\n",
    "    beta = sqrt((log((c2M-K**2-2*K*(c1M-K))/S0**2)/2-log((c1M-K)/S0))*2)\n",
    "    alpha = log((c1M-K)/S0)-0.5*beta**2\n",
    "\n",
    "    def Curran2MC1(z,x,S0,r,T,K,alpha,beta):\n",
    "        gvar = sigma**2*T/3\n",
    "        gmean = 0   \n",
    "        return ((exp(x+log(S0)+(r-0.5*sigma**2)*T/2)+S0*exp(alpha+beta*z))/T-K)*exp(-z**2/2)/sqrt(2*np.pi)*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)\n",
    "\n",
    "    Curran2M = dblquad(Curran2MC1,-20,log(K/S0)-(r-0.5*sigma**2)*T/2,lambda x:(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=[S0,r,T,K,alpha,beta])[0]*exp(-r*T)\n",
    "    \n",
    "    CurranC2 = C2GA(sigma,S0,r,T,K)\n",
    "    return (Curran2M+CurranC2)\n",
    "\n",
    "print(\"The option price using Curran 2M approximation is: \",C2M(sigma,S0,r,T,K))\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Curran-2M+-approximation\">Curran 2M+ approximation<a class=\"anchor-link\" href=\"#Curran-2M+-approximation\">¶</a></h3><p>Use the conditional first moment and the conditional second moment <strong>globally</strong> matching to calibrate $\\alpha$ and $\\beta$:\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[G_T + S_0\\mathrm{exp}(\\alpha+\\beta Z)|G_T=x\\right] &amp;= x + S_0\\mathrm{exp}(\\alpha+\\frac12\\beta^2)\\\\\n",
    "\\mathbb{E}\\left[\\left(G_T + S_0\\mathrm{exp}(\\alpha+\\beta Z)\\right)^2|G_T=x\\right] &amp;= x^2 + 2xS_0\\mathrm{exp}(\\alpha+\\frac12\\beta^2)+S_0^2\\mathrm{exp}(2\\alpha+2\\beta^2)\\\\\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "By equating the conditional first and the conditional second moment,<br/>\n",
    "$$\n",
    "\\\\\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[G_T + S_0\\mathrm{exp}(\\alpha+\\beta Z)|G_T=x\\right] &amp;= \\mathbb{E}(\\Lambda_T|G_T=x) \\\\\n",
    "\\mathbb{E}\\left[\\left(G_T + S_0\\mathrm{exp}(\\alpha+\\beta Z)\\right)^2|G_T=x\\right] &amp;=\\mathbb{E}\\left[(\\Lambda_T)^2|G_T=x\\right]\\\\\n",
    "\\end{align}\n",
    "\\\\\n",
    "$$\n",
    "<br/>\n",
    "Calculate the first conditional moment,\n",
    "$$\n",
    "\\\\\n",
    "\\begin{align}\n",
    "\\mathbb{E}(\\Lambda_T|G_T=x)&amp;=\\mathbb{E}\\left[\\Lambda_T\\bigr|y=\\mathrm{log}\\left(\\frac x{S_0}\\right)-\\frac T2(r-\\frac{\\sigma^2}{2})\\right]\\\\\n",
    "&amp;=\\int_0^T S_0e^{(r-\\frac{\\sigma^2}{2})u} \\mathrm{exp}\\left(\\sigma \\mu_{B_u|y} + \\frac12 \\sigma^2 \\sigma_{B_u|y}^2\\right) du\n",
    "\\end{align}\n",
    "\\\\\n",
    "$$\n",
    "<br/>\n",
    "Calculate the second conditional moment,\n",
    "$$\n",
    "\\\\\n",
    "\\begin{align}\n",
    "\\mathbb{E}({\\Lambda_T}^2|G_T=x)&amp;=\\mathbb{E}\\left[{\\Lambda_T}^2\\Bigr|Y=\\mathrm{log}\\left(\\frac x{S_0}\\right)-\\frac T2(r-\\frac{\\sigma^2}{2})\\right]\\\\\n",
    "&amp;=\\mathbb{E}\\left[\\int_0^T\\int_0^TS_uS_vdudv\\Bigr|\\frac \\sigma T \\int_0^TB_udu\\right]\\\\\n",
    "&amp;= 2{S_0}^2\\int_0^T\\int_0^v\\mathrm{exp}\\left((r-\\frac12\\sigma^2)(u+v)\\right)\\mathbb{E}\\left[e^{\\sigma(B_u+B_v)}\\Bigr|\\frac \\sigma T \\int_0^TB_udu\\right]dudv\\\\\n",
    "\\end{align}\n",
    "\\\\\n",
    "$$\n",
    "<br/>\n",
    "Since,\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[B_u+B_v\\Bigr|\\frac \\sigma T \\int_0^TB_udu\\right]&amp;={\\mu_{B_u+B_v|Y}}\\\\\n",
    "&amp;= \\frac {3\\left(u(T-\\frac12u)+v(T-\\frac12v)\\right)}{\\sigma T^2}Y\\\\\n",
    "\\\\\n",
    "\\mathrm{Var}\\left(B_u+B_v\\Bigr|\\frac \\sigma T \\int_0^TB_udu\\right)&amp;={\\sigma^2_{B_u+B_v|Y}}\\\\\n",
    "&amp;=3u+v-\\frac{3{\\left(u(T-\\frac12u)+v(T-\\frac12v)\\right)}^2}{T^3}\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "Thus,\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}({\\Lambda_T}^2|G_T=x)&amp;= 2{S_0}^2\\int_0^T\\int_0^v\\mathrm{exp}\\left((r+\\frac12\\sigma^2)(u+v)\\right)\\mathrm{exp}\\left(\\sigma\\mu_{B_u+B_v|Y}+\\frac12\\sigma^2{\\sigma^2_{B_u+B_v|Y}}\\right)dudv\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "For every $x$ and every $y$, I get,\n",
    "$$\n",
    "\\begin{align}\n",
    "\\alpha_y+\\frac12\\beta_y^2 &amp;= \\mathrm{log}\\left(\\frac1{S_0}(\\mathbb{E}[\\Lambda_T|Y]-K)\\right)\\\\\n",
    "\\alpha_y+\\beta_y^2 &amp;= \\frac12\\mathrm{log}\\left(\\mathbb{E}[\\Lambda_T^2|Y]-K^2-2K(\\mathbb{E}[\\Lambda_T|Y]-K)\\right)\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "Thus, $\\alpha$ and $\\beta$ can be solved.</p>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Finally, we can calculate $C_1$:\n",
    "$$\n",
    "\\begin{align}\n",
    "C_1 &amp;= e^{-rT}\\int_0^{K}\\mathbb{E}\\left[\\left(\\frac1T\\int_0^TS_udu-K\\right)^+|G=x\\right]d\\mathbb{P}(G=x)\\\\\n",
    "&amp;= e^{-rT}\\int_0^{K}\\int_{\\frac1{\\beta}\\mathrm{log}\\left(\\frac{TK-x}{S_0}-\\alpha\\right)}^{\\infty} \\left(\\frac1T\\left(x+S_0e^{\\alpha_y+\\beta_y z}\\right)-K\\right) d\\mathbb{P}(Z=z)d\\mathbb{P}(G=x)\\\\\n",
    "&amp;= e^{-rT}\\int_{-\\infty}^{\\mathrm{log}(\\frac K{S_0})-\\frac T2(r-\\frac{\\sigma^2}{2})}\\int_{\\frac1{\\beta}\\mathrm{log}\\left(\\frac{TK-x}{S_0}-\\alpha\\right)}^{\\infty} \\left(\\frac1T\\left(x+S_0e^{\\alpha_y+\\beta_y z}\\right)-K\\right) d\\mathbb{P}(Z=z)d\\mathbb{P}(Y=y)\n",
    "\\end{align}\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 7,
   "metadata": {},
   "outputs": [
    {
     "name": "stderr",
     "output_type": "stream",
     "text": [
      "<ipython-input-7-5d9b86f389a5>:17: RuntimeWarning: invalid value encountered in log\n",
      "  beta = sqrt((log((c2M-G**2-2*G*(c1M-G))/S0**2)/2-log((c1M-G)/S0))*2)\n",
      "<ipython-input-7-5d9b86f389a5>:18: RuntimeWarning: invalid value encountered in log\n",
      "  alpha = log((c1M-G)/S0)-0.5*beta**2\n",
      "<ipython-input-7-5d9b86f389a5>:19: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
      "<ipython-input-7-5d9b86f389a5>:19: RuntimeWarning: invalid value encountered in log\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n"
     ]
    },
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The option price using Curran 2M+ approximation is:  nan\n"
     ]
    }
   ],
   "source": [
    "\n",
    "def C2Mp(sigma,S0,r,T,K):\n",
    "    \n",
    "    N=500\n",
    "    Curran2Mp=0\n",
    "    start_x = -6\n",
    "    dx = (log(K/S0)-(r-0.5*sigma**2)*T/2-start_x)/N\n",
    "    def CExpectation2Mp(z,x,S0,T,K,alpha,beta):\n",
    "        return ((exp(x+log(S0)+(r-0.5*sigma**2)*T/2)+S0*exp(alpha+beta*z))/T-K)*exp(-z**2/2)/sqrt(2*np.pi)\n",
    "    gvar = sigma**2*T/3\n",
    "    gmean = 0  \n",
    "\n",
    "    for i in range(1,N+1): \n",
    "        x = dx*i+start_x\n",
    "        G = exp(x+log(S0)+(r-0.5*sigma**2)*T/2)\n",
    "        c1M = quad(c1MLambda,0,T,args=(log(G/S0)-(r-0.5*sigma**2)*T/2,r,sigma,T,S0))[0]*S0\n",
    "        c2M = dblquad(c2MLambda,0,T,0,lambda x:x,args=[log(G/S0)-(r-0.5*sigma**2)*T/2,r,sigma,T,S0])[0]*S0**2*2\n",
    "        beta = sqrt((log((c2M-G**2-2*G*(c1M-G))/S0**2)/2-log((c1M-G)/S0))*2)\n",
    "        alpha = log((c1M-G)/S0)-0.5*beta**2\n",
    "        Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
    "        \n",
    "    CurranC2 = C2GA(sigma,S0,r,T,K)\n",
    "    return Curran2Mp+CurranC2\n",
    "\n",
    "print(\"The option price using Curran 2M+ approximation is: \",C2Mp(sigma,S0,r,T,K))\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Curran-2M+Uniform-approximation\">Curran 2M+Uniform approximation<a class=\"anchor-link\" href=\"#Curran-2M+Uniform-approximation\">¶</a></h3><p>Let\n",
    "$$\n",
    "\\begin{align}\n",
    "\\Lambda_T = G_T + S_0\\eta\\text{ ,where }\\eta\\sim U(a,b)\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "Use the conditional first moment and the conditional second moment <strong>globally</strong> matching to calibrate a and b in the uniform distribution:\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[G_T + S_0\\eta|G_T=x\\right] &amp;= x + S_0\\frac{a+b}2\\\\\n",
    "\\mathbb{E}\\left[\\left(G_T + S_0\\eta\\right)^2|G_T=x\\right] &amp;= x^2 + 2xS_0\\frac{a+b}2+S_0^2\\frac{a^2+b^2+ab}3\\\\\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "By equating the conditional first and the conditional second moment,<br/>\n",
    "$$\n",
    "\\\\\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[G_T + S_0\\eta|G_T=x\\right] &amp;= \\mathbb{E}(\\Lambda_T|G_T=x) \\\\\n",
    "\\mathbb{E}\\left[\\left(G_T + S_0\\eta\\right)^2|G_T=x\\right] &amp;=\\mathbb{E}\\left[(\\Lambda_T)^2|G_T=x\\right]\\\\\n",
    "\\end{align}\n",
    "\\\\\n",
    "$$\n",
    "<br/>\n",
    "The first conditional moment is,\n",
    "$$\n",
    "\\\\\n",
    "\\begin{align}\n",
    "\\mathbb{E}(\\Lambda_T|G_T=x)&amp;=\\mathbb{E}\\left[\\Lambda_T\\biggr|y=\\mathrm{log}\\left(\\frac x{S_0}\\right)-\\frac T2(r-\\frac{\\sigma^2}{2})\\right]\\\\\n",
    "&amp;=\\int_0^T S_0e^{(r-\\frac{\\sigma^2}{2})u} \\mathrm{exp}\\left(\\sigma \\mu_{B_u|y} + \\frac12 \\sigma^2 \\sigma_{B_u|y}^2\\right) du\n",
    "\\end{align}\n",
    "\\\\\n",
    "$$\n",
    "<br/>\n",
    "The second conditional moment is,\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}({\\Lambda_T}^2|G_T=x)&amp;= 2{S_0}^2\\int_0^T\\int_0^v\\mathrm{exp}\\left((r+\\frac12\\sigma^2)(u+v)\\right)\\mathrm{exp}\\left(\\sigma\\mu_{B_u+B_v|Y}+\\frac12\\sigma^2{\\sigma^2_{B_u+B_v|Y}}\\right)dudv\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "For every $x$ and $y$, solve the following equation system,\n",
    "$$\n",
    "\\begin{align}\n",
    "x + S_0\\frac{a_y+b_y}2 &amp;= \\mathbb{E}(\\Lambda_T|Y=y)\\\\\n",
    "x^2 + 2xS_0\\frac{a_y+b_y}2+S_0^2\\frac{a_y^2+b_y^2+a_yb_y}3 &amp;= \\mathbb{E}({\\Lambda_T}^2|Y=y)\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "Thus, $a$ and $b$ can be solved.</p>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Finally, we can calculate $C_1$:\n",
    "$$\n",
    "\\begin{align}\n",
    "C_1 &amp;= e^{-rT}\\int_0^{K}\\mathbb{E}\\left[\\left(\\frac1T\\int_0^TS_udu-K\\right)^+|G=x\\right]d\\mathbb{P}(G=x)\\\\\n",
    "&amp;= e^{-rT}\\int_0^{K}\\int_{\\frac{TK-x}{S_0}}^{b_y} \\left(\\frac1T\\left(x+S_0z\\right)-K\\right) d\\mathbb{P}(\\eta=z)d\\mathbb{P}(G=x)\\\\\n",
    "&amp;= e^{-rT}\\int_{-\\infty}^{\\mathrm{log}(\\frac K{S_0})-\\frac T2(r-\\frac{\\sigma^2}{2})}\\int_{\\frac{TK-x}{S_0}}^{b_y} \\left(\\frac1T\\left(x+S_0z\\right)-K\\right) d\\mathbb{P}(\\eta=z)d\\mathbb{P}(Y=y)\n",
    "\\end{align}\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 8,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The option price using Curran 2M+Uniform approximation is:  1.0831487036799865\n"
     ]
    }
   ],
   "source": [
    "\n",
    "from scipy.optimize import fsolve\n",
    "\n",
    "\n",
    "\n",
    "def C2MpU(sigma,S0,r,T,K):\n",
    "    \n",
    "    if(type(sigma)==np.ndarray):\n",
    "        sigma = sigma[0]\n",
    "    #print(sigma)\n",
    "    \n",
    "    def UMomMat(i,x,S0,c1M,c2M):\n",
    "        a, b = i[0], i[1]\n",
    "        return [\n",
    "                x+S0*(a+b)/2-c1M,\n",
    "                x**2+x*S0*(a+b)+S0**2*(a**2+b**2+a*b)/3-c2M\n",
    "               ]\n",
    "    \n",
    "    N=500\n",
    "    Curran2MpU=0\n",
    "    start_x = -6\n",
    "    dx = (log(K/S0)-(r-0.5*sigma**2)*T/2-start_x)/N\n",
    "    def CExpectation2MpU(z,x,S0,T,K,a,b):\n",
    "        return ((exp(x+log(S0)+(r-0.5*sigma**2)*T/2)+S0*z)/T-K)/(b-a)\n",
    "    gvar = sigma**2*T/3\n",
    "    gmean = 0  \n",
    "\n",
    "    for i in range(1,N+1): \n",
    "        x = dx*i+start_x\n",
    "        G = exp(x+log(S0)+(r-0.5*sigma**2)*T/2)\n",
    "        c1M = quad(c1MLambda,0,T,args=(log(G/S0)-(r-0.5*sigma**2)*T/2,r,sigma,T,S0))[0]*S0\n",
    "        c2M = dblquad(c2MLambda,0,T,0,lambda x:x,args=[log(G/S0)-(r-0.5*sigma**2)*T/2,r,sigma,T,S0])[0]*S0**2*2\n",
    "        #print(fsolve(UMomMat,[0, 0],args=(G,S0,c1M,c2M)))\n",
    "        a,b = fsolve(UMomMat,[0, 0],args=(G,S0,c1M,c2M),maxfev=50000)\n",
    "        if(a>b):\n",
    "            temp = b\n",
    "            b = a\n",
    "            a = temp\n",
    "        if(b>(T*K-G)/S0):\n",
    "            Curran2MpU += quad(CExpectation2MpU,(T*K-G)/S0,b,args=(x,S0,T,K,a,b))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
    "            \n",
    "    CurranC2 = C2GA(sigma,S0,r,T,K)\n",
    "    return Curran2MpU+CurranC2\n",
    "\n",
    "print(\"The option price using Curran 2M+Uniform approximation is: \",C2MpU(sigma,S0,r,T,K))\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Curran-3M+-approximation\">Curran 3M+ approximation<a class=\"anchor-link\" href=\"#Curran-3M+-approximation\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Consider the third moment of $\\Lambda_T$,\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[(\\Lambda_T)^3\\right]&amp;= S_0^3\\int_0^T\\int_0^T\\int_0^T \\mathbb{E}\\left[S_xS_yS_z\\right]dzdydx\\\\\n",
    "&amp;=6S_0^3\\int_0^T\\int_0^x\\int_0^ye^{(r-\\frac12\\sigma^2)(x+y+z)}\\mathbb{E}\\left[e^{\\sigma(B_x+B_y+B_z)}\\right]dzdydx\\\\\n",
    "&amp;=6S_0^3\\int_0^T\\int_0^x\\int_0^ye^{(r-\\frac12\\sigma^2)(x+y+z)}\\mathbb{E}\\left[\\mathrm{exp}(3\\sigma B_z+2\\sigma(B_y-B_z)+\\sigma(B_x-B_y))\\right]dzdydx\\\\\n",
    "&amp;=6S_0^3\\int_0^T\\int_0^x\\int_0^ye^{(r-\\frac12\\sigma^2)(x+y+z)}\\mathbb{E}\\left[\\mathrm{exp}\\left(\\frac52\\sigma^2z+\\frac32\\sigma^2y+\\frac12\\sigma^2x\\right)\\right]dzdydx\\\\\n",
    "&amp;= \\frac{6{S_0}^3}{r+2\\sigma^2}\\int_0^T e^{rx}\\int_0^x e^{(2r+3\\sigma^2)y}-e^{(r+\\sigma^2)y} dydx\\\\\n",
    "&amp;= 6{S_0}^3\\left(\\frac{e^{(3r+3\\sigma^2)T}-1}{(r+2\\sigma^2)(2r+3\\sigma^2)(3r+3\\sigma^2)}+\\left(\\frac1{r(r+\\sigma^2)(r+2\\sigma^2)}-\\frac1{r(r+2\\sigma^2)(2r+3\\sigma^2)}\\right)(e^{rT}-1)-\\frac{e^{(2r+\\sigma^2)T}-1}{(r+\\sigma^2)(r+2\\sigma^2)(2r+\\sigma^2)} \\right)\n",
    "\\end{align}\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Consider the third conditional moment of $\\Lambda_T$,\n",
    "$$\n",
    "\\\\\n",
    "\\begin{align}\n",
    "\\mathbb{E}({\\Lambda_T}^3|G_T=x)&amp;=\\mathbb{E}\\left[{\\Lambda_T}^3\\Bigr|Y=\\mathrm{log}\\left(\\frac x{S_0}\\right)-\\frac T2(r-\\frac{\\sigma^2}{2})\\right]\\\\\n",
    "&amp;=\\mathbb{E}\\left[\\int_0^T\\int_0^T\\int_0^TS_wS_vS_udwdvdu\\Bigr|\\frac \\sigma T \\int_0^TB_udu\\right]\\\\\n",
    "&amp;= 6{S_0}^3\\int_0^T\\int_0^u\\int_0^v\\mathrm{exp}\\left((r+\\frac12\\sigma^2)(u+v+w)\\right)\\mathbb{E}\\left[e^{\\sigma(B_u+B_v+B_w)}\\Bigr|\\frac \\sigma T \\int_0^TB_udu\\right]dwdvdu\\\\\n",
    "\\end{align}\n",
    "\\\\\n",
    "$$\n",
    "<br/>\n",
    "Since,\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[B_u+B_v+B_w\\Bigr|\\frac \\sigma T \\int_0^TB_udu\\right]&amp;={\\mu_{B_u+B_vB_w|Y}}\\\\\n",
    "&amp;= \\frac{\\mathbb{E}[(B_u+B_v+B_w)Y]}{E[Y^2]}Y\\\\\n",
    "&amp;= \\frac {3\\left(u(T-\\frac12u)+v(T-\\frac12v)+w(T-\\frac12w)\\right)}{\\sigma T^2}Y\\\\\n",
    "\\\\\n",
    "\\mathrm{Var}\\left(B_u+B_v+B_w\\right)&amp;=\\mathbb{E}\\left[(B_u+B_v+B_w)^2\\right]\\\\\n",
    "&amp;=\\mathbb{E}\\left[{B_u}^2+{B_v}^2+{B_w}^2+2B_uB_v+2B_uB_w+2B_vB_w\\right]\\\\\n",
    "&amp;= 5w+3v+u\\\\\n",
    "\\\\\n",
    "\\mathrm{Var}\\left(B_u+B_v+B_w\\Bigr|\\frac \\sigma T \\int_0^TB_udu\\right)&amp;={\\sigma^2_{B_u+B_v|Y}}\\\\\n",
    "&amp;=\\mathrm{Var}\\left(B_u+B_v+B_w\\right) - \\frac{\\mathbb{E}[{(B_u+B_v+B_w)Y]}^2}{E[Y^2]}\\\\\n",
    "&amp;=5w+3v+u-\\frac{3{\\left(u(T-\\frac12u)+v(T-\\frac12v)+w(T-\\frac12w)\\right)}^2}{T^3}\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "Thus,\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}({\\Lambda_T}^3|G_T=x)&amp;= 6{S_0}^3\\int_0^T\\int_0^u\\int_0^v\\mathrm{exp}\\left((r+\\frac12\\sigma^2)(u+v+w)\\right)\\mathrm{exp}\\left(\\sigma\\mu_{B_u+B_v+B_w|Y}+\\frac12\\sigma^2{\\sigma^2_{B_u+B_v+B_w|Y}}\\right)dwdvdu\n",
    "\\end{align}\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Let\n",
    "$$\n",
    "\\begin{align}\n",
    "\\Lambda_T = S_0\\alpha + S_0\\mathrm{exp}(\\beta+\\gamma Z)\\text{ ,where $Z$ is an independent standard normal variable}\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "Use the conditional first moment, the conditional second moment and the conditional third moment <strong>globally</strong> matching to calibrate $\\alpha$, $\\beta$ and $\\gamma$:\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[S_0\\alpha + S_0\\mathrm{exp}(\\beta+\\gamma Z)|G_T=x\\right] &amp;= S_0\\alpha+S_0e^{\\beta+\\frac12\\gamma^2}\\\\\n",
    "\\mathbb{E}\\left[\\left(S_0\\alpha + S_0\\mathrm{exp}(\\beta+\\gamma Z)\\right)^2|G_T=x\\right] &amp;= S_0^2\\alpha^2+2S_0^2\\alpha e^{\\beta+\\frac12\\gamma^2}+S_0^2e^{2\\beta+2\\gamma^2}\\\\\n",
    "\\mathbb{E}\\left[\\left(S_0\\alpha + S_0\\mathrm{exp}(\\beta+\\gamma Z)\\right)^3|G_T=x\\right] &amp;= S_0^3\\alpha^3+S_0^3e^{3\\beta+\\frac92\\gamma^2}+3S_0^3\\alpha^2 e^{\\beta+\\frac12\\gamma^2}+3S_0^3\\alpha e^{2\\beta+2\\gamma^2}\\\\\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "For every $x$ and $y$, solve the following equation system,\n",
    "$$\n",
    "\\begin{align}\n",
    "&amp;S_0\\alpha_y+S_0e^{\\beta_y+\\frac12\\gamma_y^2} &amp;&amp;=&amp;&amp; \\mathbb{E}(\\Lambda_T|G=x)\\\\\n",
    "&amp;S_0^2\\alpha_y^2+2S_0^2\\alpha e^{\\beta_y+\\frac12\\gamma_y^2}+S_0^2e^{2\\beta_y+2\\gamma_y^2} &amp;&amp;=&amp;&amp; \\mathbb{E}({\\Lambda_T}^2|G=x)\\\\\n",
    "&amp;S_0^3\\alpha_y^3+S_0^3e^{3\\beta_y+\\frac92\\gamma_y^2}+3S_0^3\\alpha_y^2 e^{\\beta_y+\\frac12\\gamma_y^2}+3S_0^3\\alpha_y e^{2\\beta_y+2\\gamma_y^2} &amp;&amp;=&amp;&amp; \\mathbb{E}({\\Lambda_T}^3|G=x)\n",
    "\\end{align}\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Finally, we can calculate $C_1$:\n",
    "$$\n",
    "\\begin{align}\n",
    "C_1 &amp;= e^{-rT}\\int_0^{K}\\mathbb{E}\\left[\\left(\\frac1T\\int_0^TS_udu-K\\right)^+|G=x\\right]d\\mathbb{P}(G=x)\\\\\n",
    "&amp;= e^{-rT}\\int_0^{K}\\int_{\\frac1{\\gamma_y}\\left(\\mathrm{log}\\left(\\frac{KT}{S_0}-\\alpha_y\\right)-\\beta_y\\right)}^{\\infty} \\left(\\frac{S_0}T\\left(\\alpha_y+e^{\\beta_y+\\gamma_y z}\\right)-K\\right) d\\mathbb{P}(Z=z)d\\mathbb{P}(G=x)\\\\\n",
    "&amp;= e^{-rT}\\int_{-\\infty}^{\\mathrm{log}(\\frac K{S_0})-\\frac T2(r-\\frac{\\sigma^2}{2})}\\int_{\\frac1{\\gamma_y}\\left(\\mathrm{log}\\left(\\frac{KT}{S_0}-\\alpha_y\\right)-\\beta_y\\right)}^{\\infty} \\left(\\frac{S_0}T\\left(\\alpha_y+e^{\\beta_y+\\gamma_y z}\\right)-K\\right) d\\mathbb{P}(Z=z)d\\mathbb{P}(Y=y)\n",
    "\\end{align}\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 9,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The option price using Curran 3M+ approximation is:  1.0800000250487551\n"
     ]
    },
    {
     "name": "stderr",
     "output_type": "stream",
     "text": [
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last ten iterations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "<ipython-input-9-0aa2681534a0>:20: RuntimeWarning: overflow encountered in exp\n",
      "  ((a+exp(b+0.5*c**2))-c1M/S0),\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last five Jacobian evaluations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n"
     ]
    }
   ],
   "source": [
    "\n",
    "from numpy.random import rand\n",
    "\n",
    "def C3Mp(sigma,S0,r,T,K):  \n",
    "    \n",
    "    def c3MLambda(w,v,u,y,r,sigma,T,S0):\n",
    "        mean = 3*(u*(T-0.5*u)+v*(T-0.5*v)+w*(T-w))*y/(sigma*T**2)\n",
    "        var = 5*w+3*v+u - 3*(u*(T-0.5*u)+v*(T-0.5*v)+w*(T-w))**2/T**3\n",
    "        return exp((r-0.5*sigma**2)*(u+v+w))*exp(sigma*mean+0.5*sigma**2*var)\n",
    "\n",
    "    def Curran3MSSE(i,S0,c1M,c2M,c3M):\n",
    "        a, b ,c = i[0], i[1], i[2]\n",
    "        #print(\"1st error:\",(a+exp(b+0.5*c**2))-c1M/S0)\n",
    "        #print(\"2nd error:\",(a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2)\n",
    "        #print(\"3rd error:\",(a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
    "        return  ((a+exp(b+0.5*c**2))-c1M/S0)**2+((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2)**2+((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)**2\n",
    "\n",
    "    def M3Mat(i,S0,c1M,c2M,c3M):\n",
    "        a, b ,c = i[0], i[1], i[2]\n",
    "        return[\n",
    "            ((a+exp(b+0.5*c**2))-c1M/S0),\n",
    "            ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
    "            ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
    "        ]\n",
    "\n",
    "    def CExpectation3Mp(z,S0,T,K,alpha,beta,gamma):\n",
    "        return (S0*(alpha+exp(beta+gamma*z))/T-K)*exp(-z**2/2)/sqrt(2*np.pi)\n",
    "\n",
    "    if(type(sigma)==np.ndarray):\n",
    "        sigma = sigma[0]\n",
    "    \n",
    "    #print(sigma)\n",
    "    N=500\n",
    "    Curran3Mp=0\n",
    "    start_x = -6\n",
    "    dx = (log(K/S0)-(r-0.5*sigma**2)*T/2-start_x)/N\n",
    "    gvar = sigma**2*T/3\n",
    "    gmean = 0  \n",
    "\n",
    "    for i in range(1,N+1): \n",
    "        x = dx*i+start_x\n",
    "        G = exp(x+log(S0)+(r-0.5*sigma**2)*T/2)\n",
    "        c1M = quad(c1MLambda,0,T,args=(log(G/S0)-(r-0.5*sigma**2)*T/2,r,sigma,T,S0))[0]*S0\n",
    "        c2M = dblquad(c2MLambda,0,T,0,lambda x:x,args=[log(G/S0)-(r-0.5*sigma**2)*T/2,r,sigma,T,S0])[0]*S0**2*2\n",
    "        c3M = tplquad(c3MLambda,0,T,0,lambda x:x,0,lambda x,y:y,args=[log(G/S0)-(r-0.5*sigma**2)*T/2,r,sigma,T,S0])[0]*S0**3*6\n",
    "        finalsse = 100\n",
    "        for j in range(200):\n",
    "            try:\n",
    "                a,b,c = fsolve(M3Mat,[T/5*rand(), T/5*rand(), T/5*rand()],args=(S0,c1M,c2M,c3M))\n",
    "                sse = Curran3MSSE([a,b,c],S0,c1M,c2M,c3M)\n",
    "                if(finalsse>sse):\n",
    "                    finalsse=sse\n",
    "                    alpha,beta,gamma = a,b,c\n",
    "            except:\n",
    "                continue\n",
    "\n",
    "        if(K*T/S0-alpha>0):\n",
    "            if(gamma>0):\n",
    "                lower_limit = (log(K*T/S0-alpha)-beta)/gamma\n",
    "                upper_limit = 20\n",
    "            else:\n",
    "                upper_limit = (log(K*T/S0-alpha)-beta)/gamma\n",
    "                lower_limit = -20\n",
    "        else:\n",
    "            lower_limit = -20\n",
    "            upper_limit = 20\n",
    "        Curran3Mp += quad(CExpectation3Mp,lower_limit,upper_limit,args=(S0,T,K,alpha,beta,gamma))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
    "        \n",
    "        CurranC2 = C2GA(sigma,S0,r,T,K)\n",
    "        return Curran3Mp+CurranC2\n",
    "\n",
    "# finalres = minimize(Curran3MPara,[0.1,0.1,0.1],args=(S0,c1M,c2M,c3M))\n",
    "# for i in range(100):\n",
    "#     try:\n",
    "#         res = minimize(Curran3MPara,[rand(),rand(),rand()],args=(S0,c1M,c2M,c3M))\n",
    "#         if(finalres.fun>res.fun):\n",
    "#             finalres = res\n",
    "#     except:\n",
    "#         continue\n",
    "# alpha,beta,gamma = finalres.x\n",
    "\n",
    "print(\"The option price using Curran 3M+ approximation is: \",C3Mp(sigma,S0,r,T,K))\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Lower-Bound\">Lower Bound<a class=\"anchor-link\" href=\"#Lower-Bound\">¶</a></h2><h3 id=\"LB_{GA}\">LB_{GA}<a class=\"anchor-link\" href=\"#LB_{GA}\">¶</a></h3><p>Use the Rogers and Shi's lower bound for $C_1$\n",
    "$$\n",
    "\\begin{align}\n",
    "C_1 &amp;= e^{-rT}\\int_0^{K}\\mathbb{E}\\left[\\left(\\frac1T\\int_0^TS_udu-K\\right)^+\\biggr|G=x\\right]d\\mathbb{P}(G=x)\\\\\n",
    "&amp;\\geq e^{-rT}\\int_0^{K}\\left(\\mathbb{E}\\left[\\frac1T\\int_0^TS_udu-K\\biggr|G=x\\right]\\right)^+d\\mathbb{P}(G=x)\n",
    "\\end{align}\n",
    "$$\n",
    "Thus\n",
    "$$\n",
    "e^{-rT}\\int_0^{K}\\left(\\mathbb{E}\\left[\\frac1T\\int_0^TS_udu-K\\biggr|G=x\\right]\\right)^+d\\mathbb{P}(G=x)= {e^{-rT}} \\int_{-\\infty}^{\\mathrm{log}\\frac{K}{S_0}-\\frac T2(r-\\frac{\\sigma^2}{2})}\\left(\\int_0^T \\frac1T S_0e^{(r-\\frac{\\sigma^2}{2})u} \\mathrm{exp}\\left(\\sigma \\mu_{B_u|Y} + \\frac12 \\sigma^2 \\sigma_{B_u|Y}^2\\right)du-K\\right)^+  d\\mathbb{P}(Y=y)\n",
    "$$\n",
    "I get\n",
    "$$\n",
    "LB_{GA} = e^{-rT}\\int_0^{K}\\left(\\mathbb{E}\\left[\\frac1T\\int_0^TS_udu-K\\biggr|G=x\\right]\\right)^+d\\mathbb{P}(G=x) + C_2\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 10,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The lower bound generated by conditioning on GA is:  1.0826813377153817\n"
     ]
    }
   ],
   "source": [
    "\n",
    "def LBGA(sigma,S0,r,T,K):   \n",
    "    \n",
    "    if(type(sigma)==np.ndarray):\n",
    "        sigma = sigma[0]\n",
    "    \n",
    "    def C1LBGA(u,x,r,sigma,T,S0):\n",
    "        gvar = sigma**2*T/3\n",
    "        gmean = 0\n",
    "        ex2 = gvar\n",
    "        mean = sigma/T*u*(T-0.5*u)/ex2*x*sigma\n",
    "        var = (u-(sigma/T*u*(T-0.5*u))**2/ex2)*sigma**2\n",
    "        return (S0*exp((r-0.5*sigma**2)*u)*exp(mean+0.5*var)/T)\n",
    "    #\n",
    "    N=500\n",
    "    CurranC1LBGA=0\n",
    "    start_x = -6\n",
    "    dx = (log(K/S0)-(r-0.5*sigma**2)*T/2-start_x)/N\n",
    "    gvar = sigma**2*T/3\n",
    "    gmean = 0  \n",
    "\n",
    "    for i in range(1,N+1): \n",
    "        x = dx*i+start_x\n",
    "        G = exp(x+log(S0)+(r-0.5*sigma**2)*T/2)\n",
    "        CurranC1LBGA += np.maximum(quad(C1LBGA,0,T,args=(x,r,sigma,T,S0))[0]-K,0)*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
    "            \n",
    "    CurranC2 = C2GA(sigma,S0,r,T,K)       \n",
    "    return CurranC1LBGA+CurranC2\n",
    "\n",
    "print(\"The lower bound generated by conditioning on GA is: \",LBGA(sigma,S0,r,T,K))\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"LB_{FA}\">LB_{FA}<a class=\"anchor-link\" href=\"#LB_{FA}\">¶</a></h3><p>Consider,\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathrm{FA} &amp;= \\int_0^T\\frac1TS_0e^{(r-\\frac12\\sigma^2)u}(1+\\sigma B_u)du\\\\\n",
    "&amp;= \\frac{S_0}{T(r-\\frac12\\sigma^2)}\\left(e^{(r-\\frac12\\sigma^2)T}-1\\right)+\\frac{S_0\\sigma}{T}\\int_0^TB_udu\n",
    "\\end{align}\n",
    "$$\n",
    "Due to the convexity of the exponential,\n",
    "$$\n",
    "\\int_0^T\\frac1TS_udu\\geq\\mathrm{FA}\n",
    "$$</p>\n",
    "<p>Use conditional expectation to calculate $C_2$ in the Curran approximation:\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[\\int_0^TS_udu|\\mathrm{FA}=x\\right] &amp;= \\int_0^T\\mathbb{E}(S_u|\\mathrm{FA}=x)du\\\\\n",
    "&amp;= \\int_0^T\\mathbb{E}\\left[S_u\\biggr|\\frac{\\sigma}{T}\\int_0^TB_udu=\\left(x-\\frac{S_0}{T(r-\\frac12\\sigma^2)}\\left(e^{(r-\\frac12\\sigma^2)T}-1\\right)\\right)\\biggr/S_0\\right]du\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "Let $y=\\left(x-\\frac{S_0}{T(r-\\frac12\\sigma^2)}\\left(e^{(r-\\frac12\\sigma^2)T}-1\\right)\\right)\\biggr/S_0$, So y is a zero-mean Gaussian variable. Consider:\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left[B_u|Y\\right] &amp;= \\mu_{B_u|Y}\\\\\n",
    "&amp;= \\frac{3u(T-\\frac12u)}{\\sigma T^2}Y\\\\\n",
    "\\mathrm{Var}\\left(B_u|Y)\\right) &amp;= \\sigma_{B_u|Y}^2\\\\\n",
    "&amp;= u - \\frac{3u^2(T-\\frac12u)^2}{T^3}\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "$B_u|Y$ is still a Gaussian variable with mean $\\mu_{B_u|Y}$ and variance $\\sigma_{B_u|Y}^2$.<br/>\n",
    "Thus,<br/>\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{E}\\left(S_u|Y\\right) &amp;= S_0e^{(r-\\frac{\\sigma^2}{2})u}\\mathbb{E}\\left(e^{\\sigma B_u}|Y\\right) \\\\\n",
    "&amp;= S_0e^{(r-\\frac{\\sigma^2}{2})u} \\mathrm{exp}\\left(\\sigma \\mu_{B_u|Y} + \\frac12 \\sigma^2 \\sigma_{B_u|Y}^2\\right)\n",
    "\\end{align}\n",
    "$$\n",
    "<br/>\n",
    "Also, I consider\n",
    "$$\n",
    "\\begin{align}\n",
    "\\mathbb{P}(\\mathrm{FA}\\geq K) &amp;= \\mathbb{P}\\left(\\int_0^TB_udu \\geq \\frac{T}{S_0\\sigma}\\left(K-\\frac{S_0}{T(r-\\frac12\\sigma^2)}\\left(e^{(r-\\frac12\\sigma^2)T}-1\\right)\\right)\\right)\\\\\n",
    "&amp;= \\Phi\\left(\\frac{\\sqrt{3}}{S_0\\sigma\\sqrt{T}}\\left(-K+\\frac{S_0}{T(r-\\frac12\\sigma^2)}\\left(e^{(r-\\frac12\\sigma^2)T}-1\\right)\\right)\\right)\n",
    "\\end{align}\n",
    "$$\n",
    "Finally $C_2$ can be calculated by conditioning to FA:\n",
    "$$\n",
    "\\begin{align}\n",
    "C_2 &amp;= \\frac{e^{-rT}}{T}\\int_K^{\\infty}\\mathbb{E}\\left[\\int_0^TS_udu|G=x\\right]d\\mathbb{P}(\\mathrm{FA}=x) - Ke^{-rT}\\int_K^{\\infty}d\\mathbb{P}(\\mathrm{FA}=x)\\\\\n",
    "&amp;= \\frac{e^{-rT}}{T} \\int_{\\left(K-\\frac{S_0}{T(r-\\frac12\\sigma^2)}\\left(e^{(r-\\frac12\\sigma^2)T}-1\\right)\\right)\\bigr/S_0}^{\\infty}\\int_0^T S_0e^{(r-\\frac{\\sigma^2}{2})u} \\mathrm{exp}\\left(\\sigma \\mu_{B_u|Y} + \\frac12 \\sigma^2 \\sigma_{B_u|Y}^2\\right) du d\\mathbb{P}(Y=y)-Ke^{-rT}\\Phi\\left(\\frac{\\sqrt{3}}{S_0\\sigma\\sqrt{T}}\\left(-K+\\frac{S_0}{T(r-\\frac12\\sigma^2)}\\left(e^{(r-\\frac12\\sigma^2)T}-1\\right)\\right)\\right)\n",
    "\\end{align}\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Use the Rogers and Shi's lower bound for $C_1$\n",
    "$$\n",
    "\\begin{align}\n",
    "C_1 &amp;= e^{-rT}\\int_0^{K}\\mathbb{E}\\left[\\left(\\frac1T\\int_0^TS_udu-K\\right)^+\\biggr|\\mathrm{FA}=x\\right]d\\mathbb{P}(\\mathrm{FA}=x)\\\\\n",
    "&amp;\\geq e^{-rT}\\int_0^{K}\\left(\\mathbb{E}\\left[\\frac1T\\int_0^TS_udu-K\\biggr|\\mathrm{FA}=x\\right]\\right)^+d\\mathbb{P}(\\mathrm{FA}=x)\n",
    "\\end{align}\n",
    "$$\n",
    "Thus\n",
    "$$\n",
    "e^{-rT}\\int_0^{K}\\left(\\mathbb{E}\\left[\\frac1T\\int_0^TS_udu-K\\biggr|\\mathrm{FA}=x\\right]\\right)^+d\\mathbb{P}(\\mathrm{FA}=x)= {e^{-rT}} \\int_{-\\infty}^{\\left(K-\\frac{S_0}{T(r-\\frac12\\sigma^2)}\\left(e^{(r-\\frac12\\sigma^2)T}-1\\right)\\right)\\bigr/S_0}\\left(\\int_0^T \\frac1T S_0e^{(r-\\frac{\\sigma^2}{2})u} \\mathrm{exp}\\left(\\sigma \\mu_{B_u|Y} + \\frac12 \\sigma^2 \\sigma_{B_u|Y}^2\\right)du-K\\right)^+  d\\mathbb{P}(Y=y)\n",
    "$$\n",
    "I get\n",
    "$$\n",
    "LB_{FA} = e^{-rT}\\int_0^{K}\\left(\\mathbb{E}\\left[\\frac1T\\int_0^TS_udu-K\\biggr|\\mathrm{FA}=x\\right]\\right)^+d\\mathbb{P}(\\mathrm{FA}=x) + C_2\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 11,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The lower bound generated by conditioning on FA is:  1.0798651981188863\n"
     ]
    }
   ],
   "source": [
    "\n",
    "def LBFA(sigma,S0,r,T,K):\n",
    "    \n",
    "    if(type(sigma)==np.ndarray):\n",
    "        sigma = sigma[0]\n",
    "    \n",
    "    def C2FA(u,y,r,sigma,T,S0):\n",
    "        gvar = (sigma)**2*T/3\n",
    "        gmean = 0\n",
    "        ex2 = gvar\n",
    "        mean = 3*u*(T-0.5*u)*y/(sigma*T**2)*sigma\n",
    "        var = (u-(u*(T-0.5*u))**2*3/(T**3))*sigma**2\n",
    "        #print(mean,var)\n",
    "        return S0*exp((r-0.5*sigma**2)*u)*exp(mean+0.5*var)*exp(-(y-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)\n",
    "\n",
    "    CurranC2FA = dblquad(C2FA,(K-S0*(exp((r-0.5*sigma**2)*T)-1)/(T*(r-0.5*sigma**2)))/S0,20,0,T,args=[r,sigma,T,S0])[0]*exp(-r*T)/T-K*exp(-r*T)*norm.cdf(sqrt(3)*(-K+S0*(exp((r-0.5*sigma**2)*T)-1)/(T*(r-0.5*sigma**2)))/sqrt(T)/sigma/S0)\n",
    "\n",
    "    def C1LBFA(u,y,r,sigma,T,S0):\n",
    "        gvar = sigma**2*T/3\n",
    "        gmean = 0\n",
    "        mean = 3*u*(T-0.5*u)*y/(sigma*T**2)*sigma\n",
    "        var = (u-(u*(T-0.5*u))**2*3/(T**3))*sigma**2\n",
    "        return (S0*exp((r-0.5*sigma**2)*u)*exp(mean+0.5*var)/T)\n",
    "\n",
    "    N=500\n",
    "    CurranC1LBFA=0\n",
    "    start_x = -6\n",
    "    dx = ((K-S0*(exp((r-0.5*sigma**2)*T)-1)/(T*(r-0.5*sigma**2)))/S0-start_x)/N\n",
    "    gvar = (S0*sigma)**2*T/3\n",
    "    gmean = 0 \n",
    "\n",
    "    for i in range(1,N+1): \n",
    "        x = dx*i+start_x\n",
    "        #print(quad(C1LBFA,0,T,args=(x,r,sigma,T,S0))[0])\n",
    "        CurranC1LBFA += np.maximum(quad(C1LBFA,0,T,args=(x,r,sigma,T,S0))[0]-K,0)*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
    "            \n",
    "    return CurranC1LBFA+CurranC2FA\n",
    "\n",
    "print(\"The lower bound generated by conditioning on FA is: \",LBFA(sigma,S0,r,T,K))\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Numerical-Table-1\">Numerical Table 1<a class=\"anchor-link\" href=\"#Numerical-Table-1\">¶</a></h2>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Define\n",
    "$$\n",
    "\\mathrm{moneyness} = \\frac{K}{\\frac1T\\mathbb{E}[\\Lambda_T]}-1 = \\frac{KTr}{S_0(e^{rT}-1)}-1\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 12,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "the strike used for table 1 is:  [7.594536157328657, 15.189072314657315, 22.78360847198597]\n"
     ]
    }
   ],
   "source": [
    "\n",
    "\n",
    "strikeList1 = []\n",
    "for mnyn in [-0.5,0,0.5]:\n",
    "    strikeList1.append((mnyn+1)*S0*(exp(r*T)-1)/(T*r))\n",
    "print(\"the strike used for table 1 is: \",strikeList1)\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Table-1a:-Price\">Table 1a: Price<a class=\"anchor-link\" href=\"#Table-1a:-Price\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 37,
   "metadata": {},
   "outputs": [
    {
     "name": "stderr",
     "output_type": "stream",
     "text": [
      "<ipython-input-7-5d9b86f389a5>:17: RuntimeWarning: invalid value encountered in log\n",
      "  beta = sqrt((log((c2M-G**2-2*G*(c1M-G))/S0**2)/2-log((c1M-G)/S0))*2)\n",
      "<ipython-input-7-5d9b86f389a5>:18: RuntimeWarning: invalid value encountered in log\n",
      "  alpha = log((c1M-G)/S0)-0.5*beta**2\n",
      "<ipython-input-7-5d9b86f389a5>:19: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
      "<ipython-input-7-5d9b86f389a5>:19: RuntimeWarning: invalid value encountered in log\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last ten iterations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last five Jacobian evaluations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-9-0aa2681534a0>:20: RuntimeWarning: overflow encountered in exp\n",
      "  ((a+exp(b+0.5*c**2))-c1M/S0),\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The number of calls to function has reached maxfev = 800.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-29-5058e1b513e8>:21: RuntimeWarning: overflow encountered in double_scalars\n",
      "  f = lambda t: t**(v-1)*np.exp(-t)\n",
      "<ipython-input-29-5058e1b513e8>:24: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  return quad(f,y,np.inf,limit=500)[0]\n"
     ]
    },
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Strike</th>\n",
       "      <th>Moneyness</th>\n",
       "      <th>PDE</th>\n",
       "      <th>Curran 2M+</th>\n",
       "      <th>2M+Uniform</th>\n",
       "      <th>Curran 3M+</th>\n",
       "      <th>LB_FA</th>\n",
       "      <th>LB_GA</th>\n",
       "      <th>SLNQuad</th>\n",
       "      <th>Levy/2M</th>\n",
       "      <th>Con Gamma</th>\n",
       "      <th>Con Lognormal</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>0</th>\n",
       "      <td>7.594536</td>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.407738</td>\n",
       "      <td>NaN</td>\n",
       "      <td>7.407645</td>\n",
       "      <td>7.407043</td>\n",
       "      <td>7.404781</td>\n",
       "      <td>7.407594</td>\n",
       "      <td>NaN</td>\n",
       "      <td>7.595929</td>\n",
       "      <td>NaN</td>\n",
       "      <td>7.407571</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>1</th>\n",
       "      <td>15.189072</td>\n",
       "      <td>0.0</td>\n",
       "      <td>1.399271</td>\n",
       "      <td>NaN</td>\n",
       "      <td>1.399824</td>\n",
       "      <td>1.396825</td>\n",
       "      <td>1.397089</td>\n",
       "      <td>1.399400</td>\n",
       "      <td>NaN</td>\n",
       "      <td>1.445956</td>\n",
       "      <td>NaN</td>\n",
       "      <td>1.398812</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>2</th>\n",
       "      <td>22.783608</td>\n",
       "      <td>0.5</td>\n",
       "      <td>0.092801</td>\n",
       "      <td>NaN</td>\n",
       "      <td>0.093669</td>\n",
       "      <td>0.089889</td>\n",
       "      <td>0.082679</td>\n",
       "      <td>0.092995</td>\n",
       "      <td>NaN</td>\n",
       "      <td>0.081902</td>\n",
       "      <td>NaN</td>\n",
       "      <td>0.091758</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "</div>"
      ],
      "text/plain": [
       "      Strike  Moneyness       PDE  Curran 2M+  2M+Uniform  Curran 3M+  \\\n",
       "0   7.594536       -0.5  7.407738         NaN    7.407645    7.407043   \n",
       "1  15.189072        0.0  1.399271         NaN    1.399824    1.396825   \n",
       "2  22.783608        0.5  0.092801         NaN    0.093669    0.089889   \n",
       "\n",
       "      LB_FA     LB_GA SLNQuad   Levy/2M  Con Gamma  Con Lognormal  \n",
       "0  7.404781  7.407594     NaN  7.595929        NaN       7.407571  \n",
       "1  1.397089  1.399400     NaN  1.445956        NaN       1.398812  \n",
       "2  0.082679  0.092995     NaN  0.081902        NaN       0.091758  "
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "\n",
    "import scipy as sp\n",
    "import matplotlib.pyplot as plt\n",
    "import scipy.sparse as spsp\n",
    "import scipy.sparse.linalg as spsplg\n",
    "import pandas as pd\n",
    "\n",
    "def ASPDE2(sigma,rf,ttm,K,S0,ifcum):\n",
    "    \n",
    "    year_frac = 2000\n",
    "    sim_points = int(year_frac * ttm)\n",
    "    dt = 1 / year_frac\n",
    "    delta_z = 0.01\n",
    "    upper_z = 1\n",
    "    lower_z = -6\n",
    "    n_grid = int((upper_z - lower_z)/delta_z)-1\n",
    "    asset_price = np.linspace(lower_z+delta_z, upper_z-delta_z, n_grid)\n",
    "    po_call = np.maximum(asset_price, 0)\n",
    "\n",
    "    def ckAi(i,rf,dt,dz,sigma,T,qt):\n",
    "        z = lower_z+i*dz\n",
    "        Ai = (-rf*(qt-z)/(4*dz)+((qt-z)*sigma)**2/(4*dz**2))*dt\n",
    "        return Ai\n",
    "    def ckBi(i,rf,dt,dz,sigma,T,qt):\n",
    "        z = lower_z+i*dz\n",
    "        Bi= ((qt-z)*sigma)**2/(2*dz**2)*dt\n",
    "        return Bi\n",
    "    def ckCi(i,rf,dt,dz,sigma,T,qt):\n",
    "        z = lower_z+i*dz\n",
    "        Ci = (rf*(qt-z)/(4*dz)+((qt-z)*sigma)**2/(4*dz**2))*dt\n",
    "        return Ci\n",
    "\n",
    "    res = po_call.copy() # po_put\n",
    "    res = res.reshape((n_grid,1))\n",
    "\n",
    "    ## print(\"a_1: \", a_1, \" c_m_1:\", c_m_1)\n",
    "    for i in range(sim_points):\n",
    "        t = (i+1)*dt\n",
    "        qt = t/T\n",
    "        a_1 = ckAi(1,rf,dt,delta_z,sigma,T,qt)\n",
    "        c_m_1 = ckCi(n_grid,rf,dt,delta_z,sigma,T,qt)\n",
    "\n",
    "        cksp_g_mat1 = spsp.diags(\n",
    "        [[ckAi(j,rf,dt,delta_z,sigma,T,qt) for j in range(2,n_grid+1)]\n",
    "        ,[1-ckBi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,n_grid+1)]\n",
    "        ,[ckCi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,n_grid)]]\n",
    "        ,[-1,0,1], (n_grid, n_grid)).todense()\n",
    "\n",
    "        cksp_g_mat2 = spsp.diags(\n",
    "            [[-ckAi(j,rf,dt,delta_z,sigma,T,qt) for j in range(2,n_grid+1)]\n",
    "            ,[1+ckBi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,n_grid+1)]\n",
    "            ,[-ckCi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,n_grid)]]\n",
    "            ,[-1,0,1], (n_grid, n_grid)).tocsc()\n",
    "\n",
    "        left = np.matmul(cksp_g_mat1, res)\n",
    "        left[0] += a_1 * 0 + a_1 * 0\n",
    "        left[-1] += c_m_1*(2*res[-1]-res[-2]) + c_m_1*(2*res[-1]-res[-2])\n",
    "        left = left.reshape((n_grid,1))\n",
    "        res = spsplg.spsolve(cksp_g_mat2, left)\n",
    "        res = res.reshape((n_grid,1))\n",
    "    \n",
    "    strikePDEList = S0*(1-asset_price)\n",
    "    PDEPriceList = res*S0\n",
    "    if(ifcum):\n",
    "        return strikePDEList, PDEPriceList\n",
    "    else:\n",
    "        strike = K\n",
    "        upper_index = np.max(np.where(strikePDEList>strike))\n",
    "        lower_index = np.min(np.where(strikePDEList<strike))\n",
    "        upper_strike = strikePDEList[upper_index]\n",
    "        lower_strike = strikePDEList[lower_index]\n",
    "        upper_price = PDEPriceList[upper_index]\n",
    "        lower_price = PDEPriceList[lower_index]\n",
    "        price = ((upper_strike-strike)*lower_price/(upper_strike-lower_strike)+(strike-lower_strike)*upper_price/(upper_strike-lower_strike))[0]\n",
    "        return price\n",
    "\n",
    "df1a = pd.DataFrame(columns=['Strike','Moneyness','PDE','Curran 2M+','2M+Uniform','Curran 3M+','LB_FA','LB_GA','SLNQuad','Levy/2M','Con Gamma','Con Lognormal'])\n",
    "df1a['Strike'] = strikeList1\n",
    "df1a['Moneyness'] = [-0.5,0,0.5]\n",
    "df1a['PDE'] = [ASPDE2(sigma,r,T,strike,S0,False) for strike in strikeList1]\n",
    "df1a['Curran 2M+'] = [C2Mp(sigma,S0,r,T,strike) for strike in strikeList1]\n",
    "df1a['2M+Uniform'] = [C2MpU(sigma,S0,r,T,strike) for strike in strikeList1]\n",
    "df1a['Curran 3M+'] = [C3Mp(sigma,S0,r,T,strike) for strike in strikeList1]\n",
    "df1a['LB_FA'] = [LBFA(sigma,S0,r,T,strike) for strike in strikeList1]\n",
    "df1a['LB_GA'] = [LBGA(sigma,S0,r,T,strike) for strike in strikeList1]\n",
    "df1a['Levy/2M'] = [lognormal_fixedasian(sigma,S0,strike,T,r) for strike in strikeList1]\n",
    "df1a['Con Gamma'] = [stratified_gamma_fixedasian(sigma,S0,strike,T,r,0)for strike in strikeList1]\n",
    "df1a['Con Lognormal'] = [stratified_lognormal_fixedasian(sigma,S0,strike,T,r,0)for strike in strikeList1]\n",
    "display(df1a)\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Table-1b:-Pricing-Error\">Table 1b: Pricing Error<a class=\"anchor-link\" href=\"#Table-1b:-Pricing-Error\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<ul>\n",
    "<li>Use the PDE price as the benchmark</li>\n",
    "</ul>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 14,
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Strike</th>\n",
       "      <th>Moneyness</th>\n",
       "      <th>Curran 2M+</th>\n",
       "      <th>2M+Uniform</th>\n",
       "      <th>Curran 3M+</th>\n",
       "      <th>LB_FA</th>\n",
       "      <th>LB_GA</th>\n",
       "      <th>SLNQuad</th>\n",
       "      <th>Levy/2M</th>\n",
       "      <th>Con Gamma</th>\n",
       "      <th>Con Lognormal</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>0</th>\n",
       "      <td>7.594536</td>\n",
       "      <td>-0.5</td>\n",
       "      <td>NaN</td>\n",
       "      <td>-0.000093</td>\n",
       "      <td>-0.000695</td>\n",
       "      <td>-0.002956</td>\n",
       "      <td>-0.000144</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>1</th>\n",
       "      <td>15.189072</td>\n",
       "      <td>0.0</td>\n",
       "      <td>NaN</td>\n",
       "      <td>0.000553</td>\n",
       "      <td>-0.002446</td>\n",
       "      <td>-0.002182</td>\n",
       "      <td>0.000129</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>2</th>\n",
       "      <td>22.783608</td>\n",
       "      <td>0.5</td>\n",
       "      <td>NaN</td>\n",
       "      <td>0.000868</td>\n",
       "      <td>-0.002913</td>\n",
       "      <td>-0.010123</td>\n",
       "      <td>0.000194</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "</div>"
      ],
      "text/plain": [
       "      Strike  Moneyness  Curran 2M+  2M+Uniform  Curran 3M+     LB_FA  \\\n",
       "0   7.594536       -0.5         NaN   -0.000093   -0.000695 -0.002956   \n",
       "1  15.189072        0.0         NaN    0.000553   -0.002446 -0.002182   \n",
       "2  22.783608        0.5         NaN    0.000868   -0.002913 -0.010123   \n",
       "\n",
       "      LB_GA SLNQuad Levy/2M Con Gamma Con Lognormal  \n",
       "0 -0.000144     NaN     NaN       NaN           NaN  \n",
       "1  0.000129     NaN     NaN       NaN           NaN  \n",
       "2  0.000194     NaN     NaN       NaN           NaN  "
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "\n",
    "df1b = df1a.iloc[:,3:]\n",
    "df1b -= np.array(df1a.iloc[:,2]).reshape(3,1)\n",
    "df1b = pd.concat([df1a.iloc[:,:2],df1b],axis=1)\n",
    "display(df1b)\n",
    "\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 38,
   "metadata": {},
   "outputs": [
    {
     "name": "stderr",
     "output_type": "stream",
     "text": [
      "<ipython-input-7-5d9b86f389a5>:17: RuntimeWarning: invalid value encountered in log\n",
      "  beta = sqrt((log((c2M-G**2-2*G*(c1M-G))/S0**2)/2-log((c1M-G)/S0))*2)\n",
      "<ipython-input-7-5d9b86f389a5>:18: RuntimeWarning: invalid value encountered in log\n",
      "  alpha = log((c1M-G)/S0)-0.5*beta**2\n",
      "<ipython-input-7-5d9b86f389a5>:19: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
      "<ipython-input-7-5d9b86f389a5>:19: RuntimeWarning: invalid value encountered in log\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last ten iterations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The number of calls to function has reached maxfev = 800.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-9-0aa2681534a0>:20: RuntimeWarning: overflow encountered in exp\n",
      "  ((a+exp(b+0.5*c**2))-c1M/S0),\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last five Jacobian evaluations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-29-5058e1b513e8>:21: RuntimeWarning: overflow encountered in double_scalars\n",
      "  f = lambda t: t**(v-1)*np.exp(-t)\n",
      "<ipython-input-29-5058e1b513e8>:24: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  return quad(f,y,np.inf,limit=500)[0]\n"
     ]
    }
   ],
   "source": [
    "\n",
    "def PDELinearInterpolation(strikePDEList,PDEPriceList,strike):\n",
    "    upper_index = np.max(np.where(strikePDEList>strike))\n",
    "    lower_index = np.min(np.where(strikePDEList<strike))\n",
    "    upper_strike = strikePDEList[upper_index]\n",
    "    lower_strike = strikePDEList[lower_index]\n",
    "    upper_price = PDEPriceList[upper_index]\n",
    "    lower_price = PDEPriceList[lower_index]\n",
    "    price = ((upper_strike-strike)*lower_price/(upper_strike-lower_strike)+(strike-lower_strike)*upper_price/(upper_strike-lower_strike))[0]\n",
    "    \n",
    "    return price\n",
    "\n",
    "strikePDEList, PDEPriceList = ASPDE2(sigma,r,T,None,S0,True)\n",
    "PricingErrorMnynList = np.linspace(-0.5,1.5,30)\n",
    "PricingErrorStrikeList = []\n",
    "for mnyn in PricingErrorMnynList:\n",
    "    PricingErrorStrikeList.append((mnyn+1)*S0*(exp(r*T)-1)/(T*r))\n",
    "\n",
    "PEPDE = np.array([PDELinearInterpolation(strikePDEList,PDEPriceList,strike) for strike in PricingErrorStrikeList])\n",
    "PEC2Mp = np.array([C2Mp(sigma,S0,r,T,strike) for strike in PricingErrorStrikeList])-PEPDE\n",
    "PEC2MpU = np.array([C2MpU(sigma,S0,r,T,strike) for strike in PricingErrorStrikeList])-PEPDE\n",
    "PEC3Mp = np.array([C3Mp(sigma,S0,r,T,strike) for strike in PricingErrorStrikeList])-PEPDE\n",
    "#PELBFA = np.array([LBFA(sigma,S0,r,T,strike) for strike in PricingErrorStrikeList])-PEPDE\n",
    "PELBGA = np.array([LBGA(sigma,S0,r,T,strike) for strike in PricingErrorStrikeList])-PEPDE\n",
    "PEConGamma = np.array([stratified_gamma_fixedasian(sigma,S0,strike,T,r,0)for strike in PricingErrorStrikeList])-PEPDE\n",
    "PEConLognormal= np.array([stratified_lognormal_fixedasian(sigma,S0,strike,T,r,0)for strike in PricingErrorStrikeList])-PEPDE\n",
    "\n",
    "plt.plot(PricingErrorMnynList,PEC2Mp,label='Curran 2M+')\n",
    "plt.plot(PricingErrorMnynList,PEC2MpU,label='2M+Uniform')\n",
    "plt.plot(PricingErrorMnynList,PEC3Mp,label='Curran 3M+')\n",
    "#plt.plot(PricingErrorMnynList,PELBFA,label='LB_FA')\n",
    "plt.plot(PricingErrorMnynList,PELBGA,label='LB_GA')\n",
    "plt.plot(PricingErrorMnynList,PEConGamma,label='Con Gamma')\n",
    "plt.plot(PricingErrorMnynList,PEConLognormal,label='Con Lognormal')\n",
    "plt.ylabel('Pricing Error')\n",
    "plt.xlabel('Moneyness')\n",
    "plt.title('Pricing Error Comparison')\n",
    "plt.legend(fontsize=10, loc='best')\n",
    "plt.show()\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Table-1c:-Implied-Volatility\">Table 1c: Implied Volatility<a class=\"anchor-link\" href=\"#Table-1c:-Implied-Volatility\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 39,
   "metadata": {},
   "outputs": [
    {
     "name": "stderr",
     "output_type": "stream",
     "text": [
      "<ipython-input-7-5d9b86f389a5>:17: RuntimeWarning: invalid value encountered in log\n",
      "  beta = sqrt((log((c2M-G**2-2*G*(c1M-G))/S0**2)/2-log((c1M-G)/S0))*2)\n",
      "<ipython-input-7-5d9b86f389a5>:18: RuntimeWarning: invalid value encountered in log\n",
      "  alpha = log((c1M-G)/S0)-0.5*beta**2\n",
      "<ipython-input-7-5d9b86f389a5>:19: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
      "<ipython-input-7-5d9b86f389a5>:19: RuntimeWarning: invalid value encountered in log\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last ten iterations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last five Jacobian evaluations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-9-0aa2681534a0>:20: RuntimeWarning: overflow encountered in exp\n",
      "  ((a+exp(b+0.5*c**2))-c1M/S0),\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The number of calls to function has reached maxfev = 800.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-29-5058e1b513e8>:21: RuntimeWarning: overflow encountered in double_scalars\n",
      "  f = lambda t: t**(v-1)*np.exp(-t)\n",
      "<ipython-input-29-5058e1b513e8>:24: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  return quad(f,y,np.inf,limit=500)[0]\n"
     ]
    },
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Strike</th>\n",
       "      <th>Moneyness</th>\n",
       "      <th>Curran 2M+</th>\n",
       "      <th>2M+Uniform</th>\n",
       "      <th>Curran 3M+</th>\n",
       "      <th>LB_FA</th>\n",
       "      <th>LB_GA</th>\n",
       "      <th>SLNQuad</th>\n",
       "      <th>Levy/2M</th>\n",
       "      <th>Con Gamma</th>\n",
       "      <th>Con Lognormal</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>0</th>\n",
       "      <td>7.594536</td>\n",
       "      <td>-0.5</td>\n",
       "      <td>0.0</td>\n",
       "      <td>0.000000</td>\n",
       "      <td>0.000000</td>\n",
       "      <td>-0.011172</td>\n",
       "      <td>0.000000</td>\n",
       "      <td>NaN</td>\n",
       "      <td>-0.193688</td>\n",
       "      <td>0.0</td>\n",
       "      <td>0.000000</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>1</th>\n",
       "      <td>15.189072</td>\n",
       "      <td>0.0</td>\n",
       "      <td>0.0</td>\n",
       "      <td>-0.000231</td>\n",
       "      <td>0.001026</td>\n",
       "      <td>0.000915</td>\n",
       "      <td>-0.000054</td>\n",
       "      <td>NaN</td>\n",
       "      <td>-0.018564</td>\n",
       "      <td>0.0</td>\n",
       "      <td>0.000191</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>2</th>\n",
       "      <td>22.783608</td>\n",
       "      <td>0.5</td>\n",
       "      <td>0.0</td>\n",
       "      <td>-0.001104</td>\n",
       "      <td>0.003735</td>\n",
       "      <td>0.016633</td>\n",
       "      <td>-0.000304</td>\n",
       "      <td>NaN</td>\n",
       "      <td>0.014356</td>\n",
       "      <td>0.0</td>\n",
       "      <td>0.001628</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "</div>"
      ],
      "text/plain": [
       "      Strike  Moneyness  Curran 2M+  2M+Uniform  Curran 3M+     LB_FA  \\\n",
       "0   7.594536       -0.5         0.0    0.000000    0.000000 -0.011172   \n",
       "1  15.189072        0.0         0.0   -0.000231    0.001026  0.000915   \n",
       "2  22.783608        0.5         0.0   -0.001104    0.003735  0.016633   \n",
       "\n",
       "      LB_GA SLNQuad   Levy/2M  Con Gamma  Con Lognormal  \n",
       "0  0.000000     NaN -0.193688        0.0       0.000000  \n",
       "1 -0.000054     NaN -0.018564        0.0       0.000191  \n",
       "2 -0.000304     NaN  0.014356        0.0       0.001628  "
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "\n",
    "from scipy.optimize import minimize\n",
    "\n",
    "def ASPriceSSE(sigma,exactPrice,func,*args):\n",
    "    calPrice = func(sigma,*args)\n",
    "    return (calPrice-exactPrice)**2\n",
    "\n",
    "df1c = pd.DataFrame(columns=['Strike','Moneyness','Curran 2M+','2M+Uniform','Curran 3M+','LB_FA','LB_GA','SLNQuad','Levy/2M','Con Gamma','Con Lognormal'])\n",
    "df1c['Strike'] = strikeList1\n",
    "df1c['Moneyness'] = [-0.5,0,0.5]\n",
    "exactPriceList = np.array(df1a.iloc[:,2])\n",
    "\n",
    "C2MpIVList = []\n",
    "C2MpUIVList = []\n",
    "C3MpIVList = []\n",
    "LBFAIVList = []\n",
    "LBGAIVList = []\n",
    "LevyIVList = []\n",
    "ConGammaIVList = []\n",
    "ConLogIVList = []\n",
    "\n",
    "for i in range(len(exactPriceList)):\n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList[i],C2Mp,S0,r,T,strikeList1[i]),tol=1e-4,options={'maxiter':30})\n",
    "    C2MpIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList[i],C2MpU,S0,r,T,strikeList1[i]),tol=1e-4,options={'maxiter':30})\n",
    "    C2MpUIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList[i],C3Mp,S0,r,T,strikeList1[i]),tol=1e-4,options={'maxiter':30})\n",
    "    C3MpIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList[i],LBFA,S0,r,T,strikeList1[i]),tol=1e-4,options={'maxiter':30})\n",
    "    LBFAIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList[i],LBGA,S0,r,T,strikeList1[i]),tol=1e-4,options={'maxiter':30})\n",
    "    LBGAIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList[i],lognormal_fixedasian,S0,strikeList1[i],T,r),tol=1e-4,options={'maxiter':30})\n",
    "    LevyIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList[i],stratified_gamma_fixedasian,S0,strikeList1[i],T,r,0),tol=1e-4,options={'maxiter':30},bounds=[(0.2, 2)])\n",
    "    ConGammaIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList[i],stratified_lognormal_fixedasian,S0,strikeList1[i],T,r,0),tol=1e-4,options={'maxiter':30},bounds=[(0.2, 2)])\n",
    "    ConLogIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "df1c['Curran 2M+'] = C2MpIVList\n",
    "df1c['2M+Uniform'] = C2MpUIVList\n",
    "df1c['Curran 3M+'] = C3MpIVList\n",
    "df1c['LB_FA'] = LBFAIVList\n",
    "df1c['LB_GA'] = LBGAIVList\n",
    "df1c['Levy/2M'] = LevyIVList\n",
    "df1c['Con Gamma'] = ConGammaIVList\n",
    "df1c['Con Lognormal'] = ConLogIVList\n",
    "display(df1c)\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Table-1d:-Greeks\">Table 1d: Greeks<a class=\"anchor-link\" href=\"#Table-1d:-Greeks\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 40,
   "metadata": {},
   "outputs": [],
   "source": [
    "\n",
    "df1d = pd.DataFrame(columns=['Moneyness','Strike','Method','Delta','Gamma','Vega'])\n",
    "moneynessList = [-0.5,0,0.5]\n",
    "h = 0.01\n",
    "j = 0\n",
    "strikePDEListSp, PDEPriceListSp = ASPDE2(sigma,r,T,None,S0+h,True)\n",
    "strikePDEListS, PDEPriceListS = ASPDE2(sigma,r,T,None,S0,True)\n",
    "strikePDEListSm, PDEPriceListSm = ASPDE2(sigma,r,T,None,S0-h,True)\n",
    "strikePDEListSigmap, PDEPriceListSigmap = ASPDE2(sigma+h,r,T,None,S0-h,True)\n",
    "strikePDEListSigmam, PDEPriceListSigmam = ASPDE2(sigma-h,r,T,None,S0-h,True)\n",
    "for i in range(len(strikeList1)):\n",
    "    PriceSp = PDELinearInterpolation(strikePDEListSp,PDEPriceListSp,strikeList1[i])\n",
    "    PriceS = PDELinearInterpolation(strikePDEListS,PDEPriceListS,strikeList1[i])\n",
    "    PriceSm = PDELinearInterpolation(strikePDEListSm,PDEPriceListSm,strikeList1[i])\n",
    "    PriceSigmap = PDELinearInterpolation(strikePDEListSigmap,PDEPriceListSigmap,strikeList1[i])\n",
    "    PriceSigmam = PDELinearInterpolation(strikePDEListSigmam,PDEPriceListSigmam,strikeList1[i])\n",
    "    Delta = (PriceSp-PriceSm)/(2*h)\n",
    "    Gamma = (PriceSp+PriceSm-2*PriceS)/h**2\n",
    "    Vega = (PriceSigmap-PriceSigmam)/h/200\n",
    "    df1d.loc[j,:] = [moneynessList[i],strikeList1[i],'PDE',Delta,Gamma,Vega]\n",
    "    j += 1\n",
    "\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 41,
   "metadata": {},
   "outputs": [
    {
     "name": "stderr",
     "output_type": "stream",
     "text": [
      "<ipython-input-7-5d9b86f389a5>:17: RuntimeWarning: invalid value encountered in log\n",
      "  beta = sqrt((log((c2M-G**2-2*G*(c1M-G))/S0**2)/2-log((c1M-G)/S0))*2)\n",
      "<ipython-input-7-5d9b86f389a5>:18: RuntimeWarning: invalid value encountered in log\n",
      "  alpha = log((c1M-G)/S0)-0.5*beta**2\n",
      "<ipython-input-7-5d9b86f389a5>:19: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
      "<ipython-input-7-5d9b86f389a5>:19: RuntimeWarning: invalid value encountered in log\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last ten iterations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last five Jacobian evaluations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "<ipython-input-9-0aa2681534a0>:20: RuntimeWarning: overflow encountered in exp\n",
      "  ((a+exp(b+0.5*c**2))-c1M/S0),\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: overflow encountered in double_scalars\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The number of calls to function has reached maxfev = 800.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-29-5058e1b513e8>:21: RuntimeWarning: overflow encountered in double_scalars\n",
      "  f = lambda t: t**(v-1)*np.exp(-t)\n",
      "<ipython-input-29-5058e1b513e8>:24: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  return quad(f,y,np.inf,limit=500)[0]\n"
     ]
    },
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Moneyness</th>\n",
       "      <th>Strike</th>\n",
       "      <th>Method</th>\n",
       "      <th>Delta</th>\n",
       "      <th>Gamma</th>\n",
       "      <th>Vega</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>0</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>PDE</td>\n",
       "      <td>0.987049</td>\n",
       "      <td>0.0</td>\n",
       "      <td>0.000114</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>3</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>Curran 2M+</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>4</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>2M+Uniform</td>\n",
       "      <td>0.986946</td>\n",
       "      <td>0.000713</td>\n",
       "      <td>0.000124</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>5</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>Curran 3M+</td>\n",
       "      <td>0.987258</td>\n",
       "      <td>0.000591</td>\n",
       "      <td>0.000035</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>6</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>LB_GA</td>\n",
       "      <td>0.986982</td>\n",
       "      <td>0.000667</td>\n",
       "      <td>0.000115</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>7</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>Con Gamma</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>8</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>Con Lognormal</td>\n",
       "      <td>0.986973</td>\n",
       "      <td>0.000711</td>\n",
       "      <td>0.000117</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>14</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>Con Lognormal</td>\n",
       "      <td>0.531802</td>\n",
       "      <td>0.109845</td>\n",
       "      <td>0.023948</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>13</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>Con Gamma</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>12</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>LB_GA</td>\n",
       "      <td>0.531196</td>\n",
       "      <td>0.109738</td>\n",
       "      <td>0.023889</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>11</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>Curran 3M+</td>\n",
       "      <td>0.531135</td>\n",
       "      <td>0.109674</td>\n",
       "      <td>0.023846</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>10</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>2M+Uniform</td>\n",
       "      <td>0.531224</td>\n",
       "      <td>0.109879</td>\n",
       "      <td>0.023939</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>9</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>Curran 2M+</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>1</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>PDE</td>\n",
       "      <td>0.527377</td>\n",
       "      <td>0.0</td>\n",
       "      <td>0.023928</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>2</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>PDE</td>\n",
       "      <td>0.061745</td>\n",
       "      <td>-0.0</td>\n",
       "      <td>0.00782</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>15</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>Curran 2M+</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>16</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>2M+Uniform</td>\n",
       "      <td>0.060769</td>\n",
       "      <td>0.031059</td>\n",
       "      <td>0.007893</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>17</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>Curran 3M+</td>\n",
       "      <td>0.060047</td>\n",
       "      <td>0.031279</td>\n",
       "      <td>0.007691</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>18</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>LB_GA</td>\n",
       "      <td>0.060759</td>\n",
       "      <td>0.031039</td>\n",
       "      <td>0.007838</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>19</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>Con Gamma</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>20</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>Con Lognormal</td>\n",
       "      <td>0.060181</td>\n",
       "      <td>0.031088</td>\n",
       "      <td>0.007799</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "</div>"
      ],
      "text/plain": [
       "   Moneyness     Strike         Method     Delta     Gamma      Vega\n",
       "0       -0.5   7.594536            PDE  0.987049       0.0  0.000114\n",
       "3       -0.5   7.594536     Curran 2M+       NaN       NaN       NaN\n",
       "4       -0.5   7.594536     2M+Uniform  0.986946  0.000713  0.000124\n",
       "5       -0.5   7.594536     Curran 3M+  0.987258  0.000591  0.000035\n",
       "6       -0.5   7.594536          LB_GA  0.986982  0.000667  0.000115\n",
       "7       -0.5   7.594536      Con Gamma       NaN       NaN       NaN\n",
       "8       -0.5   7.594536  Con Lognormal  0.986973  0.000711  0.000117\n",
       "14         0  15.189072  Con Lognormal  0.531802  0.109845  0.023948\n",
       "13         0  15.189072      Con Gamma       NaN       NaN       NaN\n",
       "12         0  15.189072          LB_GA  0.531196  0.109738  0.023889\n",
       "11         0  15.189072     Curran 3M+  0.531135  0.109674  0.023846\n",
       "10         0  15.189072     2M+Uniform  0.531224  0.109879  0.023939\n",
       "9          0  15.189072     Curran 2M+       NaN       NaN       NaN\n",
       "1          0  15.189072            PDE  0.527377       0.0  0.023928\n",
       "2        0.5  22.783608            PDE  0.061745      -0.0   0.00782\n",
       "15       0.5  22.783608     Curran 2M+       NaN       NaN       NaN\n",
       "16       0.5  22.783608     2M+Uniform  0.060769  0.031059  0.007893\n",
       "17       0.5  22.783608     Curran 3M+  0.060047  0.031279  0.007691\n",
       "18       0.5  22.783608          LB_GA  0.060759  0.031039  0.007838\n",
       "19       0.5  22.783608      Con Gamma       NaN       NaN       NaN\n",
       "20       0.5  22.783608  Con Lognormal  0.060181  0.031088  0.007799"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "\n",
    "j = 3\n",
    "def calGreeks(func,sigma,S0,*args):\n",
    "    h = 0.01\n",
    "    PriceSp = func(sigma,S0+h,*args)\n",
    "    PriceS = func(sigma,S0,*args)\n",
    "    PriceSm = func(sigma,S0-h,*args)\n",
    "    PriceSigmap = func(sigma+h,S0,*args)\n",
    "    PriceSigmam = func(sigma-h,S0,*args)\n",
    "    Delta = (PriceSp-PriceSm)/(2*h)\n",
    "    Gamma = (PriceSp+PriceSm-2*PriceS)/h**2\n",
    "    Vega = (PriceSigmap-PriceSigmam)/h/2\n",
    "    return Delta,Gamma,Vega/100\n",
    "\n",
    "nameList1 = ['Curran 2M+','2M+Uniform','Curran 3M+','LB_GA']\n",
    "nameList2 = ['Con Gamma','Con Lognormal']\n",
    "for i in range(len(strikeList1)):\n",
    "    k = 0\n",
    "    for func in [C2Mp,C2MpU,C3Mp,LBGA]:\n",
    "        Delta,Gamma,Vega = calGreeks(func,sigma,S0,r,T,strikeList1[i])\n",
    "        df1d.loc[j,:] = [moneynessList[i],strikeList1[i],nameList1[k],Delta,Gamma,Vega]\n",
    "        j += 1\n",
    "        k += 1\n",
    "    k = 0\n",
    "    for func in [stratified_gamma_fixedasian,stratified_lognormal_fixedasian]:\n",
    "        Delta,Gamma,Vega = calGreeks(func,sigma,S0,strikeList1[i],T,r,0)\n",
    "        df1d.loc[j,:] = [moneynessList[i],strikeList1[i],nameList2[k],Delta,Gamma,Vega]\n",
    "        j += 1\n",
    "        k += 1\n",
    "df1d = df1d.sort_values(by=['Moneyness'],axis=0)\n",
    "display(df1d)\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Numerical-Table-2\">Numerical Table 2<a class=\"anchor-link\" href=\"#Numerical-Table-2\">¶</a></h2>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 42,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "the strike used for table 2 is:  [7.594536157328657, 15.189072314657315, 22.78360847198597]\n"
     ]
    }
   ],
   "source": [
    "\n",
    "strikeList2 = []\n",
    "for mnyn in [-0.5,0,0.5]:\n",
    "    strikeList2.append((mnyn+1)*S0*(exp(r*T)-1)/(T*r))\n",
    "print(\"the strike used for table 2 is: \",strikeList2)\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Table-2a:-Price\">Table 2a: Price<a class=\"anchor-link\" href=\"#Table-2a:-Price\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 43,
   "metadata": {},
   "outputs": [
    {
     "ename": "NameError",
     "evalue": "name 'warnings' is not defined",
     "output_type": "error",
     "traceback": [
      "\u001b[0;31m---------------------------------------------------------------------------\u001b[0m",
      "\u001b[0;31mNameError\u001b[0m                                 Traceback (most recent call last)",
      "\u001b[0;32m<ipython-input-43-4ebcae736342>\u001b[0m in \u001b[0;36m<module>\u001b[0;34m\u001b[0m\n\u001b[0;32m----> 1\u001b[0;31m \u001b[0mwarnings\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mfilterwarnings\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;34m'ignore'\u001b[0m\u001b[0;34m,\u001b[0m \u001b[0;34m'The iteration is not making good progress'\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0m\u001b[1;32m      2\u001b[0m \u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      3\u001b[0m \u001b[0mdf2a\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0mpd\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mDataFrame\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mcolumns\u001b[0m\u001b[0;34m=\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;34m'Strike'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'Moneyness'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'PDE'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'Curran 2M+'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'2M+Uniform'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'Curran 3M+'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'LB_FA'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'LB_GA'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'SLNQuad'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'Levy/2M'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'Con Gamma'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'Con Lognormal'\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      4\u001b[0m \u001b[0mdf2a\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;34m'Strike'\u001b[0m\u001b[0;34m]\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0mstrikeList2\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      5\u001b[0m \u001b[0mdf2a\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;34m'Moneyness'\u001b[0m\u001b[0;34m]\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0;34m[\u001b[0m\u001b[0;34m-\u001b[0m\u001b[0;36m0.5\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;36m0.5\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n",
      "\u001b[0;31mNameError\u001b[0m: name 'warnings' is not defined"
     ]
    }
   ],
   "source": [
    "\n",
    "warnings.filterwarnings('ignore', 'The iteration is not making good progress')\n",
    "\n",
    "df2a = pd.DataFrame(columns=['Strike','Moneyness','PDE','Curran 2M+','2M+Uniform','Curran 3M+','LB_FA','LB_GA','SLNQuad','Levy/2M','Con Gamma','Con Lognormal'])\n",
    "df2a['Strike'] = strikeList2\n",
    "df2a['Moneyness'] = [-0.5,0,0.5]\n",
    "df2a['PDE'] = [ASPDE2(sigma,r,T,strike,S0,False) for strike in strikeList2]\n",
    "df2a['Curran 2M+'] = [C2Mp(sigma,S0,r,T,strike) for strike in strikeList2]\n",
    "df2a['2M+Uniform'] = [C2MpU(sigma,S0,r,T,strike) for strike in strikeList2]\n",
    "df2a['Curran 3M+'] = [C3Mp(sigma,S0,r,T,strike) for strike in strikeList2]\n",
    "df2a['LB_FA'] = [LBFA(sigma,S0,r,T,strike) for strike in strikeList2]\n",
    "df2a['LB_GA'] = [LBGA(sigma,S0,r,T,strike) for strike in strikeList2]\n",
    "df2a['Levy/2M'] = [lognormal_fixedasian(sigma,S0,strike,T,r) for strike in strikeList2]\n",
    "df2a['Con Gamma'] = [stratified_gamma_fixedasian(sigma,S0,strike,T,r,0)for strike in strikeList2]\n",
    "df2a['Con Lognormal'] = [stratified_lognormal_fixedasian(sigma,S0,strike,T,r,0)for strike in strikeList2]\n",
    "display(df2a)\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Table-2b:-Pricing-error\">Table 2b: Pricing error<a class=\"anchor-link\" href=\"#Table-2b:-Pricing-error\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 44,
   "metadata": {},
   "outputs": [
    {
     "ename": "NameError",
     "evalue": "name 'df2a' is not defined",
     "output_type": "error",
     "traceback": [
      "\u001b[0;31m---------------------------------------------------------------------------\u001b[0m",
      "\u001b[0;31mNameError\u001b[0m                                 Traceback (most recent call last)",
      "\u001b[0;32m<ipython-input-44-c63b0afe7c72>\u001b[0m in \u001b[0;36m<module>\u001b[0;34m\u001b[0m\n\u001b[0;32m----> 1\u001b[0;31m \u001b[0mdf2b\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0mdf2a\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0miloc\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;34m:\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;36m3\u001b[0m\u001b[0;34m:\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0m\u001b[1;32m      2\u001b[0m \u001b[0mdf2b\u001b[0m \u001b[0;34m-=\u001b[0m \u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0marray\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mdf2a\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0miloc\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;34m:\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;36m2\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mreshape\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;36m3\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;36m1\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      3\u001b[0m \u001b[0mdf2b\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0mpd\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mconcat\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0mdf2a\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0miloc\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;34m:\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m:\u001b[0m\u001b[0;36m2\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0mdf2b\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0maxis\u001b[0m\u001b[0;34m=\u001b[0m\u001b[0;36m1\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      4\u001b[0m \u001b[0mdisplay\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mdf2b\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      5\u001b[0m \u001b[0;34m\u001b[0m\u001b[0m\n",
      "\u001b[0;31mNameError\u001b[0m: name 'df2a' is not defined"
     ]
    }
   ],
   "source": [
    "\n",
    "df2b = df2a.iloc[:,3:]\n",
    "df2b -= np.array(df2a.iloc[:,2]).reshape(3,1)\n",
    "df2b = pd.concat([df2a.iloc[:,:2],df2b],axis=1)\n",
    "display(df2b)\n",
    "\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 45,
   "metadata": {},
   "outputs": [
    {
     "name": "stderr",
     "output_type": "stream",
     "text": [
      "<ipython-input-7-5d9b86f389a5>:17: RuntimeWarning: invalid value encountered in log\n",
      "  beta = sqrt((log((c2M-G**2-2*G*(c1M-G))/S0**2)/2-log((c1M-G)/S0))*2)\n",
      "<ipython-input-7-5d9b86f389a5>:18: RuntimeWarning: invalid value encountered in log\n",
      "  alpha = log((c1M-G)/S0)-0.5*beta**2\n",
      "<ipython-input-7-5d9b86f389a5>:19: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
      "<ipython-input-7-5d9b86f389a5>:19: RuntimeWarning: invalid value encountered in log\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last ten iterations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-9-0aa2681534a0>:20: RuntimeWarning: overflow encountered in exp\n",
      "  ((a+exp(b+0.5*c**2))-c1M/S0),\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last five Jacobian evaluations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The number of calls to function has reached maxfev = 800.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-29-5058e1b513e8>:21: RuntimeWarning: overflow encountered in double_scalars\n",
      "  f = lambda t: t**(v-1)*np.exp(-t)\n",
      "<ipython-input-29-5058e1b513e8>:24: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  return quad(f,y,np.inf,limit=500)[0]\n"
     ]
    }
   ],
   "source": [
    "\n",
    "strikePDEList, PDEPriceList = ASPDE2(sigma,r,T,None,S0,True)\n",
    "PricingErrorMnynList = np.linspace(-0.5,1.5,20)\n",
    "PricingErrorStrikeList = []\n",
    "for mnyn in PricingErrorMnynList:\n",
    "    PricingErrorStrikeList.append((mnyn+1)*S0*(exp(r*T)-1)/(T*r))\n",
    "\n",
    "PEPDE = np.array([PDELinearInterpolation(strikePDEList,PDEPriceList,strike) for strike in PricingErrorStrikeList])\n",
    "PEC2Mp = np.array([C2Mp(sigma,S0,r,T,strike) for strike in PricingErrorStrikeList])-PEPDE\n",
    "PEC2MpU = np.array([C2MpU(sigma,S0,r,T,strike) for strike in PricingErrorStrikeList])-PEPDE\n",
    "PEC3Mp = np.array([C3Mp(sigma,S0,r,T,strike) for strike in PricingErrorStrikeList])-PEPDE\n",
    "#PELBFA = np.array([LBFA(sigma,S0,r,T,strike) for strike in PricingErrorStrikeList])-PEPDE\n",
    "PELBGA = np.array([LBGA(sigma,S0,r,T,strike) for strike in PricingErrorStrikeList])-PEPDE\n",
    "PEConGamma = np.array([stratified_gamma_fixedasian(sigma,S0,strike,T,r,0)for strike in PricingErrorStrikeList])-PEPDE\n",
    "PEConLognormal= np.array([stratified_lognormal_fixedasian(sigma,S0,strike,T,r,0)for strike in PricingErrorStrikeList])-PEPDE\n",
    "\n",
    "plt.plot(PricingErrorMnynList,PEC2Mp,label='Curran 2M+')\n",
    "plt.plot(PricingErrorMnynList,PEC2MpU,label='2M+Uniform')\n",
    "plt.plot(PricingErrorMnynList,PEC3Mp,label='Curran 3M+')\n",
    "#plt.plot(PricingErrorMnynList,PELBFA,label='LB_FA')\n",
    "plt.plot(PricingErrorMnynList,PELBGA,label='LB_GA')\n",
    "plt.plot(PricingErrorMnynList,PEConGamma,label='Con Gamma')\n",
    "plt.plot(PricingErrorMnynList,PEConLognormal,label='Con Lognormal')\n",
    "plt.ylabel('Pricing Error')\n",
    "plt.xlabel('Moneyness')\n",
    "plt.title('Pricing Error Comparison')\n",
    "plt.legend(fontsize=10, loc='best')\n",
    "plt.show()\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Table-2c:-Implied-Volatility\">Table 2c: Implied Volatility<a class=\"anchor-link\" href=\"#Table-2c:-Implied-Volatility\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 46,
   "metadata": {},
   "outputs": [
    {
     "ename": "NameError",
     "evalue": "name 'df2a' is not defined",
     "output_type": "error",
     "traceback": [
      "\u001b[0;31m---------------------------------------------------------------------------\u001b[0m",
      "\u001b[0;31mNameError\u001b[0m                                 Traceback (most recent call last)",
      "\u001b[0;32m<ipython-input-46-7731f32d6d80>\u001b[0m in \u001b[0;36m<module>\u001b[0;34m\u001b[0m\n\u001b[1;32m      2\u001b[0m \u001b[0mdf2c\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;34m'Strike'\u001b[0m\u001b[0;34m]\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0mstrikeList2\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      3\u001b[0m \u001b[0mdf2c\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;34m'Moneyness'\u001b[0m\u001b[0;34m]\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0;34m[\u001b[0m\u001b[0;34m-\u001b[0m\u001b[0;36m0.5\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;36m0.5\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0;32m----> 4\u001b[0;31m \u001b[0mexactPriceList2\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0marray\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mdf2a\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0miloc\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;34m:\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;36m2\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0m\u001b[1;32m      5\u001b[0m \u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      6\u001b[0m \u001b[0mC2MpIVList\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0;34m[\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n",
      "\u001b[0;31mNameError\u001b[0m: name 'df2a' is not defined"
     ]
    }
   ],
   "source": [
    "\n",
    "df2c = pd.DataFrame(columns=['Strike','Moneyness','Curran 2M+','2M+Uniform','Curran 3M+','LB_FA','LB_GA','SLNQuad','Levy/2M','Con Gamma','Con Lognormal'])\n",
    "df2c['Strike'] = strikeList2\n",
    "df2c['Moneyness'] = [-0.5,0,0.5]\n",
    "exactPriceList2 = np.array(df2a.iloc[:,2])\n",
    "\n",
    "C2MpIVList = []\n",
    "C2MpUIVList = []\n",
    "C3MpIVList = []\n",
    "LBFAIVList = []\n",
    "LBGAIVList = []\n",
    "LevyIVList = []\n",
    "ConGammaIVList = []\n",
    "ConLogIVList = []\n",
    "\n",
    "for i in range(len(exactPriceList2)):\n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList2[i],C2Mp,S0,r,T,strikeList2[i]),tol=1e-4,options={'maxiter':30},bounds=[(0.2,0.9)])\n",
    "    C2MpIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList2[i],C2MpU,S0,r,T,strikeList2[i]),tol=1e-4,options={'maxiter':30},bounds=[(0.2,0.9)])\n",
    "    C2MpUIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList2[i],C3Mp,S0,r,T,strikeList2[i]),tol=1e-4,options={'maxiter':30},bounds=[(0.2,0.9)])\n",
    "    C3MpIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList2[i],LBFA,S0,r,T,strikeList2[i]),tol=1e-4,options={'maxiter':30},bounds=[(0.2,0.9)])\n",
    "    LBFAIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList2[i],LBGA,S0,r,T,strikeList2[i]),tol=1e-4,options={'maxiter':30},bounds=[(0.2,0.9)])\n",
    "    LBGAIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList2[i],lognormal_fixedasian,S0,strikeList2[i],T,r),tol=1e-4,options={'maxiter':30})\n",
    "    LevyIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList2[i],stratified_gamma_fixedasian,S0,strikeList2[i],T,r,0),tol=1e-4,options={'maxiter':30},bounds=[(0.2, 2)])\n",
    "    ConGammaIVList.append(iv.x[0]-sigma)\n",
    "    \n",
    "    iv = minimize(ASPriceSSE,[sigma],args=(exactPriceList2[i],stratified_lognormal_fixedasian,S0,strikeList2[i],T,r,0),tol=1e-4,options={'maxiter':30},bounds=[(0.2, 2)])\n",
    "    ConLogIVList.append(iv.x[0]-sigma)\n",
    "\n",
    "df2c['Curran 2M+'] = C2MpIVList\n",
    "df2c['2M+Uniform'] = C2MpUIVList\n",
    "df2c['Curran 3M+'] = C3MpIVList\n",
    "df2c['LB_FA'] = LBFAIVList\n",
    "df2c['LB_GA'] = LBGAIVList\n",
    "df2c['Levy/2M'] = LevyIVList\n",
    "df2c['Con Gamma'] = ConGammaIVList\n",
    "df2c['Con Lognormal'] = ConLogIVList\n",
    "display(df2c)\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Table-2d:-Greeks\">Table 2d: Greeks<a class=\"anchor-link\" href=\"#Table-2d:-Greeks\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 47,
   "metadata": {},
   "outputs": [
    {
     "name": "stderr",
     "output_type": "stream",
     "text": [
      "<ipython-input-7-5d9b86f389a5>:17: RuntimeWarning: invalid value encountered in log\n",
      "  beta = sqrt((log((c2M-G**2-2*G*(c1M-G))/S0**2)/2-log((c1M-G)/S0))*2)\n",
      "<ipython-input-7-5d9b86f389a5>:18: RuntimeWarning: invalid value encountered in log\n",
      "  alpha = log((c1M-G)/S0)-0.5*beta**2\n",
      "<ipython-input-7-5d9b86f389a5>:19: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
      "<ipython-input-7-5d9b86f389a5>:19: RuntimeWarning: invalid value encountered in log\n",
      "  Curran2Mp += quad(CExpectation2Mp,(log((T*K-exp(x+log(S0)+(r-0.5*sigma**2)*T/2))/S0)-alpha)/beta,20,args=(x,S0,T,K,alpha,beta))[0]*exp(-(x-gmean)**2/(2*gvar))/sqrt(2*np.pi*gvar)*dx\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last ten iterations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "<ipython-input-9-0aa2681534a0>:20: RuntimeWarning: overflow encountered in exp\n",
      "  ((a+exp(b+0.5*c**2))-c1M/S0),\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: overflow encountered in exp\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "<ipython-input-9-0aa2681534a0>:21: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**2+2*a*exp(b+0.5*c**2)+exp(2*b+2*c**2))-c2M/S0**2),\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The iteration is not making good progress, as measured by the \n",
      "  improvement from the last five Jacobian evaluations.\n",
      "  warnings.warn(msg, RuntimeWarning)\n",
      "<ipython-input-9-0aa2681534a0>:22: RuntimeWarning: overflow encountered in double_scalars\n",
      "  ((a**3+exp(3*b+4.5*c**2)+3*a**2*exp(b+0.5*c**2)+3*a*exp(2*b+2*c**2))-c3M/S0**3)\n",
      "<ipython-input-29-5058e1b513e8>:21: RuntimeWarning: overflow encountered in double_scalars\n",
      "  f = lambda t: t**(v-1)*np.exp(-t)\n",
      "<ipython-input-29-5058e1b513e8>:24: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  return quad(f,y,np.inf,limit=500)[0]\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/scipy/optimize/minpack.py:175: RuntimeWarning: The number of calls to function has reached maxfev = 800.\n",
      "  warnings.warn(msg, RuntimeWarning)\n"
     ]
    },
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Moneyness</th>\n",
       "      <th>Strike</th>\n",
       "      <th>Method</th>\n",
       "      <th>Delta</th>\n",
       "      <th>Gamma</th>\n",
       "      <th>Vega</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>0</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>PDE</td>\n",
       "      <td>0.987049</td>\n",
       "      <td>0.0</td>\n",
       "      <td>0.000114</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>3</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>Curran 2M+</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>4</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>2M+Uniform</td>\n",
       "      <td>0.986946</td>\n",
       "      <td>0.000713</td>\n",
       "      <td>0.000124</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>5</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>Curran 3M+</td>\n",
       "      <td>0.987258</td>\n",
       "      <td>0.000591</td>\n",
       "      <td>0.000035</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>6</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>LB_GA</td>\n",
       "      <td>0.986982</td>\n",
       "      <td>0.000667</td>\n",
       "      <td>0.000115</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>7</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>Con Gamma</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>8</th>\n",
       "      <td>-0.5</td>\n",
       "      <td>7.594536</td>\n",
       "      <td>Con Lognormal</td>\n",
       "      <td>0.986973</td>\n",
       "      <td>0.000711</td>\n",
       "      <td>0.000117</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>14</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>Con Lognormal</td>\n",
       "      <td>0.531802</td>\n",
       "      <td>0.109845</td>\n",
       "      <td>0.023948</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>13</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>Con Gamma</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>12</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>LB_GA</td>\n",
       "      <td>0.531196</td>\n",
       "      <td>0.109738</td>\n",
       "      <td>0.023889</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>11</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>Curran 3M+</td>\n",
       "      <td>0.531135</td>\n",
       "      <td>0.109674</td>\n",
       "      <td>0.023846</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>10</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>2M+Uniform</td>\n",
       "      <td>0.531224</td>\n",
       "      <td>0.109879</td>\n",
       "      <td>0.023939</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>9</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>Curran 2M+</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>1</th>\n",
       "      <td>0</td>\n",
       "      <td>15.189072</td>\n",
       "      <td>PDE</td>\n",
       "      <td>0.527377</td>\n",
       "      <td>0.0</td>\n",
       "      <td>0.023928</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>2</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>PDE</td>\n",
       "      <td>0.061745</td>\n",
       "      <td>-0.0</td>\n",
       "      <td>0.00782</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>15</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>Curran 2M+</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>16</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>2M+Uniform</td>\n",
       "      <td>0.060769</td>\n",
       "      <td>0.031059</td>\n",
       "      <td>0.007893</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>17</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>Curran 3M+</td>\n",
       "      <td>0.060047</td>\n",
       "      <td>0.031279</td>\n",
       "      <td>0.007691</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>18</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>LB_GA</td>\n",
       "      <td>0.060759</td>\n",
       "      <td>0.031039</td>\n",
       "      <td>0.007838</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>19</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>Con Gamma</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>20</th>\n",
       "      <td>0.5</td>\n",
       "      <td>22.783608</td>\n",
       "      <td>Con Lognormal</td>\n",
       "      <td>0.060181</td>\n",
       "      <td>0.031088</td>\n",
       "      <td>0.007799</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "</div>"
      ],
      "text/plain": [
       "   Moneyness     Strike         Method     Delta     Gamma      Vega\n",
       "0       -0.5   7.594536            PDE  0.987049       0.0  0.000114\n",
       "3       -0.5   7.594536     Curran 2M+       NaN       NaN       NaN\n",
       "4       -0.5   7.594536     2M+Uniform  0.986946  0.000713  0.000124\n",
       "5       -0.5   7.594536     Curran 3M+  0.987258  0.000591  0.000035\n",
       "6       -0.5   7.594536          LB_GA  0.986982  0.000667  0.000115\n",
       "7       -0.5   7.594536      Con Gamma       NaN       NaN       NaN\n",
       "8       -0.5   7.594536  Con Lognormal  0.986973  0.000711  0.000117\n",
       "14         0  15.189072  Con Lognormal  0.531802  0.109845  0.023948\n",
       "13         0  15.189072      Con Gamma       NaN       NaN       NaN\n",
       "12         0  15.189072          LB_GA  0.531196  0.109738  0.023889\n",
       "11         0  15.189072     Curran 3M+  0.531135  0.109674  0.023846\n",
       "10         0  15.189072     2M+Uniform  0.531224  0.109879  0.023939\n",
       "9          0  15.189072     Curran 2M+       NaN       NaN       NaN\n",
       "1          0  15.189072            PDE  0.527377       0.0  0.023928\n",
       "2        0.5  22.783608            PDE  0.061745      -0.0   0.00782\n",
       "15       0.5  22.783608     Curran 2M+       NaN       NaN       NaN\n",
       "16       0.5  22.783608     2M+Uniform  0.060769  0.031059  0.007893\n",
       "17       0.5  22.783608     Curran 3M+  0.060047  0.031279  0.007691\n",
       "18       0.5  22.783608          LB_GA  0.060759  0.031039  0.007838\n",
       "19       0.5  22.783608      Con Gamma       NaN       NaN       NaN\n",
       "20       0.5  22.783608  Con Lognormal  0.060181  0.031088  0.007799"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "\n",
    "df2d = pd.DataFrame(columns=['Moneyness','Strike','Method','Delta','Gamma','Vega'])\n",
    "moneynessList = [-0.5,0,0.5]\n",
    "h = 0.01\n",
    "j = 0\n",
    "strikePDEListSp, PDEPriceListSp = ASPDE2(sigma,r,T,None,S0+h,True)\n",
    "strikePDEListS, PDEPriceListS = ASPDE2(sigma,r,T,None,S0,True)\n",
    "strikePDEListSm, PDEPriceListSm = ASPDE2(sigma,r,T,None,S0-h,True)\n",
    "strikePDEListSigmap, PDEPriceListSigmap = ASPDE2(sigma+h,r,T,None,S0-h,True)\n",
    "strikePDEListSigmam, PDEPriceListSigmam = ASPDE2(sigma-h,r,T,None,S0-h,True)\n",
    "for i in range(len(strikeList2)):\n",
    "    PriceSp = PDELinearInterpolation(strikePDEListSp,PDEPriceListSp,strikeList2[i])\n",
    "    PriceS = PDELinearInterpolation(strikePDEListS,PDEPriceListS,strikeList2[i])\n",
    "    PriceSm = PDELinearInterpolation(strikePDEListSm,PDEPriceListSm,strikeList2[i])\n",
    "    PriceSigmap = PDELinearInterpolation(strikePDEListSigmap,PDEPriceListSigmap,strikeList2[i])\n",
    "    PriceSigmam = PDELinearInterpolation(strikePDEListSigmam,PDEPriceListSigmam,strikeList2[i])\n",
    "    Delta = (PriceSp-PriceSm)/(2*h)\n",
    "    Gamma = (PriceSp+PriceSm-2*PriceS)/h**2\n",
    "    Vega = (PriceSigmap-PriceSigmam)/h/200\n",
    "    df2d.loc[j,:] = [moneynessList[i],strikeList2[i],'PDE',Delta,Gamma,Vega]\n",
    "    j += 1\n",
    "\n",
    "j = 3\n",
    "def calGreeks(func,sigma,S0,*args):\n",
    "    h = 0.01\n",
    "    PriceSp = func(sigma,S0+h,*args)\n",
    "    PriceS = func(sigma,S0,*args)\n",
    "    PriceSm = func(sigma,S0-h,*args)\n",
    "    PriceSigmap = func(sigma+h,S0,*args)\n",
    "    PriceSigmam = func(sigma-h,S0,*args)\n",
    "    Delta = (PriceSp-PriceSm)/(2*h)\n",
    "    Gamma = (PriceSp+PriceSm-2*PriceS)/h**2\n",
    "    Vega = (PriceSigmap-PriceSigmam)/h/2\n",
    "    return Delta,Gamma,Vega/100\n",
    "\n",
    "nameList1 = ['Curran 2M+','2M+Uniform','Curran 3M+','LB_GA']\n",
    "nameList2 = ['Con Gamma','Con Lognormal']\n",
    "for i in range(len(strikeList2)):\n",
    "    k = 0\n",
    "    for func in [C2Mp,C2MpU,C3Mp,LBGA]:\n",
    "        Delta,Gamma,Vega = calGreeks(func,sigma,S0,r,T,strikeList2[i])\n",
    "        df2d.loc[j,:] = [moneynessList[i],strikeList2[i],nameList1[k],Delta,Gamma,Vega]\n",
    "        j += 1\n",
    "        k += 1\n",
    "    k = 0\n",
    "    for func in [stratified_gamma_fixedasian,stratified_lognormal_fixedasian]:\n",
    "        Delta,Gamma,Vega = calGreeks(func,sigma,S0,strikeList2[i],T,r,0)\n",
    "        df2d.loc[j,:] = [moneynessList[i],strikeList2[i],nameList2[k],Delta,Gamma,Vega]\n",
    "        j += 1\n",
    "        k += 1\n",
    "df2d = df2d.sort_values(by=['Moneyness'],axis=0)\n",
    "display(df2d)\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Parameters\">Parameters<a class=\"anchor-link\" href=\"#Parameters\">¶</a></h2><table>\n",
    "<thead><tr>\n",
    "<th style=\"text-align:left\"></th>\n",
    "<th style=\"text-align:right\"></th>\n",
    "</tr>\n",
    "</thead>\n",
    "<tbody>\n",
    "<tr>\n",
    "<td style=\"text-align:left\">$S_0$</td>\n",
    "<td style=\"text-align:right\">100</td>\n",
    "</tr>\n",
    "<tr>\n",
    "<td style=\"text-align:left\">Strike</td>\n",
    "<td style=\"text-align:right\">95</td>\n",
    "</tr>\n",
    "<tr>\n",
    "<td style=\"text-align:left\">r</td>\n",
    "<td style=\"text-align:right\">0.02</td>\n",
    "</tr>\n",
    "<tr>\n",
    "<td style=\"text-align:left\">$\\sigma$</td>\n",
    "<td style=\"text-align:right\">0.5</td>\n",
    "</tr>\n",
    "<tr>\n",
    "<td style=\"text-align:left\">T</td>\n",
    "<td style=\"text-align:right\">1</td>\n",
    "</tr>\n",
    "</tbody>\n",
    "</table>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Rogers-and-Shi's-PDE\">Rogers and Shi's PDE<a class=\"anchor-link\" href=\"#Rogers-and-Shi's-PDE\">¶</a></h2><p>Consider the termainal and boundary conditions for Rogers and Shi's PDE</p>\n",
    "<p>(1) TC: $f_{N,j} = z_j^+ $, for $j = 0, 1, \\dots M$</p>\n",
    "<p>(2) BC: $f_{i,0} = 0$, for $i = 0, 1, \\dots N$</p>\n",
    "<p>(3) BC: $f_{i,M} = z_M + t/T$, for $i = 0, 1, \\dots N$</p>\n",
    "<p>Let\n",
    "$$\n",
    "z = z_0 + j\\Delta z\n",
    "$$</p>\n",
    "<h4 id=\"Implicit-scheme:\">Implicit scheme:<a class=\"anchor-link\" href=\"#Implicit-scheme:\">¶</a></h4><p>Symmetric in z: \n",
    "$$\n",
    "\\frac {\\partial z} {\\partial S} = \\frac {f(i,j+1) - f(i,j-1)} {2\\Delta z}\n",
    "$$</p>\n",
    "<p>Forward in Time\n",
    "$$\n",
    "\\frac {\\partial f} {\\partial t} = \\frac {f(i+1,j) - f(i,j)} {\\Delta t}\n",
    "$$</p>\n",
    "<p>Centeral in z\n",
    "$$\n",
    "\\frac {\\partial^2 f} {\\partial z^2} = \\frac {f(i,j+1) - 2f(i,j) + f(i,j-1)} {\\Delta z^2}\n",
    "$$\n",
    "Consider\n",
    "$$\n",
    "a_j f_{i,j-1} + b_j f_{i,j} + c_j f_{i,j+1} = f_{i+1,j}, \\text{for}\\, i = 0,\\dots,N-1, \\text{and}\\, j = 1,2,\\dots,M-1\n",
    "$$</p>\n",
    "<p>where\n",
    "$$\n",
    "\\begin{align}\n",
    "a_j &amp; = \\left(\\frac{1-rzT}{2\\Delta zT}-\\frac{\\sigma^2z^2}{2\\Delta z^2}\\right)\\Delta t \\\\\n",
    "b_j &amp; = 1 + \\frac{\\sigma^2 z^2 \\Delta t}{ \\Delta z^2} \\\\\n",
    "c_j &amp; = -\\left(\\frac{1-rzT}{2\\Delta zT}+\\frac{\\sigma^2z^2}{2\\Delta z^2}\\right)\\Delta t \n",
    "\\end{align}\n",
    "$$</p>\n",
    "$$\n",
    "\\begin{bmatrix}\n",
    "b_1 &amp; c_1 &amp; &amp; &amp; &amp; &amp; \\\\\n",
    "a_2 &amp; b_2 &amp; c_2 &amp; &amp; &amp; &amp; \\\\\n",
    " &amp; a_3 &amp; b_3 &amp; c_3 &amp; &amp; &amp; \\\\\n",
    " &amp; &amp; \\dots &amp; \\dots &amp; \\dots &amp; &amp; \\\\\n",
    " &amp; &amp; &amp; \\dots &amp; \\dots &amp; \\dots &amp; \\\\\n",
    " &amp; &amp; &amp; &amp; &amp; a_{M-1} &amp; b_{M-1}\\\\\n",
    "\\end{bmatrix} \\begin{bmatrix}\n",
    "f(i,1) \\\\\n",
    "f(i,2) \\\\\n",
    "f(i,3) \\\\\n",
    "\\dots \\\\\n",
    "\\dots \\\\\n",
    "f(i,M-1) \\\\\n",
    "\\end{bmatrix} = \\begin{bmatrix}\n",
    "&amp; f(i+1,1) - a_1 f(i,0) = b_1 f(i,1) + c_1 f(i,2)\\\\\n",
    "&amp; f(i+1,2) = a_2 f(i,1) + b_2 f(i,2) + c_2 f(i,3) \\\\\n",
    "&amp; f(i+1,3) = a_3 f(i,2) + b_3 f(i,3) + c_3 f(i,4) \\\\\n",
    "&amp; \\dots \\\\\n",
    "&amp; \\dots \\\\\n",
    "&amp; f(i+1,M-1) - c_{M-1} f(i,M) \\\\\n",
    "\\end{bmatrix}\n",
    "$$<h4 id=\"Explicit-scheme:\">Explicit scheme:<a class=\"anchor-link\" href=\"#Explicit-scheme:\">¶</a></h4><p>Symmetric in z: \n",
    "$$\n",
    "\\frac {\\partial f} {\\partial z} = \\frac {f(i+1,j+1) - f(i+1,j-1)} {2\\Delta z}\n",
    "$$</p>\n",
    "<p>Forward in Time\n",
    "$$\n",
    "\\frac {\\partial f} {\\partial t} = \\frac {f(i+1,j) - f(i,j)} {\\Delta t}\n",
    "$$</p>\n",
    "<p>Centeral in z\n",
    "$$\n",
    "\\frac {\\partial^2 f} {\\partial z^2} = \\frac {f(i+1,j+1) - 2f(i+1,j) + f(i+1,j-1)} {\\Delta z^2}\n",
    "$$</p>\n",
    "<p>Consider\n",
    "$$\n",
    "f_{i,j} = a_j^* f_{i+1,j-1}+b_j^* f_{i+1,j}+c_j^* f_{i+1,j+1}\n",
    "$$\n",
    "where\n",
    "$$\n",
    "\\begin{align}\n",
    "a_j^* &amp; = \\frac 1 {1 + r \\Delta t} (-\\frac 1 2 r j \\Delta t + \\frac 1 2 \\sigma^2 j^2 \\Delta t) \\\\\n",
    "b_j^* &amp; = \\frac 1 {1 + r \\Delta t} (1 - \\sigma^2 j^2 \\Delta t)\\\\\n",
    "c_j^* &amp; = \\frac 1 {1 + r \\Delta t} (\\frac 1 2 r j \\Delta t + \\frac 1 2 \\sigma^2 j^2 \\Delta t)\n",
    "\\end{align}\n",
    "$$</p>\n",
    "$$\n",
    "\\begin{bmatrix}\n",
    "b_1 &amp; c_1 &amp; &amp; &amp; &amp; &amp; \\\\\n",
    "a_2 &amp; b_2 &amp; c_2 &amp; &amp; &amp; &amp; \\\\\n",
    " &amp; a_3 &amp; b_3 &amp; c_3 &amp; &amp; &amp; \\\\\n",
    " &amp; &amp; \\dots &amp; \\dots &amp; \\dots &amp; &amp; \\\\\n",
    " &amp; &amp; &amp; \\dots &amp; \\dots &amp; \\dots &amp; \\\\\n",
    " &amp; &amp; &amp; &amp; &amp; a_{M-1} &amp; b_{M-1}\\\\\n",
    "\\end{bmatrix} \\begin{bmatrix}\n",
    "f(i+1,1) \\\\\n",
    "f(i+1,2) \\\\\n",
    "f(i+1,3) \\\\\n",
    "\\dots \\\\\n",
    "\\dots \\\\\n",
    "f(i+1,M-1) \\\\\n",
    "\\end{bmatrix} = \\begin{bmatrix}\n",
    "&amp; f(i,1) - a_1 f(i+1,0) = b_1 f(i+1,1) + c_1 f(i+1,2)\\\\\n",
    "&amp; f(i,2) = a_2 f(i+1,1) + b_2 f(i+1,2) + c_2 f(i+1,3) \\\\\n",
    "&amp; f(i,3) = a_3 f(i+1,2) + b_3 f(i+1,3) + c_3 f(i+1,4) \\\\\n",
    "&amp; \\dots \\\\\n",
    "&amp; \\dots \\\\\n",
    "&amp; f(i,M-1) - c_{M-1} f(i+1,M) \\\\\n",
    "\\end{bmatrix}\n",
    "$$<h4 id=\"Crank-Nicolson-scheme:\">Crank-Nicolson scheme:<a class=\"anchor-link\" href=\"#Crank-Nicolson-scheme:\">¶</a></h4><p>Crank-Nicolson scheme is the average of implicit scheme and explicit scheme: \n",
    "$$\n",
    "\\frac {\\partial f} {\\partial z} = \\frac 12 \\left(\\frac {f(i,j+1) - f(i,j-1)} {2\\Delta z}+\\frac {f(i-1,j+1) - f(i-1,j-1)} {2\\Delta z}\\right)\n",
    "$$</p>\n",
    "$$\n",
    "\\frac {\\partial f} {\\partial t} = \\frac {f(i,j) - f(i-1,j)} {\\Delta t}\n",
    "$$$$\n",
    "\\frac {\\partial^2 f} {\\partial z^2} = \\frac 12 \\left(\\frac {f(i,j+1) - 2f(i,j) + f(i,j-1)} {\\Delta z^2}+\\frac {f(i-1,j+1) - 2f(i-1,j) + f(i-1,j-1)} {\\Delta z^2}\\right)\n",
    "$$<p>Consider\n",
    "$$\n",
    "\\widetilde{a}_j f_{i,j-1}+(1-\\widetilde{b}_j) f_{i,j}+\\widetilde{c}_j f_{i,j+1} = -\\widetilde{a}_j f_{i-1,j-1}+(1+\\widetilde{b}_j) f_{i-1,j}-\\widetilde{c}_j f_{i-1,j+1}\n",
    "$$\n",
    "where\n",
    "$$\n",
    "\\begin{align}\n",
    "\\widetilde{a}_j &amp; = \\left(\\frac{\\sigma^2z^2}{4\\Delta z^2}-\\frac{1-rzT}{4\\Delta zT}\\right)\\Delta t \\\\\n",
    "\\widetilde{b}_j &amp; = \\frac{\\sigma^2z^2\\Delta t}{2\\Delta z^2}\\\\\n",
    "\\widetilde{c}_j &amp; = \\left(\\frac{\\sigma^2z^2}{4\\Delta z^2}+\\frac{1-rzT}{4\\Delta zT}\\right)\\Delta t\n",
    "\\end{align}\n",
    "$$</p>\n",
    "$$\n",
    "\\begin{bmatrix}\n",
    "1-\\widetilde{b}_1 &amp; \\widetilde{c}_1 &amp; &amp; &amp; &amp;  \\\\\n",
    "\\widetilde{a}_2 &amp; 1-\\widetilde{b}_2 &amp; \\widetilde{c}_2 &amp; &amp; &amp;  \\\\\n",
    " &amp; &amp; \\dots &amp; \\dots &amp; \\dots &amp;  \\\\\n",
    " &amp; &amp; &amp; \\dots &amp; \\dots &amp; \\dots  \\\\\n",
    " &amp; &amp; &amp; &amp; &amp; \\widetilde{a}_{M-1} &amp; 1-\\widetilde{b}_{M-1}\\\\\n",
    "\\end{bmatrix} \\begin{bmatrix}\n",
    "f(i,1) \\\\\n",
    "f(i,2) \\\\\n",
    "f(i,3) \\\\\n",
    "\\dots \\\\\n",
    "\\dots \\\\\n",
    "f(i,M-1) \\\\\n",
    "\\end{bmatrix} +\n",
    "\\begin{bmatrix}\n",
    "\\widetilde{a}_1 f_{i,0} \\\\\n",
    "\\dots \\\\\n",
    "\\dots \\\\\n",
    "\\dots \\\\\n",
    "\\dots \\\\\n",
    "\\widetilde{a}_{M-1} f_{i,M} \\\\\n",
    "\\end{bmatrix}\n",
    "+\n",
    "\\begin{bmatrix}\n",
    "\\widetilde{a}_1 f_{i-1,0} \\\\\n",
    "\\dots \\\\\n",
    "\\dots \\\\\n",
    "\\dots \\\\\n",
    "\\dots \\\\\n",
    "\\widetilde{a}_{M-1} f_{i-1,M} \\\\\n",
    "\\end{bmatrix}\n",
    "= \\begin{bmatrix}\n",
    "1+\\widetilde{b}_1 &amp; \\widetilde{c}_1 &amp; &amp; &amp; &amp;  \\\\\n",
    "\\widetilde{a}_2 &amp; 1+\\widetilde{b}_2 &amp; \\widetilde{c}_2 &amp; &amp; &amp;  \\\\\n",
    " &amp; &amp; \\dots &amp; \\dots &amp; \\dots &amp;  \\\\\n",
    " &amp; &amp; &amp; \\dots &amp; \\dots &amp; \\dots  \\\\\n",
    " &amp; &amp; &amp; &amp; &amp; \\widetilde{a}_{M-1} &amp; 1+\\widetilde{b}_{M-1}\\\\\n",
    "\\end{bmatrix}\\begin{bmatrix}\n",
    "&amp; f(i-1,1) \\\\\n",
    "&amp; f(i-1,2)  \\\\\n",
    "&amp; f(i-1,3)  \\\\\n",
    "&amp; \\dots \\\\\n",
    "&amp; \\dots \\\\\n",
    "&amp; f(i-1,M-1)\\\\\n",
    "\\end{bmatrix}\n",
    "$$\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 61,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "n_grid: 99\n"
     ]
    },
    {
     "data": {
      "application/javascript": [
       "/* Put everything inside the global mpl namespace */\n",
       "/* global mpl */\n",
       "window.mpl = {};\n",
       "\n",
       "mpl.get_websocket_type = function () {\n",
       "    if (typeof WebSocket !== 'undefined') {\n",
       "        return WebSocket;\n",
       "    } else if (typeof MozWebSocket !== 'undefined') {\n",
       "        return MozWebSocket;\n",
       "    } else {\n",
       "        alert(\n",
       "            'Your browser does not have WebSocket support. ' +\n",
       "                'Please try Chrome, Safari or Firefox ≥ 6. ' +\n",
       "                'Firefox 4 and 5 are also supported but you ' +\n",
       "                'have to enable WebSockets in about:config.'\n",
       "        );\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure = function (figure_id, websocket, ondownload, parent_element) {\n",
       "    this.id = figure_id;\n",
       "\n",
       "    this.ws = websocket;\n",
       "\n",
       "    this.supports_binary = this.ws.binaryType !== undefined;\n",
       "\n",
       "    if (!this.supports_binary) {\n",
       "        var warnings = document.getElementById('mpl-warnings');\n",
       "        if (warnings) {\n",
       "            warnings.style.display = 'block';\n",
       "            warnings.textContent =\n",
       "                'This browser does not support binary websocket messages. ' +\n",
       "                'Performance may be slow.';\n",
       "        }\n",
       "    }\n",
       "\n",
       "    this.imageObj = new Image();\n",
       "\n",
       "    this.context = undefined;\n",
       "    this.message = undefined;\n",
       "    this.canvas = undefined;\n",
       "    this.rubberband_canvas = undefined;\n",
       "    this.rubberband_context = undefined;\n",
       "    this.format_dropdown = undefined;\n",
       "\n",
       "    this.image_mode = 'full';\n",
       "\n",
       "    this.root = document.createElement('div');\n",
       "    this.root.setAttribute('style', 'display: inline-block');\n",
       "    this._root_extra_style(this.root);\n",
       "\n",
       "    parent_element.appendChild(this.root);\n",
       "\n",
       "    this._init_header(this);\n",
       "    this._init_canvas(this);\n",
       "    this._init_toolbar(this);\n",
       "\n",
       "    var fig = this;\n",
       "\n",
       "    this.waiting = false;\n",
       "\n",
       "    this.ws.onopen = function () {\n",
       "        fig.send_message('supports_binary', { value: fig.supports_binary });\n",
       "        fig.send_message('send_image_mode', {});\n",
       "        if (fig.ratio !== 1) {\n",
       "            fig.send_message('set_dpi_ratio', { dpi_ratio: fig.ratio });\n",
       "        }\n",
       "        fig.send_message('refresh', {});\n",
       "    };\n",
       "\n",
       "    this.imageObj.onload = function () {\n",
       "        if (fig.image_mode === 'full') {\n",
       "            // Full images could contain transparency (where diff images\n",
       "            // almost always do), so we need to clear the canvas so that\n",
       "            // there is no ghosting.\n",
       "            fig.context.clearRect(0, 0, fig.canvas.width, fig.canvas.height);\n",
       "        }\n",
       "        fig.context.drawImage(fig.imageObj, 0, 0);\n",
       "    };\n",
       "\n",
       "    this.imageObj.onunload = function () {\n",
       "        fig.ws.close();\n",
       "    };\n",
       "\n",
       "    this.ws.onmessage = this._make_on_message_function(this);\n",
       "\n",
       "    this.ondownload = ondownload;\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._init_header = function () {\n",
       "    var titlebar = document.createElement('div');\n",
       "    titlebar.classList =\n",
       "        'ui-dialog-titlebar ui-widget-header ui-corner-all ui-helper-clearfix';\n",
       "    var titletext = document.createElement('div');\n",
       "    titletext.classList = 'ui-dialog-title';\n",
       "    titletext.setAttribute(\n",
       "        'style',\n",
       "        'width: 100%; text-align: center; padding: 3px;'\n",
       "    );\n",
       "    titlebar.appendChild(titletext);\n",
       "    this.root.appendChild(titlebar);\n",
       "    this.header = titletext;\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._canvas_extra_style = function (_canvas_div) {};\n",
       "\n",
       "mpl.figure.prototype._root_extra_style = function (_canvas_div) {};\n",
       "\n",
       "mpl.figure.prototype._init_canvas = function () {\n",
       "    var fig = this;\n",
       "\n",
       "    var canvas_div = (this.canvas_div = document.createElement('div'));\n",
       "    canvas_div.setAttribute(\n",
       "        'style',\n",
       "        'border: 1px solid #ddd;' +\n",
       "            'box-sizing: content-box;' +\n",
       "            'clear: both;' +\n",
       "            'min-height: 1px;' +\n",
       "            'min-width: 1px;' +\n",
       "            'outline: 0;' +\n",
       "            'overflow: hidden;' +\n",
       "            'position: relative;' +\n",
       "            'resize: both;'\n",
       "    );\n",
       "\n",
       "    function on_keyboard_event_closure(name) {\n",
       "        return function (event) {\n",
       "            return fig.key_event(event, name);\n",
       "        };\n",
       "    }\n",
       "\n",
       "    canvas_div.addEventListener(\n",
       "        'keydown',\n",
       "        on_keyboard_event_closure('key_press')\n",
       "    );\n",
       "    canvas_div.addEventListener(\n",
       "        'keyup',\n",
       "        on_keyboard_event_closure('key_release')\n",
       "    );\n",
       "\n",
       "    this._canvas_extra_style(canvas_div);\n",
       "    this.root.appendChild(canvas_div);\n",
       "\n",
       "    var canvas = (this.canvas = document.createElement('canvas'));\n",
       "    canvas.classList.add('mpl-canvas');\n",
       "    canvas.setAttribute('style', 'box-sizing: content-box;');\n",
       "\n",
       "    this.context = canvas.getContext('2d');\n",
       "\n",
       "    var backingStore =\n",
       "        this.context.backingStorePixelRatio ||\n",
       "        this.context.webkitBackingStorePixelRatio ||\n",
       "        this.context.mozBackingStorePixelRatio ||\n",
       "        this.context.msBackingStorePixelRatio ||\n",
       "        this.context.oBackingStorePixelRatio ||\n",
       "        this.context.backingStorePixelRatio ||\n",
       "        1;\n",
       "\n",
       "    this.ratio = (window.devicePixelRatio || 1) / backingStore;\n",
       "\n",
       "    var rubberband_canvas = (this.rubberband_canvas = document.createElement(\n",
       "        'canvas'\n",
       "    ));\n",
       "    rubberband_canvas.setAttribute(\n",
       "        'style',\n",
       "        'box-sizing: content-box; position: absolute; left: 0; top: 0; z-index: 1;'\n",
       "    );\n",
       "\n",
       "    // Apply a ponyfill if ResizeObserver is not implemented by browser.\n",
       "    if (this.ResizeObserver === undefined) {\n",
       "        if (window.ResizeObserver !== undefined) {\n",
       "            this.ResizeObserver = window.ResizeObserver;\n",
       "        } else {\n",
       "            var obs = _JSXTOOLS_RESIZE_OBSERVER({});\n",
       "            this.ResizeObserver = obs.ResizeObserver;\n",
       "        }\n",
       "    }\n",
       "\n",
       "    this.resizeObserverInstance = new this.ResizeObserver(function (entries) {\n",
       "        var nentries = entries.length;\n",
       "        for (var i = 0; i < nentries; i++) {\n",
       "            var entry = entries[i];\n",
       "            var width, height;\n",
       "            if (entry.contentBoxSize) {\n",
       "                if (entry.contentBoxSize instanceof Array) {\n",
       "                    // Chrome 84 implements new version of spec.\n",
       "                    width = entry.contentBoxSize[0].inlineSize;\n",
       "                    height = entry.contentBoxSize[0].blockSize;\n",
       "                } else {\n",
       "                    // Firefox implements old version of spec.\n",
       "                    width = entry.contentBoxSize.inlineSize;\n",
       "                    height = entry.contentBoxSize.blockSize;\n",
       "                }\n",
       "            } else {\n",
       "                // Chrome <84 implements even older version of spec.\n",
       "                width = entry.contentRect.width;\n",
       "                height = entry.contentRect.height;\n",
       "            }\n",
       "\n",
       "            // Keep the size of the canvas and rubber band canvas in sync with\n",
       "            // the canvas container.\n",
       "            if (entry.devicePixelContentBoxSize) {\n",
       "                // Chrome 84 implements new version of spec.\n",
       "                canvas.setAttribute(\n",
       "                    'width',\n",
       "                    entry.devicePixelContentBoxSize[0].inlineSize\n",
       "                );\n",
       "                canvas.setAttribute(\n",
       "                    'height',\n",
       "                    entry.devicePixelContentBoxSize[0].blockSize\n",
       "                );\n",
       "            } else {\n",
       "                canvas.setAttribute('width', width * fig.ratio);\n",
       "                canvas.setAttribute('height', height * fig.ratio);\n",
       "            }\n",
       "            canvas.setAttribute(\n",
       "                'style',\n",
       "                'width: ' + width + 'px; height: ' + height + 'px;'\n",
       "            );\n",
       "\n",
       "            rubberband_canvas.setAttribute('width', width);\n",
       "            rubberband_canvas.setAttribute('height', height);\n",
       "\n",
       "            // And update the size in Python. We ignore the initial 0/0 size\n",
       "            // that occurs as the element is placed into the DOM, which should\n",
       "            // otherwise not happen due to the minimum size styling.\n",
       "            if (fig.ws.readyState == 1 && width != 0 && height != 0) {\n",
       "                fig.request_resize(width, height);\n",
       "            }\n",
       "        }\n",
       "    });\n",
       "    this.resizeObserverInstance.observe(canvas_div);\n",
       "\n",
       "    function on_mouse_event_closure(name) {\n",
       "        return function (event) {\n",
       "            return fig.mouse_event(event, name);\n",
       "        };\n",
       "    }\n",
       "\n",
       "    rubberband_canvas.addEventListener(\n",
       "        'mousedown',\n",
       "        on_mouse_event_closure('button_press')\n",
       "    );\n",
       "    rubberband_canvas.addEventListener(\n",
       "        'mouseup',\n",
       "        on_mouse_event_closure('button_release')\n",
       "    );\n",
       "    rubberband_canvas.addEventListener(\n",
       "        'dblclick',\n",
       "        on_mouse_event_closure('dblclick')\n",
       "    );\n",
       "    // Throttle sequential mouse events to 1 every 20ms.\n",
       "    rubberband_canvas.addEventListener(\n",
       "        'mousemove',\n",
       "        on_mouse_event_closure('motion_notify')\n",
       "    );\n",
       "\n",
       "    rubberband_canvas.addEventListener(\n",
       "        'mouseenter',\n",
       "        on_mouse_event_closure('figure_enter')\n",
       "    );\n",
       "    rubberband_canvas.addEventListener(\n",
       "        'mouseleave',\n",
       "        on_mouse_event_closure('figure_leave')\n",
       "    );\n",
       "\n",
       "    canvas_div.addEventListener('wheel', function (event) {\n",
       "        if (event.deltaY < 0) {\n",
       "            event.step = 1;\n",
       "        } else {\n",
       "            event.step = -1;\n",
       "        }\n",
       "        on_mouse_event_closure('scroll')(event);\n",
       "    });\n",
       "\n",
       "    canvas_div.appendChild(canvas);\n",
       "    canvas_div.appendChild(rubberband_canvas);\n",
       "\n",
       "    this.rubberband_context = rubberband_canvas.getContext('2d');\n",
       "    this.rubberband_context.strokeStyle = '#000000';\n",
       "\n",
       "    this._resize_canvas = function (width, height, forward) {\n",
       "        if (forward) {\n",
       "            canvas_div.style.width = width + 'px';\n",
       "            canvas_div.style.height = height + 'px';\n",
       "        }\n",
       "    };\n",
       "\n",
       "    // Disable right mouse context menu.\n",
       "    this.rubberband_canvas.addEventListener('contextmenu', function (_e) {\n",
       "        event.preventDefault();\n",
       "        return false;\n",
       "    });\n",
       "\n",
       "    function set_focus() {\n",
       "        canvas.focus();\n",
       "        canvas_div.focus();\n",
       "    }\n",
       "\n",
       "    window.setTimeout(set_focus, 100);\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._init_toolbar = function () {\n",
       "    var fig = this;\n",
       "\n",
       "    var toolbar = document.createElement('div');\n",
       "    toolbar.classList = 'mpl-toolbar';\n",
       "    this.root.appendChild(toolbar);\n",
       "\n",
       "    function on_click_closure(name) {\n",
       "        return function (_event) {\n",
       "            return fig.toolbar_button_onclick(name);\n",
       "        };\n",
       "    }\n",
       "\n",
       "    function on_mouseover_closure(tooltip) {\n",
       "        return function (event) {\n",
       "            if (!event.currentTarget.disabled) {\n",
       "                return fig.toolbar_button_onmouseover(tooltip);\n",
       "            }\n",
       "        };\n",
       "    }\n",
       "\n",
       "    fig.buttons = {};\n",
       "    var buttonGroup = document.createElement('div');\n",
       "    buttonGroup.classList = 'mpl-button-group';\n",
       "    for (var toolbar_ind in mpl.toolbar_items) {\n",
       "        var name = mpl.toolbar_items[toolbar_ind][0];\n",
       "        var tooltip = mpl.toolbar_items[toolbar_ind][1];\n",
       "        var image = mpl.toolbar_items[toolbar_ind][2];\n",
       "        var method_name = mpl.toolbar_items[toolbar_ind][3];\n",
       "\n",
       "        if (!name) {\n",
       "            /* Instead of a spacer, we start a new button group. */\n",
       "            if (buttonGroup.hasChildNodes()) {\n",
       "                toolbar.appendChild(buttonGroup);\n",
       "            }\n",
       "            buttonGroup = document.createElement('div');\n",
       "            buttonGroup.classList = 'mpl-button-group';\n",
       "            continue;\n",
       "        }\n",
       "\n",
       "        var button = (fig.buttons[name] = document.createElement('button'));\n",
       "        button.classList = 'mpl-widget';\n",
       "        button.setAttribute('role', 'button');\n",
       "        button.setAttribute('aria-disabled', 'false');\n",
       "        button.addEventListener('click', on_click_closure(method_name));\n",
       "        button.addEventListener('mouseover', on_mouseover_closure(tooltip));\n",
       "\n",
       "        var icon_img = document.createElement('img');\n",
       "        icon_img.src = '_images/' + image + '.png';\n",
       "        icon_img.srcset = '_images/' + image + '_large.png 2x';\n",
       "        icon_img.alt = tooltip;\n",
       "        button.appendChild(icon_img);\n",
       "\n",
       "        buttonGroup.appendChild(button);\n",
       "    }\n",
       "\n",
       "    if (buttonGroup.hasChildNodes()) {\n",
       "        toolbar.appendChild(buttonGroup);\n",
       "    }\n",
       "\n",
       "    var fmt_picker = document.createElement('select');\n",
       "    fmt_picker.classList = 'mpl-widget';\n",
       "    toolbar.appendChild(fmt_picker);\n",
       "    this.format_dropdown = fmt_picker;\n",
       "\n",
       "    for (var ind in mpl.extensions) {\n",
       "        var fmt = mpl.extensions[ind];\n",
       "        var option = document.createElement('option');\n",
       "        option.selected = fmt === mpl.default_extension;\n",
       "        option.innerHTML = fmt;\n",
       "        fmt_picker.appendChild(option);\n",
       "    }\n",
       "\n",
       "    var status_bar = document.createElement('span');\n",
       "    status_bar.classList = 'mpl-message';\n",
       "    toolbar.appendChild(status_bar);\n",
       "    this.message = status_bar;\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.request_resize = function (x_pixels, y_pixels) {\n",
       "    // Request matplotlib to resize the figure. Matplotlib will then trigger a resize in the client,\n",
       "    // which will in turn request a refresh of the image.\n",
       "    this.send_message('resize', { width: x_pixels, height: y_pixels });\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.send_message = function (type, properties) {\n",
       "    properties['type'] = type;\n",
       "    properties['figure_id'] = this.id;\n",
       "    this.ws.send(JSON.stringify(properties));\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.send_draw_message = function () {\n",
       "    if (!this.waiting) {\n",
       "        this.waiting = true;\n",
       "        this.ws.send(JSON.stringify({ type: 'draw', figure_id: this.id }));\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_save = function (fig, _msg) {\n",
       "    var format_dropdown = fig.format_dropdown;\n",
       "    var format = format_dropdown.options[format_dropdown.selectedIndex].value;\n",
       "    fig.ondownload(fig, format);\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_resize = function (fig, msg) {\n",
       "    var size = msg['size'];\n",
       "    if (size[0] !== fig.canvas.width || size[1] !== fig.canvas.height) {\n",
       "        fig._resize_canvas(size[0], size[1], msg['forward']);\n",
       "        fig.send_message('refresh', {});\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_rubberband = function (fig, msg) {\n",
       "    var x0 = msg['x0'] / fig.ratio;\n",
       "    var y0 = (fig.canvas.height - msg['y0']) / fig.ratio;\n",
       "    var x1 = msg['x1'] / fig.ratio;\n",
       "    var y1 = (fig.canvas.height - msg['y1']) / fig.ratio;\n",
       "    x0 = Math.floor(x0) + 0.5;\n",
       "    y0 = Math.floor(y0) + 0.5;\n",
       "    x1 = Math.floor(x1) + 0.5;\n",
       "    y1 = Math.floor(y1) + 0.5;\n",
       "    var min_x = Math.min(x0, x1);\n",
       "    var min_y = Math.min(y0, y1);\n",
       "    var width = Math.abs(x1 - x0);\n",
       "    var height = Math.abs(y1 - y0);\n",
       "\n",
       "    fig.rubberband_context.clearRect(\n",
       "        0,\n",
       "        0,\n",
       "        fig.canvas.width / fig.ratio,\n",
       "        fig.canvas.height / fig.ratio\n",
       "    );\n",
       "\n",
       "    fig.rubberband_context.strokeRect(min_x, min_y, width, height);\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_figure_label = function (fig, msg) {\n",
       "    // Updates the figure title.\n",
       "    fig.header.textContent = msg['label'];\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_cursor = function (fig, msg) {\n",
       "    var cursor = msg['cursor'];\n",
       "    switch (cursor) {\n",
       "        case 0:\n",
       "            cursor = 'pointer';\n",
       "            break;\n",
       "        case 1:\n",
       "            cursor = 'default';\n",
       "            break;\n",
       "        case 2:\n",
       "            cursor = 'crosshair';\n",
       "            break;\n",
       "        case 3:\n",
       "            cursor = 'move';\n",
       "            break;\n",
       "    }\n",
       "    fig.rubberband_canvas.style.cursor = cursor;\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_message = function (fig, msg) {\n",
       "    fig.message.textContent = msg['message'];\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_draw = function (fig, _msg) {\n",
       "    // Request the server to send over a new figure.\n",
       "    fig.send_draw_message();\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_image_mode = function (fig, msg) {\n",
       "    fig.image_mode = msg['mode'];\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_history_buttons = function (fig, msg) {\n",
       "    for (var key in msg) {\n",
       "        if (!(key in fig.buttons)) {\n",
       "            continue;\n",
       "        }\n",
       "        fig.buttons[key].disabled = !msg[key];\n",
       "        fig.buttons[key].setAttribute('aria-disabled', !msg[key]);\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_navigate_mode = function (fig, msg) {\n",
       "    if (msg['mode'] === 'PAN') {\n",
       "        fig.buttons['Pan'].classList.add('active');\n",
       "        fig.buttons['Zoom'].classList.remove('active');\n",
       "    } else if (msg['mode'] === 'ZOOM') {\n",
       "        fig.buttons['Pan'].classList.remove('active');\n",
       "        fig.buttons['Zoom'].classList.add('active');\n",
       "    } else {\n",
       "        fig.buttons['Pan'].classList.remove('active');\n",
       "        fig.buttons['Zoom'].classList.remove('active');\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.updated_canvas_event = function () {\n",
       "    // Called whenever the canvas gets updated.\n",
       "    this.send_message('ack', {});\n",
       "};\n",
       "\n",
       "// A function to construct a web socket function for onmessage handling.\n",
       "// Called in the figure constructor.\n",
       "mpl.figure.prototype._make_on_message_function = function (fig) {\n",
       "    return function socket_on_message(evt) {\n",
       "        if (evt.data instanceof Blob) {\n",
       "            var img = evt.data;\n",
       "            if (img.type !== 'image/png') {\n",
       "                /* FIXME: We get \"Resource interpreted as Image but\n",
       "                 * transferred with MIME type text/plain:\" errors on\n",
       "                 * Chrome.  But how to set the MIME type?  It doesn't seem\n",
       "                 * to be part of the websocket stream */\n",
       "                img.type = 'image/png';\n",
       "            }\n",
       "\n",
       "            /* Free the memory for the previous frames */\n",
       "            if (fig.imageObj.src) {\n",
       "                (window.URL || window.webkitURL).revokeObjectURL(\n",
       "                    fig.imageObj.src\n",
       "                );\n",
       "            }\n",
       "\n",
       "            fig.imageObj.src = (window.URL || window.webkitURL).createObjectURL(\n",
       "                img\n",
       "            );\n",
       "            fig.updated_canvas_event();\n",
       "            fig.waiting = false;\n",
       "            return;\n",
       "        } else if (\n",
       "            typeof evt.data === 'string' &&\n",
       "            evt.data.slice(0, 21) === 'data:image/png;base64'\n",
       "        ) {\n",
       "            fig.imageObj.src = evt.data;\n",
       "            fig.updated_canvas_event();\n",
       "            fig.waiting = false;\n",
       "            return;\n",
       "        }\n",
       "\n",
       "        var msg = JSON.parse(evt.data);\n",
       "        var msg_type = msg['type'];\n",
       "\n",
       "        // Call the  \"handle_{type}\" callback, which takes\n",
       "        // the figure and JSON message as its only arguments.\n",
       "        try {\n",
       "            var callback = fig['handle_' + msg_type];\n",
       "        } catch (e) {\n",
       "            console.log(\n",
       "                \"No handler for the '\" + msg_type + \"' message type: \",\n",
       "                msg\n",
       "            );\n",
       "            return;\n",
       "        }\n",
       "\n",
       "        if (callback) {\n",
       "            try {\n",
       "                // console.log(\"Handling '\" + msg_type + \"' message: \", msg);\n",
       "                callback(fig, msg);\n",
       "            } catch (e) {\n",
       "                console.log(\n",
       "                    \"Exception inside the 'handler_\" + msg_type + \"' callback:\",\n",
       "                    e,\n",
       "                    e.stack,\n",
       "                    msg\n",
       "                );\n",
       "            }\n",
       "        }\n",
       "    };\n",
       "};\n",
       "\n",
       "// from http://stackoverflow.com/questions/1114465/getting-mouse-location-in-canvas\n",
       "mpl.findpos = function (e) {\n",
       "    //this section is from http://www.quirksmode.org/js/events_properties.html\n",
       "    var targ;\n",
       "    if (!e) {\n",
       "        e = window.event;\n",
       "    }\n",
       "    if (e.target) {\n",
       "        targ = e.target;\n",
       "    } else if (e.srcElement) {\n",
       "        targ = e.srcElement;\n",
       "    }\n",
       "    if (targ.nodeType === 3) {\n",
       "        // defeat Safari bug\n",
       "        targ = targ.parentNode;\n",
       "    }\n",
       "\n",
       "    // pageX,Y are the mouse positions relative to the document\n",
       "    var boundingRect = targ.getBoundingClientRect();\n",
       "    var x = e.pageX - (boundingRect.left + document.body.scrollLeft);\n",
       "    var y = e.pageY - (boundingRect.top + document.body.scrollTop);\n",
       "\n",
       "    return { x: x, y: y };\n",
       "};\n",
       "\n",
       "/*\n",
       " * return a copy of an object with only non-object keys\n",
       " * we need this to avoid circular references\n",
       " * http://stackoverflow.com/a/24161582/3208463\n",
       " */\n",
       "function simpleKeys(original) {\n",
       "    return Object.keys(original).reduce(function (obj, key) {\n",
       "        if (typeof original[key] !== 'object') {\n",
       "            obj[key] = original[key];\n",
       "        }\n",
       "        return obj;\n",
       "    }, {});\n",
       "}\n",
       "\n",
       "mpl.figure.prototype.mouse_event = function (event, name) {\n",
       "    var canvas_pos = mpl.findpos(event);\n",
       "\n",
       "    if (name === 'button_press') {\n",
       "        this.canvas.focus();\n",
       "        this.canvas_div.focus();\n",
       "    }\n",
       "\n",
       "    var x = canvas_pos.x * this.ratio;\n",
       "    var y = canvas_pos.y * this.ratio;\n",
       "\n",
       "    this.send_message(name, {\n",
       "        x: x,\n",
       "        y: y,\n",
       "        button: event.button,\n",
       "        step: event.step,\n",
       "        guiEvent: simpleKeys(event),\n",
       "    });\n",
       "\n",
       "    /* This prevents the web browser from automatically changing to\n",
       "     * the text insertion cursor when the button is pressed.  We want\n",
       "     * to control all of the cursor setting manually through the\n",
       "     * 'cursor' event from matplotlib */\n",
       "    event.preventDefault();\n",
       "    return false;\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._key_event_extra = function (_event, _name) {\n",
       "    // Handle any extra behaviour associated with a key event\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.key_event = function (event, name) {\n",
       "    // Prevent repeat events\n",
       "    if (name === 'key_press') {\n",
       "        if (event.key === this._key) {\n",
       "            return;\n",
       "        } else {\n",
       "            this._key = event.key;\n",
       "        }\n",
       "    }\n",
       "    if (name === 'key_release') {\n",
       "        this._key = null;\n",
       "    }\n",
       "\n",
       "    var value = '';\n",
       "    if (event.ctrlKey && event.key !== 'Control') {\n",
       "        value += 'ctrl+';\n",
       "    }\n",
       "    else if (event.altKey && event.key !== 'Alt') {\n",
       "        value += 'alt+';\n",
       "    }\n",
       "    else if (event.shiftKey && event.key !== 'Shift') {\n",
       "        value += 'shift+';\n",
       "    }\n",
       "\n",
       "    value += 'k' + event.key;\n",
       "\n",
       "    this._key_event_extra(event, name);\n",
       "\n",
       "    this.send_message(name, { key: value, guiEvent: simpleKeys(event) });\n",
       "    return false;\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.toolbar_button_onclick = function (name) {\n",
       "    if (name === 'download') {\n",
       "        this.handle_save(this, null);\n",
       "    } else {\n",
       "        this.send_message('toolbar_button', { name: name });\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.toolbar_button_onmouseover = function (tooltip) {\n",
       "    this.message.textContent = tooltip;\n",
       "};\n",
       "\n",
       "///////////////// REMAINING CONTENT GENERATED BY embed_js.py /////////////////\n",
       "// prettier-ignore\n",
       "var _JSXTOOLS_RESIZE_OBSERVER=function(A){var t,i=new WeakMap,n=new WeakMap,a=new WeakMap,r=new WeakMap,o=new Set;function s(e){if(!(this instanceof s))throw new TypeError(\"Constructor requires 'new' operator\");i.set(this,e)}function h(){throw new TypeError(\"Function is not a constructor\")}function c(e,t,i,n){e=0 in arguments?Number(arguments[0]):0,t=1 in arguments?Number(arguments[1]):0,i=2 in arguments?Number(arguments[2]):0,n=3 in arguments?Number(arguments[3]):0,this.right=(this.x=this.left=e)+(this.width=i),this.bottom=(this.y=this.top=t)+(this.height=n),Object.freeze(this)}function d(){t=requestAnimationFrame(d);var s=new WeakMap,p=new Set;o.forEach((function(t){r.get(t).forEach((function(i){var r=t instanceof window.SVGElement,o=a.get(t),d=r?0:parseFloat(o.paddingTop),f=r?0:parseFloat(o.paddingRight),l=r?0:parseFloat(o.paddingBottom),u=r?0:parseFloat(o.paddingLeft),g=r?0:parseFloat(o.borderTopWidth),m=r?0:parseFloat(o.borderRightWidth),w=r?0:parseFloat(o.borderBottomWidth),b=u+f,F=d+l,v=(r?0:parseFloat(o.borderLeftWidth))+m,W=g+w,y=r?0:t.offsetHeight-W-t.clientHeight,E=r?0:t.offsetWidth-v-t.clientWidth,R=b+v,z=F+W,M=r?t.width:parseFloat(o.width)-R-E,O=r?t.height:parseFloat(o.height)-z-y;if(n.has(t)){var k=n.get(t);if(k[0]===M&&k[1]===O)return}n.set(t,[M,O]);var S=Object.create(h.prototype);S.target=t,S.contentRect=new c(u,d,M,O),s.has(i)||(s.set(i,[]),p.add(i)),s.get(i).push(S)}))})),p.forEach((function(e){i.get(e).call(e,s.get(e),e)}))}return s.prototype.observe=function(i){if(i instanceof window.Element){r.has(i)||(r.set(i,new Set),o.add(i),a.set(i,window.getComputedStyle(i)));var n=r.get(i);n.has(this)||n.add(this),cancelAnimationFrame(t),t=requestAnimationFrame(d)}},s.prototype.unobserve=function(i){if(i instanceof window.Element&&r.has(i)){var n=r.get(i);n.has(this)&&(n.delete(this),n.size||(r.delete(i),o.delete(i))),n.size||r.delete(i),o.size||cancelAnimationFrame(t)}},A.DOMRectReadOnly=c,A.ResizeObserver=s,A.ResizeObserverEntry=h,A}; // eslint-disable-line\n",
       "mpl.toolbar_items = [[\"Home\", \"Reset original view\", \"fa fa-home icon-home\", \"home\"], [\"Back\", \"Back to previous view\", \"fa fa-arrow-left icon-arrow-left\", \"back\"], [\"Forward\", \"Forward to next view\", \"fa fa-arrow-right icon-arrow-right\", \"forward\"], [\"\", \"\", \"\", \"\"], [\"Pan\", \"Left button pans, Right button zooms\\nx/y fixes axis, CTRL fixes aspect\", \"fa fa-arrows icon-move\", \"pan\"], [\"Zoom\", \"Zoom to rectangle\\nx/y fixes axis, CTRL fixes aspect\", \"fa fa-square-o icon-check-empty\", \"zoom\"], [\"\", \"\", \"\", \"\"], [\"Download\", \"Download plot\", \"fa fa-floppy-o icon-save\", \"download\"]];\n",
       "\n",
       "mpl.extensions = [\"eps\", \"jpeg\", \"pgf\", \"pdf\", \"png\", \"ps\", \"raw\", \"svg\", \"tif\"];\n",
       "\n",
       "mpl.default_extension = \"png\";/* global mpl */\n",
       "\n",
       "var comm_websocket_adapter = function (comm) {\n",
       "    // Create a \"websocket\"-like object which calls the given IPython comm\n",
       "    // object with the appropriate methods. Currently this is a non binary\n",
       "    // socket, so there is still some room for performance tuning.\n",
       "    var ws = {};\n",
       "\n",
       "    ws.binaryType = comm.kernel.ws.binaryType;\n",
       "    ws.readyState = comm.kernel.ws.readyState;\n",
       "    function updateReadyState(_event) {\n",
       "        if (comm.kernel.ws) {\n",
       "            ws.readyState = comm.kernel.ws.readyState;\n",
       "        } else {\n",
       "            ws.readyState = 3; // Closed state.\n",
       "        }\n",
       "    }\n",
       "    comm.kernel.ws.addEventListener('open', updateReadyState);\n",
       "    comm.kernel.ws.addEventListener('close', updateReadyState);\n",
       "    comm.kernel.ws.addEventListener('error', updateReadyState);\n",
       "\n",
       "    ws.close = function () {\n",
       "        comm.close();\n",
       "    };\n",
       "    ws.send = function (m) {\n",
       "        //console.log('sending', m);\n",
       "        comm.send(m);\n",
       "    };\n",
       "    // Register the callback with on_msg.\n",
       "    comm.on_msg(function (msg) {\n",
       "        //console.log('receiving', msg['content']['data'], msg);\n",
       "        var data = msg['content']['data'];\n",
       "        if (data['blob'] !== undefined) {\n",
       "            data = {\n",
       "                data: new Blob(msg['buffers'], { type: data['blob'] }),\n",
       "            };\n",
       "        }\n",
       "        // Pass the mpl event to the overridden (by mpl) onmessage function.\n",
       "        ws.onmessage(data);\n",
       "    });\n",
       "    return ws;\n",
       "};\n",
       "\n",
       "mpl.mpl_figure_comm = function (comm, msg) {\n",
       "    // This is the function which gets called when the mpl process\n",
       "    // starts-up an IPython Comm through the \"matplotlib\" channel.\n",
       "\n",
       "    var id = msg.content.data.id;\n",
       "    // Get hold of the div created by the display call when the Comm\n",
       "    // socket was opened in Python.\n",
       "    var element = document.getElementById(id);\n",
       "    var ws_proxy = comm_websocket_adapter(comm);\n",
       "\n",
       "    function ondownload(figure, _format) {\n",
       "        window.open(figure.canvas.toDataURL());\n",
       "    }\n",
       "\n",
       "    var fig = new mpl.figure(id, ws_proxy, ondownload, element);\n",
       "\n",
       "    // Call onopen now - mpl needs it, as it is assuming we've passed it a real\n",
       "    // web socket which is closed, not our websocket->open comm proxy.\n",
       "    ws_proxy.onopen();\n",
       "\n",
       "    fig.parent_element = element;\n",
       "    fig.cell_info = mpl.find_output_cell(\"<div id='\" + id + \"'></div>\");\n",
       "    if (!fig.cell_info) {\n",
       "        console.error('Failed to find cell for figure', id, fig);\n",
       "        return;\n",
       "    }\n",
       "    fig.cell_info[0].output_area.element.on(\n",
       "        'cleared',\n",
       "        { fig: fig },\n",
       "        fig._remove_fig_handler\n",
       "    );\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_close = function (fig, msg) {\n",
       "    var width = fig.canvas.width / fig.ratio;\n",
       "    fig.cell_info[0].output_area.element.off(\n",
       "        'cleared',\n",
       "        fig._remove_fig_handler\n",
       "    );\n",
       "    fig.resizeObserverInstance.unobserve(fig.canvas_div);\n",
       "\n",
       "    // Update the output cell to use the data from the current canvas.\n",
       "    fig.push_to_output();\n",
       "    var dataURL = fig.canvas.toDataURL();\n",
       "    // Re-enable the keyboard manager in IPython - without this line, in FF,\n",
       "    // the notebook keyboard shortcuts fail.\n",
       "    IPython.keyboard_manager.enable();\n",
       "    fig.parent_element.innerHTML =\n",
       "        '<img src=\"' + dataURL + '\" width=\"' + width + '\">';\n",
       "    fig.close_ws(fig, msg);\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.close_ws = function (fig, msg) {\n",
       "    fig.send_message('closing', msg);\n",
       "    // fig.ws.close()\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.push_to_output = function (_remove_interactive) {\n",
       "    // Turn the data on the canvas into data in the output cell.\n",
       "    var width = this.canvas.width / this.ratio;\n",
       "    var dataURL = this.canvas.toDataURL();\n",
       "    this.cell_info[1]['text/html'] =\n",
       "        '<img src=\"' + dataURL + '\" width=\"' + width + '\">';\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.updated_canvas_event = function () {\n",
       "    // Tell IPython that the notebook contents must change.\n",
       "    IPython.notebook.set_dirty(true);\n",
       "    this.send_message('ack', {});\n",
       "    var fig = this;\n",
       "    // Wait a second, then push the new image to the DOM so\n",
       "    // that it is saved nicely (might be nice to debounce this).\n",
       "    setTimeout(function () {\n",
       "        fig.push_to_output();\n",
       "    }, 1000);\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._init_toolbar = function () {\n",
       "    var fig = this;\n",
       "\n",
       "    var toolbar = document.createElement('div');\n",
       "    toolbar.classList = 'btn-toolbar';\n",
       "    this.root.appendChild(toolbar);\n",
       "\n",
       "    function on_click_closure(name) {\n",
       "        return function (_event) {\n",
       "            return fig.toolbar_button_onclick(name);\n",
       "        };\n",
       "    }\n",
       "\n",
       "    function on_mouseover_closure(tooltip) {\n",
       "        return function (event) {\n",
       "            if (!event.currentTarget.disabled) {\n",
       "                return fig.toolbar_button_onmouseover(tooltip);\n",
       "            }\n",
       "        };\n",
       "    }\n",
       "\n",
       "    fig.buttons = {};\n",
       "    var buttonGroup = document.createElement('div');\n",
       "    buttonGroup.classList = 'btn-group';\n",
       "    var button;\n",
       "    for (var toolbar_ind in mpl.toolbar_items) {\n",
       "        var name = mpl.toolbar_items[toolbar_ind][0];\n",
       "        var tooltip = mpl.toolbar_items[toolbar_ind][1];\n",
       "        var image = mpl.toolbar_items[toolbar_ind][2];\n",
       "        var method_name = mpl.toolbar_items[toolbar_ind][3];\n",
       "\n",
       "        if (!name) {\n",
       "            /* Instead of a spacer, we start a new button group. */\n",
       "            if (buttonGroup.hasChildNodes()) {\n",
       "                toolbar.appendChild(buttonGroup);\n",
       "            }\n",
       "            buttonGroup = document.createElement('div');\n",
       "            buttonGroup.classList = 'btn-group';\n",
       "            continue;\n",
       "        }\n",
       "\n",
       "        button = fig.buttons[name] = document.createElement('button');\n",
       "        button.classList = 'btn btn-default';\n",
       "        button.href = '#';\n",
       "        button.title = name;\n",
       "        button.innerHTML = '<i class=\"fa ' + image + ' fa-lg\"></i>';\n",
       "        button.addEventListener('click', on_click_closure(method_name));\n",
       "        button.addEventListener('mouseover', on_mouseover_closure(tooltip));\n",
       "        buttonGroup.appendChild(button);\n",
       "    }\n",
       "\n",
       "    if (buttonGroup.hasChildNodes()) {\n",
       "        toolbar.appendChild(buttonGroup);\n",
       "    }\n",
       "\n",
       "    // Add the status bar.\n",
       "    var status_bar = document.createElement('span');\n",
       "    status_bar.classList = 'mpl-message pull-right';\n",
       "    toolbar.appendChild(status_bar);\n",
       "    this.message = status_bar;\n",
       "\n",
       "    // Add the close button to the window.\n",
       "    var buttongrp = document.createElement('div');\n",
       "    buttongrp.classList = 'btn-group inline pull-right';\n",
       "    button = document.createElement('button');\n",
       "    button.classList = 'btn btn-mini btn-primary';\n",
       "    button.href = '#';\n",
       "    button.title = 'Stop Interaction';\n",
       "    button.innerHTML = '<i class=\"fa fa-power-off icon-remove icon-large\"></i>';\n",
       "    button.addEventListener('click', function (_evt) {\n",
       "        fig.handle_close(fig, {});\n",
       "    });\n",
       "    button.addEventListener(\n",
       "        'mouseover',\n",
       "        on_mouseover_closure('Stop Interaction')\n",
       "    );\n",
       "    buttongrp.appendChild(button);\n",
       "    var titlebar = this.root.querySelector('.ui-dialog-titlebar');\n",
       "    titlebar.insertBefore(buttongrp, titlebar.firstChild);\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._remove_fig_handler = function (event) {\n",
       "    var fig = event.data.fig;\n",
       "    if (event.target !== this) {\n",
       "        // Ignore bubbled events from children.\n",
       "        return;\n",
       "    }\n",
       "    fig.close_ws(fig, {});\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._root_extra_style = function (el) {\n",
       "    el.style.boxSizing = 'content-box'; // override notebook setting of border-box.\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._canvas_extra_style = function (el) {\n",
       "    // this is important to make the div 'focusable\n",
       "    el.setAttribute('tabindex', 0);\n",
       "    // reach out to IPython and tell the keyboard manager to turn it's self\n",
       "    // off when our div gets focus\n",
       "\n",
       "    // location in version 3\n",
       "    if (IPython.notebook.keyboard_manager) {\n",
       "        IPython.notebook.keyboard_manager.register_events(el);\n",
       "    } else {\n",
       "        // location in version 2\n",
       "        IPython.keyboard_manager.register_events(el);\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype._key_event_extra = function (event, _name) {\n",
       "    var manager = IPython.notebook.keyboard_manager;\n",
       "    if (!manager) {\n",
       "        manager = IPython.keyboard_manager;\n",
       "    }\n",
       "\n",
       "    // Check for shift+enter\n",
       "    if (event.shiftKey && event.which === 13) {\n",
       "        this.canvas_div.blur();\n",
       "        // select the cell after this one\n",
       "        var index = IPython.notebook.find_cell_index(this.cell_info[0]);\n",
       "        IPython.notebook.select(index + 1);\n",
       "    }\n",
       "};\n",
       "\n",
       "mpl.figure.prototype.handle_save = function (fig, _msg) {\n",
       "    fig.ondownload(fig, null);\n",
       "};\n",
       "\n",
       "mpl.find_output_cell = function (html_output) {\n",
       "    // Return the cell and output element which can be found *uniquely* in the notebook.\n",
       "    // Note - this is a bit hacky, but it is done because the \"notebook_saving.Notebook\"\n",
       "    // IPython event is triggered only after the cells have been serialised, which for\n",
       "    // our purposes (turning an active figure into a static one), is too late.\n",
       "    var cells = IPython.notebook.get_cells();\n",
       "    var ncells = cells.length;\n",
       "    for (var i = 0; i < ncells; i++) {\n",
       "        var cell = cells[i];\n",
       "        if (cell.cell_type === 'code') {\n",
       "            for (var j = 0; j < cell.output_area.outputs.length; j++) {\n",
       "                var data = cell.output_area.outputs[j];\n",
       "                if (data.data) {\n",
       "                    // IPython >= 3 moved mimebundle to data attribute of output\n",
       "                    data = data.data;\n",
       "                }\n",
       "                if (data['text/html'] === html_output) {\n",
       "                    return [cell, data, j];\n",
       "                }\n",
       "            }\n",
       "        }\n",
       "    }\n",
       "};\n",
       "\n",
       "// Register the function which deals with the matplotlib target/channel.\n",
       "// The kernel may be null if the page has been refreshed.\n",
       "if (IPython.notebook.kernel !== null) {\n",
       "    IPython.notebook.kernel.comm_manager.register_target(\n",
       "        'matplotlib',\n",
       "        mpl.mpl_figure_comm\n",
       "    );\n",
       "}\n"
      ],
      "text/plain": [
       "<IPython.core.display.Javascript object>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "data": {
      "text/html": [
       "<img src=\"data:image/png;base64,\" width=\"640\">"
      ],
      "text/plain": [
       "<IPython.core.display.HTML object>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "\n",
    "%matplotlib notebook \n",
    "import numpy as np\n",
    "import scipy as sp\n",
    "import matplotlib.pyplot as plt\n",
    "import scipy.sparse as spsp\n",
    "import scipy.sparse.linalg as spsplg\n",
    "\n",
    "strike = K\n",
    "rf = r\n",
    "ttm = T\n",
    "year_frac = 5000\n",
    "sim_points = int(year_frac * ttm)\n",
    "dt = 1 / year_frac\n",
    "\n",
    "delta_z = 0.05*2/5\n",
    "upper_z = 0\n",
    "lower_z = -2\n",
    "n_grid = int((upper_z - lower_z)/delta_z)-1\n",
    "asset_price = np.linspace(lower_z+delta_z, upper_z-delta_z, n_grid)\n",
    "po_call = np.maximum(asset_price, 0)\n",
    "print(\"n_grid:\", n_grid)\n",
    "\n",
    "\n",
    "def imAj(j,rf,dt,dz,sigma,T):\n",
    "    Aj = ((1/T-rf*(lower_z+j*dz))/(2*dz)-0.5*(sigma/dz)**2*(lower_z+j*dz)**2)*dt\n",
    "    return Aj\n",
    "def imBj(j,rf,dt,dz,sigma,T):\n",
    "    Bj = (1/dt+(sigma/dz)**2*(lower_z+j*dz)**2)*dt\n",
    "    return Bj\n",
    "def imCj(j,rf,dt,dz,sigma,T):\n",
    "    Cj = -((1/T-rf*(lower_z+j*dz))/(2*dz)+0.5*(sigma/dz)**2*(lower_z+j*dz)**2)*dt\n",
    "    return Cj\n",
    "\n",
    "def exAj(j,rf,dt,dz,sigma,T):\n",
    "    Aj = -((1/T-rf*(lower_z+j*dz))/(2*dz)-0.5*(sigma/dz)**2*(lower_z+j*dz)**2)*dt\n",
    "    return Aj\n",
    "def exBj(j,rf,dt,dz,sigma,T):\n",
    "    Bj = (1/dt-(sigma/dz)**2*(lower_z+j*dz)**2)*dt\n",
    "    return Bj\n",
    "def exCj(j,rf,dt,dz,sigma,T):\n",
    "    Cj = ((1/T-rf*(lower_z+j*dz))/(2*dz)+0.5*(sigma/dz)**2*(lower_z+j*dz)**2)*dt\n",
    "    return Cj\n",
    "\n",
    "def ckAj(j,rf,dt,dz,sigma,T):\n",
    "    z = lower_z+j*dz\n",
    "    Aj = (sigma**2*z**2/(4*dz**2)-(1-r*z*T)/(4*dz*T))*dt\n",
    "    return Aj\n",
    "def ckBj(j,rf,dt,dz,sigma,T):\n",
    "    z = lower_z+j*dz\n",
    "    Bj = sigma**2*z**2*dt/(2*dz**2)\n",
    "    return Bj\n",
    "def ckCj(j,rf,dt,dz,sigma,T):\n",
    "    z = lower_z+j*dz\n",
    "    Cj = (sigma**2*z**2/(4*dz**2)+(1-r*z*T)/(4*dz*T))*dt\n",
    "    return Cj\n",
    "\n",
    "# To use sparse matrix class for faster calculation.\n",
    "imsp_g_mat = spsp.diags(\n",
    "    [[imAj(j,rf,dt,delta_z,sigma,T) for j in range(2,n_grid+1)]\n",
    "    ,[imBj(j,rf,dt,delta_z,sigma,T) for j in range(1,n_grid+1)]\n",
    "    ,[imCj(j,rf,dt,delta_z,sigma,T) for j in range(1,n_grid)]]\n",
    "    ,[-1,0,1], (n_grid, n_grid)).tocsc()\n",
    "\n",
    "exsp_g_mat = spsp.diags(\n",
    "    [[exAj(j,rf,dt,delta_z,sigma,T) for j in range(2,n_grid+1)]\n",
    "    ,[exBj(j,rf,dt,delta_z,sigma,T) for j in range(1,n_grid+1)]\n",
    "    ,[exCj(j,rf,dt,delta_z,sigma,T) for j in range(1,n_grid)]]\n",
    "    ,[-1,0,1], (n_grid, n_grid)).todense()\n",
    "\n",
    "cksp_g_mat1 = spsp.diags(\n",
    "    [[ckAj(j,rf,dt,delta_z,sigma,T) for j in range(2,n_grid+1)]\n",
    "    ,[1-ckBj(j,rf,dt,delta_z,sigma,T) for j in range(1,n_grid+1)]\n",
    "    ,[ckCj(j,rf,dt,delta_z,sigma,T) for j in range(1,n_grid)]]\n",
    "    ,[-1,0,1], (n_grid, n_grid)).todense()\n",
    "\n",
    "cksp_g_mat2 = spsp.diags(\n",
    "    [[-ckAj(j,rf,dt,delta_z,sigma,T) for j in range(2,n_grid+1)]\n",
    "    ,[1+ckBj(j,rf,dt,delta_z,sigma,T) for j in range(1,n_grid+1)]\n",
    "    ,[-ckCj(j,rf,dt,delta_z,sigma,T) for j in range(1,n_grid)]]\n",
    "    ,[-1,0,1], (n_grid, n_grid)).tocsc()\n",
    "\n",
    "imRes = po_call.copy() \n",
    "exRes = po_call.copy() \n",
    "res = po_call.copy() \n",
    "exRes = exRes.reshape((n_grid,1))\n",
    "res = res.reshape((n_grid,1))\n",
    "ima_1 = imAj(1,rf,dt,delta_z,sigma,T)\n",
    "imc_m_1 = imCj(n_grid,rf,dt,delta_z,sigma,T)\n",
    "exa_1 = exAj(1,rf,dt,delta_z,sigma,T)\n",
    "exc_m_1 = exCj(n_grid,rf,dt,delta_z,sigma,T)\n",
    "cka_1 = ckAj(1,rf,dt,delta_z,sigma,T)\n",
    "ckc_m_1 = ckCj(n_grid,rf,dt,delta_z,sigma,T)\n",
    "\n",
    "for i in range(sim_points-1):\n",
    "    t = (i+1)*dt\n",
    "    # implicit\n",
    "    imRes[0] -= ima_1 * 0\n",
    "    imRes[-1] -= imc_m_1*(upper_z+t/T)\n",
    "    # A few ways to solve\n",
    "    # Direct matrix inverse: very slow\n",
    "    # res = np.matmul(g_mat_inv, res)\n",
    "    # Or, linear Equation solver: slow\n",
    "    # res = np.linalg.solve(g_mat, res)\n",
    "    # Or, sparse matrix solver: faster\n",
    "    imRes = spsplg.spsolve(imsp_g_mat, imRes)\n",
    "    \n",
    "    # explicit\n",
    "    exRes = np.matmul(exsp_g_mat, exRes)\n",
    "    exRes[0] += exa_1 * 0\n",
    "    exRes[-1] += exc_m_1*(upper_z+t/T)   \n",
    "    \n",
    "    # crank-nicolson\n",
    "    left = np.matmul(cksp_g_mat1, res)\n",
    "    left[0] += cka_1 * 0 + cka_1 * 0\n",
    "    left[-1] += ckc_m_1*(upper_z+t/T) + ckc_m_1*(upper_z+(t+dt)/T)\n",
    "    left = left.reshape((n_grid,1))\n",
    "    res = spsplg.spsolve(cksp_g_mat2, left)\n",
    "    res = res.reshape((n_grid,1))\n",
    "        \n",
    "plt.plot(-S0*(asset_price), imRes*S0,label=\"implicit scheme\")\n",
    "plt.plot(-S0*(asset_price), exRes*S0,label=\"explicit scheme\")\n",
    "plt.plot(-S0*(asset_price), res*S0,label=\"Crank Nicolson scheme\")\n",
    "plt.legend(fontsize=15, loc='best')\n",
    "plt.xlabel(\"strike\")\n",
    "plt.title(\"Roger and Shi's PDE\")\n",
    "plt.ylabel(\"option value\")\n",
    "plt.show()\n",
    "\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 71,
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/plain": [
       "15.0"
      ]
     },
     "execution_count": 71,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "-S0*(asset_price)[49]"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 77,
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/plain": [
       "array([1.48502518])"
      ]
     },
     "execution_count": 77,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "S0*res[49]"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 78,
   "metadata": {},
   "outputs": [
    {
     "ename": "IndexError",
     "evalue": "index 0 is out of bounds for axis 0 with size 0",
     "output_type": "error",
     "traceback": [
      "\u001b[0;31m---------------------------------------------------------------------------\u001b[0m",
      "\u001b[0;31mIndexError\u001b[0m                                Traceback (most recent call last)",
      "\u001b[0;32m<ipython-input-78-d5e06b360e44>\u001b[0m in \u001b[0;36m<module>\u001b[0;34m\u001b[0m\n\u001b[1;32m      1\u001b[0m \u001b[0mrsKlist\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mround\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;34m-\u001b[0m\u001b[0mS0\u001b[0m\u001b[0;34m*\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0masset_price\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;36m3\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      2\u001b[0m \u001b[0mrsCN\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0;34m(\u001b[0m\u001b[0mres\u001b[0m\u001b[0;34m*\u001b[0m\u001b[0mS0\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mcopy\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0;32m----> 3\u001b[0;31m \u001b[0mprint\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;34m\"The option price using implicit scheme is:\"\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mimRes\u001b[0m\u001b[0;34m*\u001b[0m\u001b[0mS0\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mwhere\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mrsKlist\u001b[0m\u001b[0;34m==\u001b[0m\u001b[0mK\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0m\u001b[1;32m      4\u001b[0m \u001b[0mprint\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;34m\"The option price using explicit scheme is:\"\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0marray\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mexRes\u001b[0m\u001b[0;34m*\u001b[0m\u001b[0mS0\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mwhere\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mrsKlist\u001b[0m\u001b[0;34m==\u001b[0m\u001b[0mK\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      5\u001b[0m \u001b[0mprint\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;34m\"The option price using Crank-Nicolson scheme is:\"\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mres\u001b[0m\u001b[0;34m*\u001b[0m\u001b[0mS0\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mwhere\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mrsKlist\u001b[0m\u001b[0;34m==\u001b[0m\u001b[0mK\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n",
      "\u001b[0;31mIndexError\u001b[0m: index 0 is out of bounds for axis 0 with size 0"
     ]
    }
   ],
   "source": [
    "\n",
    "rsKlist = np.round(-S0*(asset_price),3)\n",
    "rsCN = (res*S0).copy()\n",
    "print(\"The option price using implicit scheme is:\",(imRes*S0)[np.where(rsKlist==K)][0])\n",
    "print(\"The option price using explicit scheme is:\",np.array(exRes*S0)[np.where(rsKlist==K)][0][0])\n",
    "print(\"The option price using Crank-Nicolson scheme is:\",(res*S0)[np.where(rsKlist==K)][0][0])\n",
    "\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 79,
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/plain": [
       "15"
      ]
     },
     "execution_count": 79,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "S0"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Vecer's-PDE\">Vecer's PDE<a class=\"anchor-link\" href=\"#Vecer's-PDE\">¶</a></h2>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<p>Using the Vecer's settings\n",
    "$$\n",
    "\\begin{align}\n",
    "u_{i,j} &amp;= u(t_j,z_i)\\\\\n",
    "z_i &amp;= z_0 + i \\Delta z\\\\\n",
    "t_j &amp;= j\\Delta t\\\\\n",
    "q_t &amp;= 1-\\frac t T\n",
    "\\end{align}\n",
    "$$</p>\n",
    "<h4 id=\"Crank-Nicolson-scheme:\">Crank-Nicolson scheme:<a class=\"anchor-link\" href=\"#Crank-Nicolson-scheme:\">¶</a></h4><p>Consider\n",
    "$$\n",
    "\\widetilde{a}_j u_{i-1,j}+(1-\\widetilde{b}_j) u_{i,j}+\\widetilde{c}_j u_{i+1,j} = -\\widetilde{a}_j u_{i-1,j-1}+(1+\\widetilde{b}_j) u_{i,j-1}-\\widetilde{c}_j u_{i+1,j-1}\n",
    "$$\n",
    "where\n",
    "$$\n",
    "\\begin{align}\n",
    "\\widetilde{a}_j &amp; = \\left(\\frac{\\sigma^2(q_t-z)^2}{4\\Delta z^2}-\\frac{r(q_t-z)}{4\\Delta z}\\right)\\Delta t \\\\\n",
    "\\widetilde{b}_j &amp; = \\frac{\\sigma^2(q_t-z)^2\\Delta t}{2\\Delta z^2}\\\\\n",
    "\\widetilde{c}_j &amp; = \\left(\\frac{\\sigma^2(q_t-z)^2}{4\\Delta z^2}+\\frac{r(q_t-z)}{4\\Delta z}\\right)\\Delta t\n",
    "\\end{align}\n",
    "$$</p>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 80,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "n_grid: 199\n"
     ]
    }
   ],
   "source": [
    "\n",
    "year_frac = 5000\n",
    "\n",
    "sim_points = int(year_frac * ttm)\n",
    "dt = 1 / year_frac\n",
    "delta_z = 0.01\n",
    "upper_z = 1\n",
    "lower_z = -1\n",
    "n_grid = int((upper_z - lower_z)/delta_z)-1\n",
    "asset_price = np.linspace(lower_z+delta_z, upper_z-delta_z, n_grid)\n",
    "po_call = np.maximum(asset_price, 0)\n",
    "print(\"n_grid:\", n_grid)\n",
    "\n",
    "\n",
    "def ckAi(i,rf,dt,dz,sigma,T,qt):\n",
    "    z = lower_z+i*dz\n",
    "    Ai = (-rf*(qt-z)/(4*dz)+((qt-z)*sigma)**2/(4*dz**2))*dt\n",
    "    return Ai\n",
    "def ckBi(i,rf,dt,dz,sigma,T,qt):\n",
    "    z = lower_z+i*dz\n",
    "    Bi= ((qt-z)*sigma)**2/(2*dz**2)*dt\n",
    "    return Bi\n",
    "def ckCi(i,rf,dt,dz,sigma,T,qt):\n",
    "    z = lower_z+i*dz\n",
    "    Ci = (rf*(qt-z)/(4*dz)+((qt-z)*sigma)**2/(4*dz**2))*dt\n",
    "    return Ci\n",
    "\n",
    "res = po_call.copy() # po_put\n",
    "res = res.reshape((n_grid,1))\n",
    "\n",
    "## print(\"a_1: \", a_1, \" c_m_1:\", c_m_1)\n",
    "for i in range(sim_points):\n",
    "    t = (i)*dt\n",
    "    qt = t/T\n",
    "    a_1 = ckAi(1,rf,dt,delta_z,sigma,T,qt)\n",
    "    c_m_1 = ckCi(n_grid,rf,dt,delta_z,sigma,T,qt)\n",
    "    \n",
    "    cksp_g_mat1 = spsp.diags(\n",
    "    [[ckAi(j,rf,dt,delta_z,sigma,T,qt) for j in range(2,n_grid+1)]\n",
    "    ,[1-ckBi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,n_grid+1)]\n",
    "    ,[ckCi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,n_grid)]]\n",
    "    ,[-1,0,1], (n_grid, n_grid)).todense()\n",
    "\n",
    "    cksp_g_mat2 = spsp.diags(\n",
    "        [[-ckAi(j,rf,dt,delta_z,sigma,T,qt) for j in range(2,n_grid+1)]\n",
    "        ,[1+ckBi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,n_grid+1)]\n",
    "        ,[-ckCi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,n_grid)]]\n",
    "        ,[-1,0,1], (n_grid, n_grid)).tocsc()\n",
    "    \n",
    "    left = np.matmul(cksp_g_mat1, res)\n",
    "    left[0] += a_1 * 0 + a_1 * 0\n",
    "    left[-1] += c_m_1*(2*res[-1]-res[-2]) + c_m_1*(2*res[-1]-res[-2])*np.exp(-r*dt)\n",
    "    left = left.reshape((n_grid,1))\n",
    "    res = spsplg.spsolve(cksp_g_mat2, left)\n",
    "    res = res.reshape((n_grid,1))\n",
    "    \n",
    "\n",
    "plt.plot((1-asset_price)*S0, res*S0,label=\"Crank Nicolson scheme\")\n",
    "plt.legend(fontsize=15, loc='best')\n",
    "plt.xlabel(\"strike\")\n",
    "plt.title(\"Vecer's PDE\")\n",
    "plt.ylabel(\"option value\")\n",
    "plt.show()\n",
    "\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 81,
   "metadata": {},
   "outputs": [
    {
     "ename": "IndexError",
     "evalue": "index 0 is out of bounds for axis 0 with size 0",
     "output_type": "error",
     "traceback": [
      "\u001b[0;31m---------------------------------------------------------------------------\u001b[0m",
      "\u001b[0;31mIndexError\u001b[0m                                Traceback (most recent call last)",
      "\u001b[0;32m<ipython-input-81-0f80b80482ae>\u001b[0m in \u001b[0;36m<module>\u001b[0;34m\u001b[0m\n\u001b[1;32m      1\u001b[0m \u001b[0mvecerKlist\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mround\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;36m1\u001b[0m\u001b[0;34m-\u001b[0m\u001b[0masset_price\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m*\u001b[0m\u001b[0mS0\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;36m3\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      2\u001b[0m \u001b[0mvecerCN\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0;34m(\u001b[0m\u001b[0mres\u001b[0m\u001b[0;34m*\u001b[0m\u001b[0mS0\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mcopy\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0;32m----> 3\u001b[0;31m \u001b[0mprint\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;34m\"The option price using Crank-Nicolson scheme is:\"\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mres\u001b[0m\u001b[0;34m*\u001b[0m\u001b[0mS0\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mwhere\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mvecerKlist\u001b[0m\u001b[0;34m==\u001b[0m\u001b[0mK\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0m\u001b[1;32m      4\u001b[0m \u001b[0;34m\u001b[0m\u001b[0m\n",
      "\u001b[0;31mIndexError\u001b[0m: index 0 is out of bounds for axis 0 with size 0"
     ]
    }
   ],
   "source": [
    "\n",
    "vecerKlist = np.round((1-asset_price)*S0,3)\n",
    "vecerCN = (res*S0).copy()\n",
    "print(\"The option price using Crank-Nicolson scheme is:\",(res*S0)[np.where(vecerKlist==K)][0][0])\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Roger-Lord's-PDE\">Roger Lord's PDE<a class=\"anchor-link\" href=\"#Roger-Lord's-PDE\">¶</a></h2>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 82,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "n_grid: 199\n"
     ]
    }
   ],
   "source": [
    "\n",
    "year_frac = 5000\n",
    "\n",
    "sim_points = int(year_frac * ttm)\n",
    "dt = 1 / year_frac\n",
    "delta_z = 0.01\n",
    "upper_z = 1\n",
    "lower_z = -1\n",
    "n_grid = int((upper_z - lower_z)/delta_z)-1\n",
    "asset_price = np.linspace(lower_z+delta_z, upper_z-delta_z, n_grid)\n",
    "po_call = np.maximum(asset_price, 0)\n",
    "print(\"n_grid:\", n_grid)\n",
    "\n",
    "\n",
    "def ckAi(i,rf,dt,dz,sigma,T,qt):\n",
    "    z = lower_z+i*dz\n",
    "    Ai = (-rf*(qt-z)/(4*dz)+((qt-z)*sigma)**2/(4*dz**2))*dt\n",
    "    return Ai\n",
    "def ckBi(i,rf,dt,dz,sigma,T,qt):\n",
    "    z = lower_z+i*dz\n",
    "    Bi= ((qt-z)*sigma)**2/(2*dz**2)*dt\n",
    "    return Bi\n",
    "def ckCi(i,rf,dt,dz,sigma,T,qt):\n",
    "    z = lower_z+i*dz\n",
    "    Ci = (rf*(qt-z)/(4*dz)+((qt-z)*sigma)**2/(4*dz**2))*dt\n",
    "    return Ci\n",
    "\n",
    "res = po_call.copy() # po_put\n",
    "res = res.reshape((n_grid,1))\n",
    "\n",
    "## print(\"a_1: \", a_1, \" c_m_1:\", c_m_1)\n",
    "for i in range(sim_points):\n",
    "    t = (i)*dt\n",
    "    qt = t/T\n",
    "    a_1 = ckAi(1,rf,dt,delta_z,sigma,T,qt)\n",
    "    \n",
    "    try:\n",
    "        index = np.min(np.where(asset_price>qt))\n",
    "    except:\n",
    "        index = n_grid\n",
    "    res[index:] = ((asset_price[index:])*np.exp(-r*(T-t))).reshape((n_grid-index,1))\n",
    "    c_m_1 = ckCi(index,rf,dt,delta_z,sigma,T,qt)\n",
    "    \n",
    "    cksp_g_mat1 = spsp.diags(\n",
    "    [[ckAi(j,rf,dt,delta_z,sigma,T,qt) for j in range(2,index+1)]\n",
    "    ,[1-ckBi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,index+1)]\n",
    "    ,[ckCi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,index)]]\n",
    "    ,[-1,0,1], (index, index)).todense()\n",
    "\n",
    "    cksp_g_mat2 = spsp.diags(\n",
    "        [[-ckAi(j,rf,dt,delta_z,sigma,T,qt) for j in range(2,index+1)]\n",
    "        ,[1+ckBi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,index+1)]\n",
    "        ,[-ckCi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,index)]]\n",
    "        ,[-1,0,1], (index, index)).tocsc()\n",
    "    \n",
    "    left = np.matmul(cksp_g_mat1, res[:index])\n",
    "    left[0] += cka_1 * 0 + cka_1 * 0\n",
    "    left[index-1] += ckc_m_1*(2*res[index-1]-res[index-2]) + ckc_m_1*(2*res[index-1]-res[index-2])*np.exp(-r*dt)\n",
    "    left = left.reshape((index,1))\n",
    "    res[:index] = (spsplg.spsolve(cksp_g_mat2, left)).reshape((index,1))\n",
    "    res = res.reshape((n_grid,1))\n",
    "    \n",
    "\n",
    "plt.plot((1-asset_price)*S0, res*S0,label=\"Crank Nicolson scheme\")\n",
    "plt.legend(fontsize=15, loc='best')\n",
    "plt.xlabel(\"strike\")\n",
    "plt.title(\"Roger Lord's PDE\")\n",
    "plt.ylabel(\"option value\")\n",
    "plt.show()\n",
    "\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 21,
   "metadata": {},
   "outputs": [
    {
     "ename": "IndexError",
     "evalue": "index 0 is out of bounds for axis 0 with size 0",
     "output_type": "error",
     "traceback": [
      "\u001b[0;31m---------------------------------------------------------------------------\u001b[0m",
      "\u001b[0;31mIndexError\u001b[0m                                Traceback (most recent call last)",
      "\u001b[0;32m<ipython-input-21-9fdbce9f65c4>\u001b[0m in \u001b[0;36m<module>\u001b[0;34m\u001b[0m\n\u001b[1;32m      1\u001b[0m \u001b[0mrlKlist\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mround\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;36m1\u001b[0m\u001b[0;34m-\u001b[0m\u001b[0masset_price\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m*\u001b[0m\u001b[0mS0\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;36m3\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      2\u001b[0m \u001b[0mrlCN\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0;34m(\u001b[0m\u001b[0mres\u001b[0m\u001b[0;34m*\u001b[0m\u001b[0mS0\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mcopy\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0;32m----> 3\u001b[0;31m \u001b[0mprint\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0;34m\"The option price using Crank-Nicolson scheme is:\"\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mres\u001b[0m\u001b[0;34m*\u001b[0m\u001b[0mS0\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mwhere\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mrlKlist\u001b[0m\u001b[0;34m==\u001b[0m\u001b[0mK\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0m\u001b[1;32m      4\u001b[0m \u001b[0;34m\u001b[0m\u001b[0m\n",
      "\u001b[0;31mIndexError\u001b[0m: index 0 is out of bounds for axis 0 with size 0"
     ]
    }
   ],
   "source": [
    "\n",
    "rlKlist = np.round((1-asset_price)*S0,3)\n",
    "rlCN = (res*S0).copy()\n",
    "print(\"The option price using Crank-Nicolson scheme is:\",(res*S0)[np.where(rlKlist==K)][0][0])\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"MC\">MC<a class=\"anchor-link\" href=\"#MC\">¶</a></h2>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Standard-Monte-Carlo\">Standard Monte Carlo<a class=\"anchor-link\" href=\"#Standard-Monte-Carlo\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 22,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The standard MC Asian Call price is: 1.1059885782541004 , the standard error is: 0.02205822912465819\n"
     ]
    }
   ],
   "source": [
    "\n",
    "import time\n",
    "\n",
    "strike = K\n",
    "rf = r\n",
    "ttm = T\n",
    "\n",
    "def run_time(func):  \n",
    "    def wrapper(*args, **kw):  \n",
    "        local_time = time.time()  \n",
    "        result = func(*args, **kw) \n",
    "        global running_time\n",
    "        running_time = time.time() - local_time\n",
    "        return result\n",
    "    return wrapper\n",
    "\n",
    "N = 100\n",
    "n = 10000\n",
    "W_t = np.random.randn(n,N)\n",
    "\n",
    "@run_time\n",
    "def MCS(N,n,K,T,ifcum):\n",
    "    delta_t = T/N\n",
    "    pv = np.exp(-r*T)\n",
    "    W = W_t[:n+1,:]\n",
    "    zs = np.cumsum((r-0.5*sigma**2)*delta_t+sigma*np.sqrt(delta_t)*W,axis=1)\n",
    "    S = S0*np.exp(zs)\n",
    "    AverageS =  S.mean(axis=1)\n",
    "    \n",
    "    if(ifcum):\n",
    "        cumS = np.cumsum(S,axis=1)\n",
    "        aCumS = cumS/np.arange(1,cumS.shape[1]+1)\n",
    "        timeList = np.array([i*delta_t for i in range(1,N+1)])\n",
    "        cumP = np.exp(-r*timeList) * np.maximum(aCumS-K,0)\n",
    "        aCumP = cumP.mean(axis=0)\n",
    "    else:\n",
    "        timeList = 0\n",
    "        aCumP = 0\n",
    "        \n",
    "    asianCallPayoff = np.maximum(AverageS-K,0)*pv\n",
    "    asianCallPrice = asianCallPayoff.mean()\n",
    "    \n",
    "    return asianCallPrice,np.std(asianCallPayoff)/np.sqrt(n),timeList,aCumP\n",
    "\n",
    "res = MCS(N,n,K,T,False)\n",
    "print(\"The standard MC Asian Call price is:\",res[0],\", the standard error is:\",res[1])    \n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"MC-with-antithetic-variables\">MC with antithetic variables<a class=\"anchor-link\" href=\"#MC-with-antithetic-variables\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 23,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The MC Asian Call price is: 1.1124384413796986 , the standard error is: 0.019555563479638778\n"
     ]
    }
   ],
   "source": [
    "\n",
    "n_a = 5000\n",
    "\n",
    "@run_time\n",
    "def MCaV(N,n,K,T,ifcum):\n",
    "    delta_t = T/N\n",
    "    pv = np.exp(-r*T)\n",
    "    W = W_t[:n+1,:]\n",
    "    WAntithetic = -W\n",
    "    zs = np.cumsum((r-0.5*sigma**2)*delta_t+sigma*np.sqrt(delta_t)*W,axis=1)\n",
    "    zs_a = np.cumsum((r-0.5*sigma**2)*delta_t+sigma*np.sqrt(delta_t)*WAntithetic,axis=1)\n",
    "    S = S0*np.exp(zs)\n",
    "    S_A = S0*np.exp(zs_a)\n",
    "    \n",
    "    if(ifcum):\n",
    "        cumS = np.cumsum(S,axis=1)\n",
    "        aCumS = cumS/np.arange(1,cumS.shape[1]+1)\n",
    "        timeList = np.array([i*delta_t for i in range(1,N+1)])\n",
    "        cumP = np.exp(-r*timeList) * np.maximum(aCumS-K,0)\n",
    "        aCumP = cumP.mean(axis=0)\n",
    "        cumS_A = np.cumsum(S_A,axis=1)\n",
    "        aCumS_A = cumS_A/np.arange(1,cumS_A.shape[1]+1)\n",
    "        cumP_A = np.exp(-r*timeList) * np.maximum(aCumS_A-K,0)\n",
    "        aCumP_A = cumP_A.mean(axis=0)\n",
    "    else:\n",
    "        timeList = 0\n",
    "        aCumP = 0\n",
    "        aCumP_A = 0\n",
    "    \n",
    "    asianCallPayoff = np.maximum(S.mean(axis=1)-K,0)\n",
    "    asianCallPayoffAntithetic = np.maximum(S_A.mean(axis=1)-K,0)\n",
    "    asianCallPayoffSum = 0.5*(asianCallPayoff+asianCallPayoffAntithetic)*pv\n",
    "    asianCallPrice = asianCallPayoffSum.mean()\n",
    "    stdError = np.std(asianCallPayoffSum)/np.sqrt(n)\n",
    "    return asianCallPrice,stdError,timeList,0.5*(aCumP+aCumP_A)\n",
    "    \n",
    "res = MCaV(N,n_a,K,T,False)\n",
    "print(\"The MC Asian Call price is:\",res[0],\", the standard error is:\",res[1])\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"MC-with-control-variable\">MC with control variable<a class=\"anchor-link\" href=\"#MC-with-control-variable\">¶</a></h3><p>Using geometric Asian option price as the control variable:\n",
    "$$\n",
    "\\mathbb{E}^Q\\left[e^{-rT}max(0,(\\prod^N_{i=1}S(i\\Delta))^{\\frac1N}-K)\\right] = BS(S_0,K,r,\\sigma^*,T,d^*)\n",
    "$$\n",
    "With\n",
    "$$\n",
    "\\begin{align}\n",
    "\\sigma^* &amp;= \\sigma \\sqrt{\\frac{(N+1)(2N+1)}{6N^2}}\\\\\n",
    "d^* &amp;= r\\frac{N-1}{2N} + d\\frac{N+1}{2N} + \\sigma^2\\frac{(N+1)(N-1)}{12N^2}\n",
    "\\end{align}\n",
    "$$\n",
    "<em>Note: the above equation is not the same as the John Hull's formula for geometric Asian option because his formula only applies for $N\\rightarrow \\infty$. I quoted the above discrete unbiased Asian option formula from John Lehozsky.</em></p>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 24,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The option price using geometric Asian option(exact) as control variable is: 1.0919326407118946\n",
      "The standard error is: 0.0013052229395012277\n"
     ]
    }
   ],
   "source": [
    "\n",
    "from scipy.stats import norm\n",
    "n = 10000\n",
    "\n",
    "@run_time\n",
    "def MCcV(N,n,K,T,ifcum):\n",
    "    delta_t = T/N\n",
    "    pv = np.exp(-r*T)\n",
    "    def bsCallWithDividend(S, strike, ttm, rf, sigma,d):\n",
    "        d1 =(np.log(S/strike)+(rf-d+sigma**2/2.0)*ttm)/(sigma*np.sqrt(ttm))\n",
    "        d2 = d1-sigma*np.sqrt(ttm)\n",
    "        return S*np.exp(-d*ttm)*norm.cdf(d1)-strike*np.exp(-rf*ttm)*norm.cdf(d2)\n",
    "\n",
    "    W = W_t[:n+1,:]\n",
    "    gsigma = sigma*np.sqrt((N+1)*(2*N+1)/(6*N**2))\n",
    "    d = r*(N-1)/(2*N)+sigma**2*(N+1)*(N-1)/(12*N**2)\n",
    "    gJohnAsianCallPrice = bsCallWithDividend(S0,K,T,r,gsigma,d)\n",
    "\n",
    "    zs = np.cumsum((r-0.5*sigma**2)*delta_t+sigma*np.sqrt(delta_t)*W,axis=1)\n",
    "    S = S0*np.exp(zs)\n",
    "    gS = np.power(np.prod(S,axis=1),1/N)\n",
    "    gAsianCallPayoff = np.maximum(gS-K,0)*pv\n",
    "    gAsianCallPrice = gAsianCallPayoff.mean()\n",
    "\n",
    "    if(ifcum):\n",
    "        cumS = np.cumsum(S,axis=1)\n",
    "        aCumS = cumS/np.arange(1,cumS.shape[1]+1)\n",
    "        timeList = np.array([i*delta_t for i in range(1,N+1)])\n",
    "        cumgJohnAsianCallPrice = bsCallWithDividend(S0,K,timeList,r,gsigma,d)\n",
    "        cumgS = np.power(np.cumprod(S,axis=1),1/np.arange(1,N+1))\n",
    "        cumgAsianCallPayoff = np.maximum(cumgS-K,0)*np.exp(-r*timeList)\n",
    "        cumP = np.exp(-r*timeList) * np.maximum(aCumS-K,0)\n",
    "        cumaHat = -np.matmul((cumP-cumP.mean(axis=1).reshape(n,1)).T,cumgAsianCallPayoff-cumgAsianCallPayoff.mean(axis=1).reshape(n,1))/(n-1)/(np.matmul((cumgAsianCallPayoff-cumgAsianCallPayoff.mean(axis=1).reshape(n,1)).T,cumgAsianCallPayoff-cumgAsianCallPayoff.mean(axis=1).reshape(n,1))/(n-1))\n",
    "        cumaHat = np.diag(cumaHat)\n",
    "        cumP += cumaHat*(cumgAsianCallPayoff-cumgJohnAsianCallPrice)\n",
    "    else:\n",
    "        timeList = 0\n",
    "        cumP = np.arange(1)\n",
    "    \n",
    "    AverageS =  S.mean(axis=1)\n",
    "    asianCallPayoff = np.maximum(AverageS-K,0)*pv\n",
    "    aHat = -np.cov(gAsianCallPayoff,asianCallPayoff,ddof=1)[0,1]/np.var(gAsianCallPayoff,ddof=1)\n",
    "    asianCallPrice = asianCallPayoff.mean()\n",
    "    rho = np.corrcoef(gAsianCallPayoff ,asianCallPayoff)[0,1]\n",
    "    asianCallPriceCtrl = asianCallPrice + aHat*(gAsianCallPrice-gJohnAsianCallPrice)\n",
    "    stdError = np.std(asianCallPayoff)/np.sqrt(n)*np.sqrt(1-rho**2)\n",
    "    return asianCallPriceCtrl,stdError,timeList,cumP.mean(axis=0)\n",
    "\n",
    "res = MCcV(N,n,K,T,False)\n",
    "print(\"The option price using geometric Asian option(exact) as control variable is:\",res[0])\n",
    "print(\"The standard error is:\",res[1])\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"MC-with-change-of-measure\">MC with change of measure<a class=\"anchor-link\" href=\"#MC-with-change-of-measure\">¶</a></h3>$$\n",
    "\\text{RN derivative}=\\prod \\limits_{i=1}^{\\tau}\\frac{\\phi(Z_i)}{\\phi(Z_i+m)}\n",
    "$$\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 25,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The option price with change of measure is: 1.0628953999682207\n",
      "The standard error is: 0.017132642166544455\n"
     ]
    }
   ],
   "source": [
    "\n",
    "@run_time\n",
    "def MCcM(N,n,K,T,ifcum):\n",
    "    dt = T/N\n",
    "    delta_t = T/N\n",
    "    pv = np.exp(-r*T)\n",
    "    L = (np.log(K/S0)-(r-0.5*sigma**2)*T+3*sigma*np.sqrt(T))*delta_t/(sigma*T)\n",
    "    Z = np.random.normal(loc=L,size=(n,N))\n",
    "    zs = np.cumsum((r-0.5*sigma**2)*dt+sigma*np.sqrt(dt)*Z,axis=1)\n",
    "    S = S0*np.exp(zs)\n",
    "    payOff = pv * np.maximum(np.mean(S,axis=1)-K,0)*np.prod(np.exp(-L*Z+0.5*L**2),axis=1)\n",
    "    \n",
    "    if(ifcum):\n",
    "        cumS = np.cumsum(S,axis=1)\n",
    "        aCumS = cumS/np.arange(1,cumS.shape[1]+1)\n",
    "        timeList = np.array([i*dt for i in range(1,N+1)])\n",
    "        cumP = np.exp(-r*timeList) * np.maximum(aCumS-K,0)\n",
    "        cumP *= np.cumprod(np.exp(-L*Z+0.5*L**2),axis=1)\n",
    "    else:\n",
    "        timeList = 0\n",
    "        cumP = np.arange(1)       \n",
    "    \n",
    "    return payOff.mean(),np.std(payOff)/np.sqrt(n),timeList,cumP.mean(axis=0)\n",
    "\n",
    "res = MCcM(N,n,K,T,False)\n",
    "print(\"The option price with change of measure is:\",res[0])\n",
    "print(\"The standard error is:\",res[1])\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"MC-summary\">MC summary<a class=\"anchor-link\" href=\"#MC-summary\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 26,
   "metadata": {},
   "outputs": [
    {
     "name": "stderr",
     "output_type": "stream",
     "text": [
      "<ipython-input-24-9436fb620880>:41: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  aHat = -np.cov(gAsianCallPayoff,asianCallPayoff,ddof=1)[0,1]/np.var(gAsianCallPayoff,ddof=1)\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/numpy/lib/function_base.py:2642: RuntimeWarning: invalid value encountered in true_divide\n",
      "  c /= stddev[:, None]\n",
      "/home/nprivault/.local/lib/python3.9/site-packages/numpy/lib/function_base.py:2643: RuntimeWarning: invalid value encountered in true_divide\n",
      "  c /= stddev[None, :]\n"
     ]
    }
   ],
   "source": [
    "\n",
    "mcKList = np.arange(1,201)\n",
    "MCSList = [MCS(N,n,k,T,False)[0] for k in mcKList]\n",
    "MCaVList = [MCaV(N,n_a,k,T,False)[0] for k in mcKList]\n",
    "MCcVList = [MCcV(N,n,k,T,False)[0] for k in mcKList]\n",
    "MCcMList = [MCcM(N,n,k,T,False)[0] for k in mcKList]\n",
    "\n",
    "plt.plot(mcKList, MCSList,label=\"Standard MC\")\n",
    "plt.plot(mcKList, MCaVList,label=\"MC with antithetic variables\")\n",
    "plt.plot(mcKList, MCcVList,label=\"MC with control variables\")\n",
    "plt.plot(mcKList, MCcMList,label=\"MC with change of measure\")\n",
    "plt.legend(fontsize=10, loc='best')\n",
    "plt.xlabel(\"strike\")\n",
    "plt.title(\"Monte Carlo Method\")\n",
    "plt.ylabel(\"option value\")\n",
    "plt.show()\n",
    "\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 27,
   "metadata": {},
   "outputs": [],
   "source": [
    "\n",
    "N = 100\n",
    "n = 10000\n",
    "n_a = 5000\n",
    "\n",
    "MCS_t = MCS(N,n,K,3,True)\n",
    "plt.plot(MCS_t[2], MCS_t[3],label=\"Standard MC\")\n",
    "MCaV_t = MCaV(N,n_a,K,3,True)\n",
    "plt.plot(MCaV_t[2], MCaV_t[3],label=\"MC with antithetic variables\")\n",
    "MCcV_t = MCcV(N,n,K,3,True)\n",
    "plt.plot(MCcV_t[2], MCcV_t[3],label=\"MC with control variables\")\n",
    "MCcM_t = MCcM(N,n,K,3,True)\n",
    "plt.plot(MCcM_t[2],MCcM_t[3],label=\"MC with change of measure\")\n",
    "plt.legend(fontsize=10, loc='best')\n",
    "plt.xlabel(\"Time to Maturity\")\n",
    "plt.title(\"Monte Carlo Method\")\n",
    "plt.ylabel(\"option value\")\n",
    "plt.show()\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Lognormal-approximation\">Lognormal approximation<a class=\"anchor-link\" href=\"#Lognormal-approximation\">¶</a></h2>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 28,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The option price generated by lognormal approximation is: 1.1138756034433186\n"
     ]
    }
   ],
   "source": [
    "\n",
    "from scipy.special import gamma\n",
    "from scipy.integrate import quad\n",
    "from scipy.stats import norm\n",
    "from numpy import exp\n",
    "from numpy import sqrt\n",
    "from numpy import log\n",
    "\n",
    "strike = K\n",
    "rf = r\n",
    "ttm = T\n",
    "\n",
    "@run_time\n",
    "def lognormal_fixedasian(sigma,stock,strike,T,r):\n",
    "    \n",
    "    if(type(sigma)==np.ndarray):\n",
    "        sigma = sigma[0]\n",
    "        \n",
    "    m1 = stock*(exp(r*T)-1)/r\n",
    "    m2 = 2*stock**2*(r*exp((sigma**2+2*r)*T)-(sigma**2+2*r)*exp(r*T)+(sigma**2+r))/(sigma**2+r)/(sigma**2+2*r)/r\n",
    "    eta = log(m2/m1**2)/T\n",
    "    mu = log(m1)/T-0.5*eta\n",
    "    d1 = (mu*T+eta*T-log(strike*T))/sqrt(eta*T)\n",
    "    d2 = d1-sqrt(eta*T)\n",
    "    return exp((mu+eta/2)*T)*norm.cdf(d1)/T-strike*norm.cdf(d2)\n",
    "\n",
    "print(\"The option price generated by lognormal approximation is:\",lognormal_fixedasian(sigma,S0,K,T,r))\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Conditional-gamma-approximation\">Conditional gamma approximation<a class=\"anchor-link\" href=\"#Conditional-gamma-approximation\">¶</a></h2>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 29,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The option price generated by conditional gamma approximation is: 1.7204410835247437\n"
     ]
    }
   ],
   "source": [
    "\n",
    "def p(sigma,t,z):\n",
    "    return (exp(-(sigma**2*t/2+log(z))**2/2/sigma**2/t)/sqrt(2*np.pi*sigma**2*t))\n",
    "\n",
    "def q(sigma,t,z): \n",
    "    return (exp(-(sigma**2*t+log(z))**2/2/sigma**2/t)/sqrt(2*np.pi*sigma**2*t))\n",
    "\n",
    "\n",
    "def aT(sigma,t,z,stock):\n",
    "    return ((norm.cdf(log(z)/sigma/sqrt(t)+sigma*sqrt(t)/2.0)-norm.cdf(log(z)/sigma/sqrt(t)-sigma*sqrt(t)/2.0))/p(sigma,t,z)/sigma**2)\n",
    "\n",
    "def bT(sigma,t,z,stock):\n",
    "    return ((norm.cdf(log(z)/sigma/sqrt(t)+sigma*sqrt(t))-norm.cdf(log(z)/sigma/sqrt(t)-sigma*sqrt(t)))/q(sigma,t,z)/sigma**2)\n",
    "\n",
    "def ftheta(sigma,t,z,stock):\n",
    "    return (2*(bT(sigma,t,z,stock)/aT(sigma,t,z,stock)-1-z)/(sigma**2)-aT(sigma,t,z,stock))*stock\n",
    "\n",
    "def fv(sigma,t,z,stock):\n",
    "    return aT(sigma,t,z,stock)/ftheta(sigma,t,z,stock)*stock\n",
    "\n",
    "def incompleteGamma(v,y):\n",
    "    f = lambda t: t**(v-1)*np.exp(-t)\n",
    "    if(y<0):\n",
    "        y=0\n",
    "    return quad(f,y,np.inf,limit=500)[0]\n",
    "\n",
    "@run_time\n",
    "def stratified_gamma_fixedasian(sigma,stock,strike,t,r,divid):\n",
    "\n",
    "    if(type(sigma)==np.ndarray):\n",
    "        sigma = sigma[0]\n",
    "\n",
    "    N=500\n",
    "    # Call Price\n",
    "    CTtK=0\n",
    "    du=12*sqrt(t)/N\n",
    "    for i in range(1,N+1): \n",
    "        u = du*(i-N/2.0)\n",
    "        z = stock*exp(sigma*u-(1-2*(r-divid)/sigma**2)*sigma**2*t/2)\n",
    "        CTtK += exp(-divid * t)*(12*sqrt(t)/N)*exp(-(r-divid)*t)/t*(ftheta(sigma,t,z/stock,stock)*incompleteGamma(1+fv(sigma,t,z/stock,stock),strike*t/ftheta(sigma,t,z/stock,stock))-strike*t*incompleteGamma(fv(sigma,t,z/stock,stock),strike*t/ftheta(sigma,t,z/stock,stock)))/gamma(fv(sigma,t,z/stock,stock))*exp(-u**2/(2*t))/sqrt(2*np.pi*t)\n",
    "    return CTtK\n",
    "\n",
    "print(\"The option price generated by conditional gamma approximation is:\",stratified_gamma_fixedasian(sigma,S0,K,1,r,0))\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Conditional-lognormal-approximation\">Conditional lognormal approximation<a class=\"anchor-link\" href=\"#Conditional-lognormal-approximation\">¶</a></h2>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 30,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The option price generated by conditional lognormal approximation is: 1.0816223470546449\n"
     ]
    }
   ],
   "source": [
    "\n",
    "@run_time\n",
    "def stratified_lognormal_fixedasian(sigma,stock,strike,t,r,divid):\n",
    "    \n",
    "    if(type(sigma)==np.ndarray):\n",
    "        sigma = sigma[0]\n",
    "    \n",
    "    def aT(sigma,t,z):\n",
    "        return ((norm.cdf(log(z)/sigma/sqrt(t)+sigma*sqrt(t)/2.0)-norm.cdf(log(z)/sigma/sqrt(t)-sigma*sqrt(t)/2.0))/p(sigma,t,z)/sigma**2)\n",
    "\n",
    "    def bT(sigma,t,z):\n",
    "        return ((norm.cdf(log(z)/sigma/sqrt(t)+sigma*sqrt(t))-norm.cdf(log(z)/sigma/sqrt(t)-sigma*sqrt(t)))/q(sigma,t,z)/sigma**2)\n",
    "    \n",
    "    N=500\n",
    "    # Call Price\n",
    "    CTtK=0\n",
    "    du=12*sqrt(t)/N\n",
    "    for i in range(1,N+1): \n",
    "        u=du*(i-N/2.0)\n",
    "        z=stock*exp(sigma*u-(1-2*(r-divid)/sigma**2)*sigma**2*t/2)\n",
    "        mean=stock*aT(sigma,t,z/stock)/t\n",
    "        s = sqrt((1/t)*log(2*(bT(sigma,t,z/stock)/aT(sigma,t,z/stock)-1-z/stock)/(sigma**2*aT(sigma,t,z/stock))))\n",
    "        mu=-(1-2*log(t*mean)/s**2/t)*s**2*t/2\n",
    "        d1=(log(stock*aT(sigma,t,z/stock)/strike/t))/(s*sqrt(t))+s*sqrt(t)/2 \n",
    "        d2=d1-s*sqrt(t)\n",
    "        CTtK=CTtK+exp(-divid * t)*(12*sqrt(t)/N)*(exp(-(r-divid)*t)*((1/t)*exp(mu+s**2*t/2)*norm.cdf(d1)-strike*norm.cdf(d2)))*exp(-u**2/(2*t))/sqrt(2*np.pi*t)\n",
    "    return CTtK\n",
    "    \n",
    "print(\"The option price generated by conditional lognormal approximation is:\",stratified_lognormal_fixedasian(sigma,S0,K,T,r,0))\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Inverse-gamma-approximation\">Inverse gamma approximation<a class=\"anchor-link\" href=\"#Inverse-gamma-approximation\">¶</a></h2>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 31,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "The option price generated by lognormal approximation is: 0.8862757024834096\n"
     ]
    }
   ],
   "source": [
    "\n",
    "from scipy.stats import gamma as ga\n",
    "\n",
    "@run_time\n",
    "def inversegamma_fixedasian(stock,strike,T,r,sigma):\n",
    "    m1 = stock*(exp(r*T)-1)/r/T\n",
    "    m2 = 2*stock**2*(r*exp((sigma**2+2*r)*T)-(sigma**2+2*r)*exp(r*T)+(sigma**2+r))/(sigma**2+r)/(sigma**2+2*r)/r/T**2\n",
    "    alpha = (2*m2-m1**2)/(m2-m1**2)\n",
    "    beta = (m2-m1**2)/m2/m1\n",
    "    return (1-exp(-r*T))*stock*ga.cdf(1/strike,a=alpha-1,scale=beta)/r/T-exp(-r*T)*strike*ga.cdf(1/strike,a=alpha,scale=beta)\n",
    "\n",
    "print(\"The option price generated by lognormal approximation is:\",inversegamma_fixedasian(S0,K,T,r,0.5))\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Approximation-Summary\">Approximation Summary<a class=\"anchor-link\" href=\"#Approximation-Summary\">¶</a></h2>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 32,
   "metadata": {},
   "outputs": [
    {
     "name": "stderr",
     "output_type": "stream",
     "text": [
      "<ipython-input-29-5058e1b513e8>:21: RuntimeWarning: overflow encountered in double_scalars\n",
      "  f = lambda t: t**(v-1)*np.exp(-t)\n",
      "<ipython-input-29-5058e1b513e8>:21: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  f = lambda t: t**(v-1)*np.exp(-t)\n",
      "<ipython-input-29-5058e1b513e8>:24: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  return quad(f,y,np.inf,limit=500)[0]\n"
     ]
    }
   ],
   "source": [
    "\n",
    "approxKList = np.arange(1,201,2)\n",
    "la = [lognormal_fixedasian(sigma,S0,k,T,r) for k in approxKList]\n",
    "cga = [stratified_gamma_fixedasian(sigma,S0,k,T,r,0) for k in approxKList]\n",
    "cla = [stratified_lognormal_fixedasian(sigma,S0,k,T,r,0) for k in approxKList]\n",
    "iga = [inversegamma_fixedasian(S0,k,T,r,sigma) for k in approxKList]\n",
    "\n",
    "plt.plot(approxKList, la,label=\"lognormal approximation\")\n",
    "plt.plot(approxKList, cga,label=\"conditional gamma approximation\")\n",
    "plt.plot(approxKList, cla,label=\"conditional lognormal approximation\")\n",
    "plt.plot(approxKList, iga,label=\"inverse gamma approximation\")\n",
    "plt.legend(fontsize=10, loc='best')\n",
    "plt.xlabel(\"strike\")\n",
    "plt.ylabel(\"option value\")\n",
    "plt.title(\"Approximation Method\")\n",
    "plt.show()\n",
    "\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 33,
   "metadata": {},
   "outputs": [
    {
     "name": "stderr",
     "output_type": "stream",
     "text": [
      "<ipython-input-29-5058e1b513e8>:21: RuntimeWarning: overflow encountered in double_scalars\n",
      "  f = lambda t: t**(v-1)*np.exp(-t)\n",
      "<ipython-input-29-5058e1b513e8>:21: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  f = lambda t: t**(v-1)*np.exp(-t)\n",
      "<ipython-input-29-5058e1b513e8>:24: IntegrationWarning: The occurrence of roundoff error is detected, which prevents \n",
      "  the requested tolerance from being achieved.  The error may be \n",
      "  underestimated.\n",
      "  return quad(f,y,np.inf,limit=500)[0]\n",
      "<ipython-input-29-5058e1b513e8>:39: RuntimeWarning: invalid value encountered in double_scalars\n",
      "  CTtK += exp(-divid * t)*(12*sqrt(t)/N)*exp(-(r-divid)*t)/t*(ftheta(sigma,t,z/stock,stock)*incompleteGamma(1+fv(sigma,t,z/stock,stock),strike*t/ftheta(sigma,t,z/stock,stock))-strike*t*incompleteGamma(fv(sigma,t,z/stock,stock),strike*t/ftheta(sigma,t,z/stock,stock)))/gamma(fv(sigma,t,z/stock,stock))*exp(-u**2/(2*t))/sqrt(2*np.pi*t)\n"
     ]
    }
   ],
   "source": [
    "\n",
    "# import warnings\n",
    "# warnings.filterwarnings(\"ignore\")\n",
    "\n",
    "approxTList = np.linspace(0.1,3,50)\n",
    "la_t = [lognormal_fixedasian(sigma,S0,K,t,r) for t in approxTList]\n",
    "cga_t = [stratified_gamma_fixedasian(sigma,S0,K,t,r,0) for t in approxTList]\n",
    "cla_t = [stratified_lognormal_fixedasian(sigma,S0,K,t,r,0) for t in approxTList]\n",
    "iga_t = [inversegamma_fixedasian(S0,K,t,r,sigma) for t in approxTList]\n",
    "\n",
    "plt.plot(approxTList, la_t,label=\"lognormal approximation\")\n",
    "plt.plot(approxTList, cga_t,label=\"conditional gamma approximation\")\n",
    "plt.plot(approxTList, cla_t,label=\"conditional lognormal approximation\")\n",
    "plt.plot(approxTList, iga_t,label=\"inverse gamma approximation\")\n",
    "plt.legend(fontsize=10, loc='best')\n",
    "plt.xlabel(\"Time to Maturity\")\n",
    "plt.ylabel(\"option value\")\n",
    "plt.title(\"Approximation Method\")\n",
    "plt.show()\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Summary\">Summary<a class=\"anchor-link\" href=\"#Summary\">¶</a></h2>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Constant-time-to-maturity,-Different-strikes\">Constant time to maturity, Different strikes<a class=\"anchor-link\" href=\"#Constant-time-to-maturity,-Different-strikes\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 34,
   "metadata": {},
   "outputs": [
    {
     "ename": "ValueError",
     "evalue": "zero-size array to reduction operation minimum which has no identity",
     "output_type": "error",
     "traceback": [
      "\u001b[0;31m---------------------------------------------------------------------------\u001b[0m",
      "\u001b[0;31mValueError\u001b[0m                                Traceback (most recent call last)",
      "\u001b[0;32m<ipython-input-34-24e71f2a167b>\u001b[0m in \u001b[0;36m<module>\u001b[0;34m\u001b[0m\n\u001b[1;32m      3\u001b[0m \u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      4\u001b[0m \u001b[0mstart_index\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mmin\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mwhere\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mrsKlist\u001b[0m\u001b[0;34m>\u001b[0m\u001b[0mstartK\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0;32m----> 5\u001b[0;31m \u001b[0mend_index\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mmin\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mwhere\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mrsKlist\u001b[0m\u001b[0;34m>\u001b[0m\u001b[0mendK\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0m\u001b[1;32m      6\u001b[0m \u001b[0mplt\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mplot\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mrsKlist\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0mstart_index\u001b[0m\u001b[0;34m:\u001b[0m\u001b[0mend_index\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0mrsCN\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0mstart_index\u001b[0m\u001b[0;34m:\u001b[0m\u001b[0mend_index\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0mlabel\u001b[0m\u001b[0;34m=\u001b[0m\u001b[0;34m\"Rogers and Shi's PDE\"\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      7\u001b[0m \u001b[0;34m\u001b[0m\u001b[0m\n",
      "\u001b[0;32m<__array_function__ internals>\u001b[0m in \u001b[0;36mamin\u001b[0;34m(*args, **kwargs)\u001b[0m\n",
      "\u001b[0;32m~/.local/lib/python3.9/site-packages/numpy/core/fromnumeric.py\u001b[0m in \u001b[0;36mamin\u001b[0;34m(a, axis, out, keepdims, initial, where)\u001b[0m\n\u001b[1;32m   2856\u001b[0m     \u001b[0;36m6\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m   2857\u001b[0m     \"\"\"\n\u001b[0;32m-> 2858\u001b[0;31m     return _wrapreduction(a, np.minimum, 'min', axis, None, out,\n\u001b[0m\u001b[1;32m   2859\u001b[0m                           keepdims=keepdims, initial=initial, where=where)\n\u001b[1;32m   2860\u001b[0m \u001b[0;34m\u001b[0m\u001b[0m\n",
      "\u001b[0;32m~/.local/lib/python3.9/site-packages/numpy/core/fromnumeric.py\u001b[0m in \u001b[0;36m_wrapreduction\u001b[0;34m(obj, ufunc, method, axis, dtype, out, **kwargs)\u001b[0m\n\u001b[1;32m     85\u001b[0m                 \u001b[0;32mreturn\u001b[0m \u001b[0mreduction\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0maxis\u001b[0m\u001b[0;34m=\u001b[0m\u001b[0maxis\u001b[0m\u001b[0;34m,\u001b[0m \u001b[0mout\u001b[0m\u001b[0;34m=\u001b[0m\u001b[0mout\u001b[0m\u001b[0;34m,\u001b[0m \u001b[0;34m**\u001b[0m\u001b[0mpasskwargs\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m     86\u001b[0m \u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0;32m---> 87\u001b[0;31m     \u001b[0;32mreturn\u001b[0m \u001b[0mufunc\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mreduce\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mobj\u001b[0m\u001b[0;34m,\u001b[0m \u001b[0maxis\u001b[0m\u001b[0;34m,\u001b[0m \u001b[0mdtype\u001b[0m\u001b[0;34m,\u001b[0m \u001b[0mout\u001b[0m\u001b[0;34m,\u001b[0m \u001b[0;34m**\u001b[0m\u001b[0mpasskwargs\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0m\u001b[1;32m     88\u001b[0m \u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m     89\u001b[0m \u001b[0;34m\u001b[0m\u001b[0m\n",
      "\u001b[0;31mValueError\u001b[0m: zero-size array to reduction operation minimum which has no identity"
     ]
    }
   ],
   "source": [
    "\n",
    "startK = 50\n",
    "endK = 150\n",
    "\n",
    "start_index = np.min(np.where(rsKlist>startK))\n",
    "end_index = np.min(np.where(rsKlist>endK))\n",
    "plt.plot(rsKlist[start_index:end_index],rsCN[start_index:end_index],label=\"Rogers and Shi's PDE\")\n",
    "\n",
    "start_index = np.min(np.where(vecerKlist>startK))\n",
    "end_index = np.min(np.where(vecerKlist>endK))\n",
    "plt.plot(vecerKlist[start_index:end_index],vecerCN[start_index:end_index],label=\"Vecer's PDE\")\n",
    "\n",
    "start_index = np.min(np.where(rlKlist>startK))\n",
    "end_index = np.min(np.where(rlKlist>endK))\n",
    "plt.plot(rlKlist[start_index:end_index],rlCN[start_index:end_index],label=\"Roger Lord's PDE\")\n",
    "\n",
    "start_index = np.min(np.where(mcKList>startK))\n",
    "end_index = np.min(np.where(mcKList>endK))\n",
    "plt.plot(mcKList[start_index:end_index], MCSList[start_index:end_index],label=\"Standard MC\")\n",
    "plt.plot(mcKList[start_index:end_index], MCaVList[start_index:end_index],label=\"MC with antithetic variables\")\n",
    "plt.plot(mcKList[start_index:end_index], MCcVList[start_index:end_index],label=\"MC with control variables\")\n",
    "plt.plot(mcKList[start_index:end_index], MCcMList[start_index:end_index],label=\"MC with change of measure\")\n",
    "\n",
    "start_index = np.min(np.where(approxKList>startK))\n",
    "end_index = np.min(np.where(approxKList>endK))\n",
    "plt.plot(approxKList[start_index:end_index], la[start_index:end_index],label=\"lognormal approximation\")\n",
    "plt.plot(approxKList[start_index:end_index], cga[start_index:end_index],label=\"conditional gamma approximation\")\n",
    "plt.plot(approxKList[start_index:end_index], cla[start_index:end_index],label=\"conditional lognormal approximation\")\n",
    "plt.plot(approxKList[start_index:end_index], iga[start_index:end_index],label=\"inverse gamma approximation\")\n",
    "plt.legend(fontsize=10, loc='best')\n",
    "plt.xlabel(\"strike\")\n",
    "plt.ylabel(\"option value\")\n",
    "plt.show()\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Constant-strike,-Different-time-to-maturity\">Constant strike, Different time to maturity<a class=\"anchor-link\" href=\"#Constant-strike,-Different-time-to-maturity\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 35,
   "metadata": {},
   "outputs": [],
   "source": [
    "\n",
    "plt.plot(MCS_t[2], MCS_t[3],label=\"Standard MC\")\n",
    "plt.plot(MCaV_t[2], MCaV_t[3],label=\"MC with antithetic variables\")\n",
    "plt.plot(MCcV_t[2], MCcV_t[3],label=\"MC with control variables\")\n",
    "plt.plot(MCcM_t[2],MCcM_t[3],label=\"MC with change of measure\")\n",
    "plt.plot(approxTList, la_t,label=\"lognormal approximation\")\n",
    "plt.plot(approxTList, cga_t,label=\"conditional gamma approximation\")\n",
    "plt.plot(approxTList, cla_t,label=\"conditional lognormal approximation\")\n",
    "plt.plot(approxTList, iga_t,label=\"inverse gamma approximation\")\n",
    "plt.legend(fontsize=10, loc='best')\n",
    "plt.xlabel(\"Time to Maturity\")\n",
    "plt.ylabel(\"option value\")\n",
    "plt.show()\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Numerical-table\">Numerical table<a class=\"anchor-link\" href=\"#Numerical-table\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 36,
   "metadata": {},
   "outputs": [
    {
     "ename": "IndexError",
     "evalue": "index 0 is out of bounds for axis 0 with size 0",
     "output_type": "error",
     "traceback": [
      "\u001b[0;31m---------------------------------------------------------------------------\u001b[0m",
      "\u001b[0;31mIndexError\u001b[0m                                Traceback (most recent call last)",
      "\u001b[0;32m<ipython-input-36-84703ee977cf>\u001b[0m in \u001b[0;36m<module>\u001b[0;34m\u001b[0m\n\u001b[1;32m      4\u001b[0m \u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      5\u001b[0m \u001b[0;32mfor\u001b[0m \u001b[0mk\u001b[0m \u001b[0;32min\u001b[0m \u001b[0;34m[\u001b[0m\u001b[0;36m95\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;36m100\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;36m105\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m:\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0;32m----> 6\u001b[0;31m     \u001b[0mntest\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mloc\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0mi\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m:\u001b[0m\u001b[0;34m]\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0;34m[\u001b[0m\u001b[0mr\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0msigma\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0mT\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0mk\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'Rogers and Shi'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0mrsCN\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mwhere\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mrsKlist\u001b[0m\u001b[0;34m==\u001b[0m\u001b[0mk\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m''\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m''\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'100*5000'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0mrsTime\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[0m\u001b[1;32m      7\u001b[0m     \u001b[0mi\u001b[0m \u001b[0;34m+=\u001b[0m \u001b[0;36m1\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n\u001b[1;32m      8\u001b[0m     \u001b[0mntest\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mloc\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0mi\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m:\u001b[0m\u001b[0;34m]\u001b[0m \u001b[0;34m=\u001b[0m \u001b[0;34m[\u001b[0m\u001b[0mr\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0msigma\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0mT\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0mk\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'Vecer'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0mvecerCN\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0mnp\u001b[0m\u001b[0;34m.\u001b[0m\u001b[0mwhere\u001b[0m\u001b[0;34m(\u001b[0m\u001b[0mvecerKlist\u001b[0m\u001b[0;34m==\u001b[0m\u001b[0mk\u001b[0m\u001b[0;34m)\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m[\u001b[0m\u001b[0;36m0\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m''\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m''\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0;34m'200*5000'\u001b[0m\u001b[0;34m,\u001b[0m\u001b[0mvecerTime\u001b[0m\u001b[0;34m]\u001b[0m\u001b[0;34m\u001b[0m\u001b[0;34m\u001b[0m\u001b[0m\n",
      "\u001b[0;31mIndexError\u001b[0m: index 0 is out of bounds for axis 0 with size 0"
     ]
    }
   ],
   "source": [
    "\n",
    "import pandas as pd\n",
    "ntest = pd.DataFrame(columns=['r','sigma','T','K','method','option value','Number of paths','STD error','pde grid','time cost(s)'])\n",
    "i = 1\n",
    "\n",
    "for k in [95,100,105]:\n",
    "    ntest.loc[i,:] = [r,sigma,T,k,'Rogers and Shi',rsCN[np.where(rsKlist==k)][0][0],'','','100*5000',rsTime]\n",
    "    i += 1\n",
    "    ntest.loc[i,:] = [r,sigma,T,k,'Vecer',vecerCN[np.where(vecerKlist==k)][0][0],'','','200*5000',vecerTime]\n",
    "    i += 1\n",
    "    ntest.loc[i,:] = [r,sigma,T,k,'Roger Lord',rlCN[np.where(vecerKlist==k)][0][0],'','','200*5000',rlTime]\n",
    "    i += 1\n",
    "    \n",
    "for k in [95,100,105]:\n",
    "    res = MCS(N,n,k,T,False)\n",
    "    ntest.loc[i,:] = [r,sigma,T,k,'Standard MC',res[0],n,res[1],'',running_time]\n",
    "    i += 1\n",
    "    res = MCaV(N,n_a,k,T,False)\n",
    "    ntest.loc[i,:] = [r,sigma,T,k,'MC with antithetic variables',res[0],n_a,res[1],'',running_time]\n",
    "    i += 1\n",
    "    res = MCcV(N,n,k,T,False)\n",
    "    ntest.loc[i,:] = [r,sigma,T,k,'MC with control variables',res[0],n,res[1],'',running_time]\n",
    "    i += 1\n",
    "    res = MCcM(N,n,k,T,False)\n",
    "    ntest.loc[i,:] = [r,sigma,T,k,'MC with change of measure',res[0],n,res[1],'',running_time]\n",
    "    i += 1\n",
    "    \n",
    "for k in [95,100,105]:\n",
    "    ntest.loc[i,:] = [r,sigma,T,k,'lognormal approximation',lognormal_fixedasian(sigma,S0,k,T,r),'','','',running_time]\n",
    "    i += 1\n",
    "    ntest.loc[i,:] = [r,sigma,T,k,'conditional gamma approximation',stratified_gamma_fixedasian(sigma,S0,k,T,r,0),'','','',running_time]\n",
    "    i += 1\n",
    "    ntest.loc[i,:] = [r,sigma,T,k,'conditional lognormal approximation',stratified_lognormal_fixedasian(sigma,S0,k,T,r,0),'','','',running_time]\n",
    "    i += 1\n",
    "    ntest.loc[i,:] = [r,sigma,T,k,'inverse gamma approximation',inversegamma_fixedasian(S0,k,T,r,sigma),'','','',running_time]\n",
    "    i += 1\n",
    "    \n",
    "ntest.index.name = 'index'\n",
    "ntest = ntest.sort_values(by=['K','index'],axis=0)\n",
    "ntest.index = np.arange(1,ntest.shape[0]+1)\n",
    "display(ntest)\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h2 id=\"Appendix:-test-the-time-cost-for-pde-method\">Appendix: test the time cost for pde method<a class=\"anchor-link\" href=\"#Appendix:-test-the-time-cost-for-pde-method\">¶</a></h2>\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Rogers-and-Shi's-PDE\">Rogers and Shi's PDE<a class=\"anchor-link\" href=\"#Rogers-and-Shi's-PDE\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "\n",
    "start_t=time.time()\n",
    "\n",
    "year_frac = 5000\n",
    "sim_points = int(year_frac * ttm)\n",
    "dt = 1 / year_frac\n",
    "\n",
    "delta_z = 0.05\n",
    "upper_z = 0\n",
    "lower_z = -5\n",
    "n_grid = int((upper_z - lower_z)/delta_z)-1\n",
    "asset_price = np.linspace(lower_z+delta_z, upper_z-delta_z, n_grid)\n",
    "po_call = np.maximum(asset_price, 0)\n",
    "print(\"n_grid:\", n_grid)\n",
    "\n",
    "def ckAj(j,rf,dt,dz,sigma,T):\n",
    "    z = lower_z+j*dz\n",
    "    Aj = (sigma**2*z**2/(4*dz**2)-(1-r*z*T)/(4*dz*T))*dt\n",
    "    return Aj\n",
    "def ckBj(j,rf,dt,dz,sigma,T):\n",
    "    z = lower_z+j*dz\n",
    "    Bj = sigma**2*z**2*dt/(2*dz**2)\n",
    "    return Bj\n",
    "def ckCj(j,rf,dt,dz,sigma,T):\n",
    "    z = lower_z+j*dz\n",
    "    Cj = (sigma**2*z**2/(4*dz**2)+(1-r*z*T)/(4*dz*T))*dt\n",
    "    return Cj\n",
    "\n",
    "cksp_g_mat1 = spsp.diags(\n",
    "    [[ckAj(j,rf,dt,delta_z,sigma,T) for j in range(2,n_grid+1)]\n",
    "    ,[1-ckBj(j,rf,dt,delta_z,sigma,T) for j in range(1,n_grid+1)]\n",
    "    ,[ckCj(j,rf,dt,delta_z,sigma,T) for j in range(1,n_grid)]]\n",
    "    ,[-1,0,1], (n_grid, n_grid)).todense()\n",
    "\n",
    "cksp_g_mat2 = spsp.diags(\n",
    "    [[-ckAj(j,rf,dt,delta_z,sigma,T) for j in range(2,n_grid+1)]\n",
    "    ,[1+ckBj(j,rf,dt,delta_z,sigma,T) for j in range(1,n_grid+1)]\n",
    "    ,[-ckCj(j,rf,dt,delta_z,sigma,T) for j in range(1,n_grid)]]\n",
    "    ,[-1,0,1], (n_grid, n_grid)).tocsc()\n",
    "\n",
    "res = po_call.copy() \n",
    "res = res.reshape((n_grid,1))\n",
    "cka_1 = ckAj(1,rf,dt,delta_z,sigma,T)\n",
    "ckc_m_1 = ckCj(n_grid,rf,dt,delta_z,sigma,T)\n",
    "\n",
    "for i in range(sim_points-1):\n",
    "    t = (i+1)*dt\n",
    "    # crank-nicolson\n",
    "    left = np.matmul(cksp_g_mat1, res)\n",
    "    left[0] += a_1 * 0 + cka_1 * 0\n",
    "    left[-1] += c_m_1*(upper_z+t/T) + c_m_1*(upper_z+(t+dt)/T)\n",
    "    left = left.reshape((n_grid,1))\n",
    "    res = spsplg.spsolve(cksp_g_mat2, left)\n",
    "    res = res.reshape((n_grid,1))\n",
    "\n",
    "rsTime = time.time()-start_t\n",
    "print(\"Time cost for Rogers and Shi's pde is:\",rsTime)\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Vecer's-PDE\">Vecer's PDE<a class=\"anchor-link\" href=\"#Vecer's-PDE\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "\n",
    "start_t=time.time()\n",
    "year_frac = 5000\n",
    "\n",
    "sim_points = int(year_frac * ttm)\n",
    "dt = 1 / year_frac\n",
    "delta_z = 0.01\n",
    "upper_z = 1\n",
    "lower_z = -1\n",
    "n_grid = int((upper_z - lower_z)/delta_z)-1\n",
    "asset_price = np.linspace(lower_z+delta_z, upper_z-delta_z, n_grid)\n",
    "po_call = np.maximum(asset_price, 0)\n",
    "print(\"n_grid:\", n_grid)\n",
    "\n",
    "\n",
    "def ckAi(i,rf,dt,dz,sigma,T,qt):\n",
    "    z = lower_z+i*dz\n",
    "    Ai = (-rf*(qt-z)/(4*dz)+((qt-z)*sigma)**2/(4*dz**2))*dt\n",
    "    return Ai\n",
    "def ckBi(i,rf,dt,dz,sigma,T,qt):\n",
    "    z = lower_z+i*dz\n",
    "    Bi= ((qt-z)*sigma)**2/(2*dz**2)*dt\n",
    "    return Bi\n",
    "def ckCi(i,rf,dt,dz,sigma,T,qt):\n",
    "    z = lower_z+i*dz\n",
    "    Ci = (rf*(qt-z)/(4*dz)+((qt-z)*sigma)**2/(4*dz**2))*dt\n",
    "    return Ci\n",
    "\n",
    "res = po_call.copy() # po_put\n",
    "res = res.reshape((n_grid,1))\n",
    "\n",
    "## print(\"a_1: \", a_1, \" c_m_1:\", c_m_1)\n",
    "for i in range(sim_points):\n",
    "    t = (i)*dt\n",
    "    qt = t/T\n",
    "    a_1 = ckAi(1,rf,dt,delta_z,sigma,T,qt)\n",
    "    c_m_1 = ckCi(n_grid,rf,dt,delta_z,sigma,T,qt)\n",
    "    \n",
    "    cksp_g_mat1 = spsp.diags(\n",
    "    [[ckAi(j,rf,dt,delta_z,sigma,T,qt) for j in range(2,n_grid+1)]\n",
    "    ,[1-ckBi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,n_grid+1)]\n",
    "    ,[ckCi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,n_grid)]]\n",
    "    ,[-1,0,1], (n_grid, n_grid)).todense()\n",
    "\n",
    "    cksp_g_mat2 = spsp.diags(\n",
    "        [[-ckAi(j,rf,dt,delta_z,sigma,T,qt) for j in range(2,n_grid+1)]\n",
    "        ,[1+ckBi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,n_grid+1)]\n",
    "        ,[-ckCi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,n_grid)]]\n",
    "        ,[-1,0,1], (n_grid, n_grid)).tocsc()\n",
    "    \n",
    "    left = np.matmul(cksp_g_mat1, res)\n",
    "    left[0] += cka_1 * 0 + cka_1 * 0\n",
    "    left[-1] += ckc_m_1*(2*res[-1]-res[-2]) + ckc_m_1*(2*res[-1]-res[-2])*np.exp(-r*dt)\n",
    "    left = left.reshape((n_grid,1))\n",
    "    res = spsplg.spsolve(cksp_g_mat2, left)\n",
    "    res = res.reshape((n_grid,1))\n",
    "    \n",
    "vecerTime = time.time()-start_t\n",
    "print(\"Time cost for Vecer's pde is:\",vecerTime)\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "metadata": {},
   "source": [
    "\n",
    "<h3 id=\"Roger-Lord's-PDE\">Roger Lord's PDE<a class=\"anchor-link\" href=\"#Roger-Lord's-PDE\">¶</a></h3>\n"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "\n",
    "start_t=time.time()\n",
    "year_frac = 5000\n",
    "\n",
    "sim_points = int(year_frac * ttm)\n",
    "dt = 1 / year_frac\n",
    "delta_z = 0.01\n",
    "upper_z = 1\n",
    "lower_z = -1\n",
    "n_grid = int((upper_z - lower_z)/delta_z)-1\n",
    "asset_price = np.linspace(lower_z+delta_z, upper_z-delta_z, n_grid)\n",
    "po_call = np.maximum(asset_price, 0)\n",
    "print(\"n_grid:\", n_grid)\n",
    "\n",
    "\n",
    "def ckAi(i,rf,dt,dz,sigma,T,qt):\n",
    "    z = lower_z+i*dz\n",
    "    Ai = (-rf*(qt-z)/(4*dz)+((qt-z)*sigma)**2/(4*dz**2))*dt\n",
    "    return Ai\n",
    "def ckBi(i,rf,dt,dz,sigma,T,qt):\n",
    "    z = lower_z+i*dz\n",
    "    Bi= ((qt-z)*sigma)**2/(2*dz**2)*dt\n",
    "    return Bi\n",
    "def ckCi(i,rf,dt,dz,sigma,T,qt):\n",
    "    z = lower_z+i*dz\n",
    "    Ci = (rf*(qt-z)/(4*dz)+((qt-z)*sigma)**2/(4*dz**2))*dt\n",
    "    return Ci\n",
    "\n",
    "res = po_call.copy() # po_put\n",
    "res = res.reshape((n_grid,1))\n",
    "\n",
    "## print(\"a_1: \", a_1, \" c_m_1:\", c_m_1)\n",
    "for i in range(sim_points):\n",
    "    t = (i)*dt\n",
    "    qt = t/T\n",
    "    a_1 = ckAi(1,rf,dt,delta_z,sigma,T,qt)\n",
    "    \n",
    "    try:\n",
    "        index = np.min(np.where(asset_price>qt))\n",
    "    except:\n",
    "        index = n_grid\n",
    "    res[index:] = ((asset_price[index:])*np.exp(-r*(T-t))).reshape((n_grid-index,1))\n",
    "    c_m_1 = ckCi(index,rf,dt,delta_z,sigma,T,qt)\n",
    "    \n",
    "    cksp_g_mat1 = spsp.diags(\n",
    "    [[ckAi(j,rf,dt,delta_z,sigma,T,qt) for j in range(2,index+1)]\n",
    "    ,[1-ckBi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,index+1)]\n",
    "    ,[ckCi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,index)]]\n",
    "    ,[-1,0,1], (index, index)).todense()\n",
    "\n",
    "    cksp_g_mat2 = spsp.diags(\n",
    "        [[-ckAi(j,rf,dt,delta_z,sigma,T,qt) for j in range(2,index+1)]\n",
    "        ,[1+ckBi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,index+1)]\n",
    "        ,[-ckCi(j,rf,dt,delta_z,sigma,T,qt) for j in range(1,index)]]\n",
    "        ,[-1,0,1], (index, index)).tocsc()\n",
    "    \n",
    "    left = np.matmul(cksp_g_mat1, res[:index])\n",
    "    left[0] += cka_1 * 0 + cka_1 * 0\n",
    "    left[index-1] += ckc_m_1*(2*res[index-1]-res[index-2]) + ckc_m_1*(2*res[index-1]-res[index-2])*np.exp(-r*dt)\n",
    "    left = left.reshape((index,1))\n",
    "    res[:index] = (spsplg.spsolve(cksp_g_mat2, left)).reshape((index,1))\n",
    "    res = res.reshape((n_grid,1))\n",
    "    \n",
    "rlTime = time.time()-start_t\n",
    "print(\"Time cost for Vecer's pde is:\",rlTime)\n",
    "\n"
   ]
  }
 ],
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Exercise 13.2  Consider the short rate process ry = 0By, where (By)icr, is
a standard Brownian motion.

a) Find the probability distribution of the time integral foT rsds.

b) Compute the price
T +
<f0 rydu — K >

of a caplet on the forward rate J"OT rsds.

e—rT]E*

Exercise 13.3  Asian call option with a negative strike price. Consider the
asset price process

St _ SO erH»oBg—UQI,/Q7 t> 07

where (Bi)ier, is a standard Brownian motion. Assuming that K < 0,

compute the price
( j Sudu — ) }}}

of the Asian option at time t € [0, T].
Exercise 13.4 Consider the Asian forward contract with payoff

—(T—-t) T]E*

1 T
7 jo Sudu—K, (13.37)

—o? . .
where S, = Sge?Butru=0"u/2 1y > 0, and (By)uer, is a standard Brownian

motion under the risk-neutral measure IP*.

a) Price the Asian forward contract at any time ¢ € [0, 7.
b) Derive a call-put parity relation between the prices

e

e +
<K -7 jo Sudu) ft}
of Asian call and put options.

¢) Find the self-financing portfolio strategy (ft)te[o,T] hedging the Asian for-
ward contract with payoff (13.37), where & denotes the quantity invested
at time ¢ € [0,T] in the risky asset S.

Ot K) e o~ (T-0rp>

and

P(t,K) = e~ (T-0rp*
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d) Compute the numerical value of the price
(T—tyres | L (T
e (T-Urg {T JO Sydu — K‘ ft]

of the long forward Asian contract on Light Sweet Crude Oil Futures
(CLZ22.NYM) using the following market data:

Issue date: 2022-01-01,

Maturity 7' =2022-12-31,

Strike price K =$80,

Interest rate r =2% per year,

t =2022-04-01,

Number of business days per month: 21, per year: 252.

library(quantmod)
getSymbols("CLZ22.NYM",from="2022-01-01",t0="2022-04-01",src="yahoo")
futures=Cl1(" CLZ22.NYM")
chartSeries(futures,up.col="blue",theme="white")

n = length(lis.na(futures))

Exercise 13.5 Compute the price

L (Tog Sudu) — K )
exp ffo og Sudu | —
at time ¢ of the geometric Asian option with maturity 7, where S; =

So e7‘t+aBt702t/2’ teo,T).

Hint: When X ~ N(0,v%) is a centered Gaussian random variable with
variance v2 > 0, we have

ef(Tft)T]E*

ft], 0<t<T.

E*[(em™X —K)"] = e'"’+”2/2<1>(v+ (m—1logK)/v) — K®((m—logK)/v).

Exercise 13.6  Consider a CIR process (r¢)¢cr. given by
d?‘t = 7)\(73 — m)dt + (7\/7°7ch (1338)

where (Bt)er, is a standard Brownian motion under the risk-neutral prob-
ability measure IP*, and let

1 t
Ay f rsds, telr,T).

e
Compute the price at time ¢t € [r,T] of the Asian option with payoff
(Ar — K)+7 under the condition A; > K.
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Exercise 13.7  Consider an asset price (S;);ecr, which is a submartingale
under the risk-neutral probability measure P*, in a market with risk-free
interest rate 7 > 0, and let ¢(z) = (z — K)* be the (convex) payoff function
of the European call option.

Show that, for any sequence 0 < T} < --- < T),, the price of the option on

average with payoff
¢<ST1 +~‘+STR>
n

can be upper bounded by the price of the European call option with maturity
Ty, i.e. show that

E* {(ﬁ (M)} <E[(57,))-

n

Exercise 13.8 Let (St)te]I{+ denote a risky asset whose price S; is given by
dSt = HSLdt + O'S/,dB[,,

where (By)er, is a standard Brownian motion under the risk-neutral prob-
ability measure P*. Compute the price at time ¢ € [r,T] of the Asian option

with payoff
1 T +
<T—TJ‘T Sudu_K) ’

under the condition that

1 t
Api= | Sudu > K.
Exercise 13.9 Pricing Asian options by PDEs. Show that the functions g(t, z)
and h(t,y) are linked by the relation
1— e (T—t)r

g(t7z)h<t7rT+e_(T_t)Tz), 0<t<T, z>0,

and that the PDE (1.35) for h(¢,y) can be derived from the PDE (1.33) for
g(t,z) and the above relation.

Exercise 13.10  (Brown et al. (2016)) Given Sy := SpeoBtFrt=0t/2 5 geq.
metric Brownian motion and letting

- —(T=t)r /1 ~t —(T—t)r

e e Ay

= = u — = — — <t<T,
Zt S, < fo Sudu K) S, < K) s 0<tLT

find the PDE satisfied by the pricing function g(, z) such that
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This version: May 3, 2024
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

1 (T +
<ff0 Sudu7K> ]—}}

Exercise 13.11 Hedging Asian options (Yang et al. (2011)).

S@(t,z) = 67<T7t>r]E*

a) Compute the Asian option price f (¢, S¢, A¢) when A¢/T > K.
b) Compute the hedging portfolio allocation (&;,m¢) when Ar/T > K.
¢) At maturity we have f(T,Sr, Ar) = (Ar/T — K)T, hence &7 = 0 and

C—TT AT AT +
nrAr = ATTO <T - K> ]I{AT>KT} = (T - K> .

d) Show that the Asian option with payoff (A7 — K)™ can be hedged by the
self-financing portfolio

_ 1 ot (At 1 (A
§tfst<f(t,St7At) e t (T K)h t,St T K

in the asset S; and

e T A, 1 (A
v < <
m = . (——K)h(t,—st< K s 0<t<T,

in the riskless asset A; = Age’, where h(t,z) is solution to a partial
differential equation to be written explicitly.

Exercise 13.12  Asian options with dividends. Consider an underlying as-
set price process (St)ier. modeled as dS; = (u — 6)Sydt + 0SidB;, where
(Bt)ier.. is a standard Brownian motion and 6 > 0 is a continuous-time
dividend rate.

a) Write down the self-financing condition for the portfolio value V; = &.5; +
Ay with Ay = Age™, assuming that all dividends are reinvested.

b) Derive the Black-Scholes PDE for the function gs(t,z,y) such that V; =
g5(¢, St, A¢) at time ¢ € [0,T7.

install.packages("quantmod")

library(quantmod)

getDividends("Z74.SI",from="2018-01-01",t0="2018-12-31",src="yahoo")

getSymbols("Z74.SI" from="2018-11-16",t0="2018-12-19",src="yahoo")

T <- chart_theme(); T$col$line.col <- "black"

chart_ Series(Op (" Z74.SI"),name="Opening prices (black) - Closing prices
(blue)",lty=4,theme=T)

add_TA(CI(" Z74.8I"),lwd=2,1ty=>5,legend="'Difference',col="blue",on = 1)
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Z74.81.div
2018-07-26 0.107
2018-12-17 0.068
2018-12-18 0.068
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Fig. 13.6: SGD0.068 dividend detached on 18 Dec 2018 on Z74.SI.

The difference between the closing price on Dec 17 ($3.06) and the opening
price on Dec 18 ($2.99) is $3.06 — $2.99 = $0.07. The adjusted price on Dec
17 ($2.992) is the closing price ($3.06) minus the dividend ($0.068).

774.SI | Open| High| Low| Close| Volume | Adjusted (ex-dividend)
2018-12-17| 3.05 | 3.08 [3.05 | 3.06 17441000 2.992
2018-12-18| 2.99 | 2.99 [2.96 | 2.96 [28456400 2.960

The dividend rate « is given by a = 0.068/3.06 = 2.22%.
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